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In this paper the notion of cyclically ordered set will be used in the same sense as
by Novék and Novotny [6], [7].

Next, the concept of cyclically ordered group is understood as by Zheleva [9] (this
concept is more general than that applied in the fundamental Rieger’s paper [8] and
in some other articles).

A particular type of cyclically ordered groups, denoted as dc-groups, has been
defined by the author [4] and investigated by Cernak [1]. Roughly speaking, the
relation between cyclically ordered groups and dec-groups is analogous to the relation
between partially ordered groups and directed groups.

In the present paper it will be proved that any two lexicographic product decom-
positions of a dc-group have isomorphic refinements.

This generalizes the main theorem of [1] concerning finite lexicographic product
decompositions of a dc-group.

Analogous results on lexicographic product decompositions of linearly ordered
groups, directed groups or directed groupoids were proved by Malcev [5], Fuchs [2]
and the author [3], respectively.

The methods which have been used [3] will be adapted and applied in the present

paper.

1. PRELIMINARIES

First we recall some basic definitions.

1.1. Definition. (Cf. [6].) A nonempty set M endowed with a ternary relation
C is said to be cyclically ordered if the following conditions are satisfied:

(I) If (z,y,2) € C, then (y,z,2) ¢ C.
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(II) If (z,y,2) € C, then (z,z,y) € C.
(IIT) If (x,y,2) € C and (z, z,u) € C, then (z,y,u) € C.

The relation C is called a cyclic order on M.

If M; is a nonempty subset of M, then we consider M; to be cyclically ordered
by the relation of cyclic order which is inherited from C.

It is easy to verify that if (z,y,2z) € C, then the elements z,y and z must be
distinct. Hence if card M < 2, then the set C' must be empty.

1.2. Definition. Assume that G is a group (with the group operation written
additively, the commutativity of this operation being not assumed) and that, at the
same time, it is a cyclically ordered set such that the following condition is satisfied:

(IV) If (z1,22,23) € C, a € G, y; = a+ x4, 2, = ; +a (i = 1,2,3), then
(y1,y2,y3) € C and (21,2’2,2’3) eC.

Under these assumption G is called a cyclically ordered group.

1.2.1. Remark. In [3], [5], [8] and some other papers the term “cyclically ordered
group” means a structure G satisfying the conditions from Definition 1.2 and the
following additional condition: if z, y and z are distinct elements of GG, then either
(z,y,2) € C or (y,x,2) € C.

1.3. Definition. (Cf. [1] and [4].) A cyclically ordered group is said to be a de-
group if for each z,y € G with © # y there exists z € G such that either (z,y,z) € C
or (y,x,2) € C.

Let I be a linearly ordered set and for each ¢ € I let G; be a dc-group. We denote
by Go the cartesian product of groups G; (i € I). For x = (z;);c; € Gy we put

I(z)={iel: x; #0}.

Let G be the set of all z € Gy such that the set I(x) is well-ordered. Then G is a
subgroup of the group Gy.

Let x,y and z be distinct elements of G. We put (x,y, z) € C if there is i(1) € T
such that (a) (71),¥i(1), 2i1)) € C, and (b) for each 7 € I with 7 < i(1) the relation
x; = y; = z; is valid. Then G turns out to be a cyclically ordered group.

Let a and b be distinct elements of G. There is i(2) € I such that a;2) # bi(2)
and a; = b; for each i € I with i < i(2). Since Gj(y) is a a dc-group there exists
¢ e G2y such that either (ai(g),bi(g),ci@)) e Cor (bi(g),ai(g),ci@)) € C. Next,
there is ¢ € G such that ¢;5) = ¢® and ¢; = 0 for each i € I with i # i(2). Then
we have either (a,b,c) € C or (b,a,c) € C. Hence G is a dc-group.
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1.4. Definition. Under the assumption as above we write
(1) G = [Fz‘elGi]

and say that G is an external lexicographic product of dc-groups G;. The dc-groups
G, are called lexicographic factors of G. If T is the set {1,2,...,n} with the natural
linear order, then we write also G = [G1 0 G2 0 ...0G,]. Next, if I(1) is a subset
of I such that G; = {0} for each ¢ € I\ I(1), then [I';c;G;] will be identified with
[Ticr1)Gil; in the case I = 0 we put I'ic;G; = {0}.

The notion of an isomorphism of dc-groups is defined in the obvious way. If we

have an isomorphism
(2) ar G — G,

then « is said to be a lexicographic product decomposition of G.
Let us have another lexicographic product decomposition of G

3) B: G — [[jesGjl.

We say that o and 3 are isomorphic if there exists an isomorphism ¢ of I onto J
such that for each i € I, G; is isomorphic to G;(i).

1.5. Definition. Let (2) and (3) be valid. Suppose that to each i € I there
corresponds a subset (i) of J such that the following conditions are satisfied:

(a) If i(1),4(2) € I and i(1) < i(2), then j; < jo for each j; € 9(i(1)) and each
J2 € (i(2)).

o) U vli) = .

(c) isor each i € I the relation G; = [['jey(;)GY] is valid.

Under these assumptions [ is said to be a refinement of a.

1.6. Example. This example shows that if the relations (2), (3) are valid and
if, moreover, I = J and G; = G}, for each i € I, then the mappings o and 3 need not
coincide.

Let Go = {0,1,2} with the operation + denoting the addition mod3. Put C' =
{(0,1,2),(1,2,0),(2,0,1)}. Then Gy with the ternary relation C is a de-group. Let I
be the set of all integers, J = I. For each i € I let G; = G}, = Go. Put G = [I';e1Gy]
and let a be the identity on G. For x € G let y be the element of G such that
yi = x;_1 for each i € I; put B(x) = y. Then (2) and (3) are valid, but « is not
equal to (.
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2. INTERNAL LEXICOGRAPHIC PRODUCT DECOMPOSITIONS

Again, let G be a dc-group.
Let (2) be valid. For ¢ € I and z; € G; we denote by Z; the element of G such
that
a(Ti)i = x4,
a(Z;)i(1) = 0 for each i(1) € I with i(1) # .
Next we put G; = {Z;: x; € G;}. Then G; is a dc-group. The mapping z; — T; is
an isomorphism of G; onto G;.
For each g € G with a(g) = (g:)icr we put @(g) = (§i)icz. We obtain an isomor-
phism
a: G — [Die1Gy.

2.1. Definition. Under the above assumptions we write
a: G=Tic1Gy;

@ is said to be an internal lexicographic product decomposition of G. If I =
{1,2,...,n} with the natural linear order, then we write @: G = G10G20...0Gy;
in this case the lexicographic product decomposition @ is said to be finite.

In [1] a formally different definition of finite interal lexicographic product decom-
position was given. For the sake of completeness and also in view of applications we
recall this definition (for the case of a dc-group).

2.1.1. Definition. (Cf. [1].) Let G be a dc-group. Let A and B be subgroups
of G such that the following conditions hold:

(i) for each g € G there exist uniquely determined elements a € A, b € B such
that g = a + b;
(ii)) if g; = a; + bs, a; € A, b; € B (i =1,2), then g1 + g2 = (a1 + az) + (b1 + b2);
(iii) if g1, ge, gs are distinct elements of G, ¢; = a; + b;, a; € A, b; € B (i =
1,2,3), then (g1, g2,93) € C iff either (ay1,aq2,a3) € C, or a1 = az = a3 and
(bl, ba, b3) eC.

Under these assumptions we write G = A o B; this equation is said to be an internal
lexicographic product decomposition of G with factors A and B. Next, for n > 2 the
relation G = G1 o Gy o ... 0 G, is defined by induction; it expresses the fact that
G=(G10G30...0Gp_1)0Gy.

It can be easily verified that for a finite set I Definition 2.1.1 is equivalent with
Definition 2.1. This implies that for finite I the symbol & in 2.1 can be omitted.
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The natural question arises whether the symbol @ can be omitted also for the case
of infinite I, i.e., whether the “pathological” situation described in Example 1.6 can
occur in the case when « and 3 are internal lexicographic product decompositions.

In this section we shall show that in the “internal” case such a situation cannot
occur.

First we recall that in [1] it was proved that the operation of forming finite internal
lexicographic products is associative, i.e., we need not apply brackets.

If g,a,b are as in 2.1.1, then a is called the component of g in A; similarly, b is
the component of g in B (with respect to the internal lexicographic decomposition
G = Ao B). Analogously, by applying 2.1.1, we define the component of g in G;
(i € {1,2,...,n}) in the case when the relation G = G; 0 Gy o... 0 G, is valid.
According to 2.1.1, in the case n = 2 the components of g in G; and G are uniquely
determined. By applying induction on n we obtain

2.2. Lemma. Let G=G;0G30...0G, andlet g € G,i€{1,2,...,n}. Then
the component of g in G; is uniquely determined.

Assume that the relation
(4) a: G =T G,

is valid. Let I; and Is be subsets of I such that

(a) whenever i1 € I; and iz € Iy, then i1 < i;
(b) LHul, =1.

If j € {1,2} and I; # 0, then we denote by P; the set of all ¢ € G such that
(a(g))i = 0 for each i € I\ I;; in the case I; = () we set P; = {0}. It is clear that
Py, and P, are subgroups of the group G. Let € G and j € {1,2}. There exists a
uniquely determined element 27 € P; such that

(a(z)); = (a(2?)); for each i€ I;.
Put x(z) = (2!, 2?).

2.3. Lemma. G =P oP,. Ifr € G, x(x) = (x1,2?), then 27 is the component
ofzin P; (j=1,2).

The proof is simple and will be omitted.
Let i(1) € I. Put

'={iel:i<il)}, I*P={iel:i>i(1)}.
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If I' # 0, then we define H;(1y to be the set of all g € G such that (a(g)); = 0 for
each i € I\ I'; the set Dj(1) is defined analogously with I' replaced by I2.

2.4. Lemma. Under the above notation we have G' = H;1) o Gy o Dy(1). If
g € G, x € Hiyy,y € Giqy, 2 € Dyy, g=x+y+ 2, then

(a(x)); = (a(g)); for each i > i(1).

Proof. This is a consequence of 2.3 and of the definitions of H;(1), Dj1). O

2.5. Lemma. Let i(1) € I, G;q) # {0}, 0 # g € Gy o Dj1y. Then the
following conditions are equivalent:

(a) g € Diqy-
(b) Ifz,y,z € Gy, (x,y,2) € C, then (v +g,y,2) € C.

Proof. The implication (a)=(b) is an immediate consequence of the relation
g € Gi(1y0D;(1y. Assume that (b) is valid and suppose that (a) does not hold. Hence
there are g1 € G(1) and g2 € Dj(1) such that g = g1 + g2 and g1 # 0. Since G;(y) is a
dc-group there exists g3 € G;(1) such that either (—g1,0,g3) € C or (—g1,93,0) € C.
Thus g3 # 0. Let the first case be valid (in the opposite case we proceed analogously).
In view of (b) we infer that (—g1 + ¢,0,g93) € C, hence (g2,0,g3) € C. Therefore
according to 2.1.1 (iii) we have arrived at a contradiction. ]

Now suppose that we are given (together with (4)) another internal lexicographic
product decomposition

(5) B: G= FjeJG;.
For j(1) € J we can apply analogous notation as in 2.4 obtaining
(6) G = Hju) © Gju) © Dy

2.6. Lemma. Assume that there are i(1) € I and j(1) € J such that G =
Gj(l) and Gz(l) 7& {0} Then Dz(l) = D;(l)

Proof. This follows from 2.5. O

The following lemma improves Theorem 3.8 of [1].

2.7. Lemma. LetG=AoBandG=DoB. Ifde D,ac A,be B,d=a+b,
then we put ¢(d) = a. The mapping ¢ is an isomorphism of D onto A.
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Proof. Let d € D. There are uniquely determined elements a € A and b € B
such that d = a + b. Hence ¢(d) = a. It is obvious that p(d + d1) = ¢(d) + ¢(d1)
for dy € D. If o’ € A, then there are d’ € D’ and b’ € B’ such that a’ = d’ + b’; this
yields that ¢(d') = a’. If p(d) = 0, then d = b, thus d € B. Since DN B = {0} we
get d = 0. Hence ¢ is an isomorphism of the group (D;+) onto the group (A4;+).

Letdy € D,d; = a;+b;,a; € A, b; € B (1 =1,2,3). Suppose that (dy, ds,d3) € C.
Then dy, do and ds are distinct, whence ai, as and as are distinct. Thus from
G = A o B we obtain that (ag, az,a3) € C.

Similarly we can verify that if (a1, a2,a3) € C, then (di,ds,ds) € C. Hence ¢ is
an isomorphism of D onto A. O

2.8. Lemma. Let I = J and G; = Gj for each i € I. Then H;;y = HZ.’(l) for
eachi(l) € I.

Proof. Leti(1l) € I. In view of 2.6, we have

G = Hi(l) © (Gi(l) © Di(l))>
G = HZ/(I) o (GZ(I) (] Dz(l))

Let h € Hj). There exist uniquely determined elements a € HZ.’(l) and b € Gy o
Dj1y such that h = a +b. We put ¢(h) = a. According to 2.7, ¢ is an isomorphism
of Hj1) onto Hzf(l).
In view of the definition of H i’(l) and by the assumption the relation H i/(l) =

Lici()Gi is valid, hence G; C Hz{(l) for each i < i(1). Thus ¢(G;) = G; for each
i < i(1).
Next, from the isomorphism ¢ and from

Hiqy =Tici()Gi
we obtain
Hlyy = ¢(Hiq)) = Lici)p(Gi) = Tici1)Gi = Hiqry-
O
2.9. Theorem. Let G be a dc-group and let (4), (5) be valid. Assume that
J =1 and that G; = G for eachi € I. Then o = (3.
Proof. This is a consequence of 2.6, 2.8 and 2.4. (Cf. also 2.1.1.) O

In view of 2.9, the symbol « in (4) can be omitted. Thus when (4) is fixed then
we often write (a(g)); = gi = g(G;); next, for X C G we put X(G;) = {z;: z € X}.
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Again, let us consider the relations (4) and (5). We can ask whether the following
assertion is valid:

() If Gi1y = Gy for some fixed i(1) € I and some fixed j(1) € J, then
(a(9))iq) = (B(9))j(1) for each g € G.

It can be shown by examples that the answer to this question is “No”. Let us
remark that for internal direct product decompositions of lattice ordered groups the
assertion analogous to (*) is valid.

3. AUXILIARY RESULTS
In this section we apply the same assumptions and notation as above.

3.1. Lemma. (Cf. [1], 3.3 and 3.4.) Assume that G = Ao B and G = A; o By.
Then either B C By or By C B. If By C B, then B =D o By, where D = A; N B.
Moreover, D = B(A).

3.2. Lemma. Let G =AoB,G=C10Cy0...0C,, A # {0}. Then A =
C1(A) o Cy(A)o...0CL(A).

Proof. If suffices to apply the same steps as in the proof of [3], 16 with the
distinction that [3], 13.4 is replaced by 2.7. O

In the following lemma the symbol Ao DNC} denotes (Ao D)NC1, and analogously
in other places below.

3.3. Lemma. LetG=HoAoD,G=C10C50...0C,. Then

A=(AoDNCy)(A)o...0c(AoDNCL)(A).

Proof. Cf. the proof of 16.1 in [3] (we replace [3], 11 and [3], 16 by 3.1 and 3.2,
respectively). O

Now let us assume that we are given two internal lexicographic product decompo-
sitions
G=HoAoD, G=HoBoD.
3.4. Lemma. The dc-groups (AoDNDB)(A) and (BoD'NA)(B) are isomorphic.

Proof. Cf. [3], 16.2-18 (we replace [3], 9, [3], 16.1 and [3], 13.4 by 3.1, 3.3 or 2.7,
respectively); in fact, in the proof of [3], 17 we should have 16.1 instead of 6.1. [
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Now let (4) be valid. Then the following conditions hold:

(a) G=H;0G;0D, for each i € I;

(b) if x € G, then the set {i € I: x(G;) # 0} is well-ordered;

(c) if I; is a well-ordered subset of I and if #' € G; for each i € I, then there
exists a uniquely determined element z € G such that z(G;) = z* for each
i € I and x(G;) = 0 otherwise;

(d) ifi,j € I,i<j,then GjoD; C D;, H; 0 G; C Hj.

For a), cf. 2.4; the conditions b)-d) are immediate consequences of (4).

3.5. Lemma. Let I be a linearly ordered set. For each i € I let H;,G; and
D; be subgroups of a de-group G such that the conditions a)-d) are valid. Then (4)
holds.

Proof. We proceed analogously as in the proof of [3], 22.1. The modifications
which are due to the fact that we are now dealing with the internal case are obvious.
The only place in the proof which is to be essentially changed is the assertion (§) in
[3], p- 290; it is to be replaced by the following argument:

(0) Let x,y and z be distinct elements of G and let ¢ € I. Suppose that the
elements x(G;), y(G;), 2(G;) are distinct and that x(G,) = y(G,) for each
j €I with j <i. Then (z,y,2) € C iff (x(G,),y(G:),2(G;)) € C.

Proof of (6): There exists t € G such that ¢(G;) = 2(G;) for each j € I with j < 1,
and t(G;) = 0 otherwise (cf. the assertion («) in [3], p. 290). Denote &’ = = —t,
y =y—t, 2/ =z—t Thena',y', 2" € G;0D; and 2'(G;),y' (G;), z'(G;) are distinct.
Hence (2',y/,2") € C iff (2/(G:),y'(G:), 7 (G;)) € C. We obtain that (z,y,z) € C iff
((Gi), y(Gi), 2(Gi)) € C. O

Again, let (4) be valid. Suppose that for each i € I a lexicographic product
decomposition
Gi=TjesGij

is given. Let @ be the set of all pairs (i,j) with ¢ € I, j € J;. For ¢1,¢92 € @ with
q1 = (i1,71), g2 = (i2,j2) we put ¢1 < g2 if either i; < iz, or iy = iz and j; < ja. For
each ¢ € I and each j € J; we have (under analogous notation as in 2.4 above)

_ 0 . 0
G; = H;;0Gij0D; ;,

hence
GZHioHEjoGij oD?joDi.

Denote
HiOH%:Hij, D?JODZ:D”

237



Therefore
(7) G=H,0G 0D, foreach qe€Q.

3.6. Lemma. G =T cqG,.

Proof. The validity of the conditions a)-d) for H,, G4, D, (¢ € Q) can be
easily verified. Now it suffices to apply 3.5. O

It is obvious that the lexicographic product decomposition given in 3.6 is a refine-

ment of the lexicographic product decomposition (4).

3.7. Lemma. Let (4) be valid, ) # I; C I. For eachi € I, let Hy be a subgroup
of G;. Let H = {z € G: x(G;) € H; for each i € I, and x(G;) = 0 otherwise}.
Then H = FiEhHi-

Proof. This is a consequence of 3.5. O

4. ON THE LEXICOGRAPHIC PRODUCT DECOMPOSITION G = Ao B
In this section we assume that (4) is valid and that, at the same time, G = Ao B.

4.1. Lemma. B =T,¢;B(G;); moreover, B(G;) = BN G, for eachi € I.

Proof. In view of 3.7 we can construct the de-group B’ = I';c;B(G;) and B’ is
a subgroup of B. Let € B. By the same method as in part a) of the proof of [3],
26 (where [3], 11 is replaced by 3.1) we obtain that x € B’. Therefore B = B’.

Next, in view of 3.1 the relation z(G; o D;) € B is valid for each € B and each
1 € I. This yields that B(G;) € BNG;. Conversely, BNG; = (BNG;)(G;) C B(G;),
thus B(G;) = BNG,;. O

In 4.2-4.4 we assume that G; # {0} for each i € I.
Put I(B)={icl: BNG; # {0}}.
4.2. Lemma. Let iy € I(B), iz €I, i1 <iy. Then G;, C B.

Proof. By 3.1 we have either D;;, D B or D;; C B. In the first case we would
have

which is a contradiction. Hence G;, C D;, C B. O
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4.3. Corollary. Let B # {0}. Then I(B) is a dual ideal of I.

Proof. There exists x € B with « # 0. In view of (4) there is i(1) € I such
that z(Gji1)) # 0 and x(G;) = 0 for each i € I with i < i(1). Put 2’ = x(Gy)).
According to 4.1, 2’ € B N Gy, hence I(B) # (. Now it suffices to apply 4.2. O

Now we distinguish two cases.
a) First suppose that I(B) has no least element. Then in view of 4.2, B(G;) = G;
for each i € I(B). Clearly B(G;) = {0} for each ¢ € I\ I(B). Hence 4.1 yields

(8) B =Tic1()Gi-

b) Next suppose that i(0) is the least element of I(B). Then from 4.1 and 4.2 we
get

9) B = (Gi) N B) o L'isi0)Gi-

4.4. Lemma. A =T,;c;G;(A).

Proof. We apply (8) and (9). It suffices to use the same steps as in the proof
of [3], 29-31 (where [3], 13.4 and [3], 11 are replaced by 2.7 and 3.1, respectively). O

5. ISOMORPHIC REFINEMENTS

In the present section we suppose that G is a dc-group which has two internal
lexicographic product decompositions

(10) G =Ticr 4,

For i € I and j € J the symbols H;, D;, H;, D; have analgous meanings as above.
Without loss of generality we can suppose that I N J = () and that A; # {0} # B;
foreachie I, j e J.

Let i € I. In view of 4.1 we have

AiODi :FjGJ (Az ODZOBJ)

Thus according to 4.4
Ai = FjGJ (Az o DZ n BJ)(AZ)
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Put (A;0D;NB;)(A;) = E;;, and let I oJ have the same meaning as ) in 3.7. Hence
(12) G == F(i,j)GIOJEij

and the lexicographic product decomposition (12) is a refinement of (10).

Analogously we obtain
(13) G =T esorEji,

where Ej; = (Bj o D; N A;)(Bj). The lexicographic product decomposition (13) is a
refinement of (11).

5.1. Lemma. Let (i,5), (i(1),5(1)) € o J, (1) < i, (1) > j, E;; # {0}. Then
Ei(l),j(l) = {0}

Proof. From j(1) > j we obtain
Bj © Dja) < Dj-
If Bj(l) ] Dj(l) D) Az o Diy then Dj D) Az o Di, whence
AiODiﬂBj ngmBj :{0}

and thus E;; = {0}, which is a contradiction. Therefore according to 3.1 the relation
Bjyo Djay € Aio D; € Dy(yy is valid. Hence

Eiwyi) = (Aiy © Djay N Bjy)(Aiwy) € Bj)(Aiqr)) € Diy(Ainy) = {0}-

5.2. Lemma. E;; is isomorphic to Ej; for each (i,5) € I o J.

Proof. This is a consequence of 3.4. O

Let (I o J)° be the set of all elements (4, ;) of I o J such that E;; # {0} and let
(J o I)° be defined analogously. For each (i, ;) € (I o J)° put ¢((4,5)) = (j,1).

5.3. Lemma. ¢ is an isomorphism of (I o J)° onto (J o I)°.

Proof. This follows from 5.1 and 5.2. O
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In view of (12) and (13) we have

(12') G =T jeror0 Eij,
(13') G =T ie(soryo Eji-

Next, (12') is a refinement of (10), and (13’) is a refinement of (11). According to 5.2
and 5.3, the lexicographic product decompositions (12') and (13’) are isomorphic.

Summarizing, we have

5.4. Theorem. Any two internal lexicographic product decompositions of a

dc-group have isomorphic refinements.

To each lexicographic product decomposition of a dc-group G we can construct
the corresponding internal lexicographic product decomposition of G (cf. Section 2);
hence in 5.4 the word “internal” can be omitted.
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