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Abstract. Let D be a domain in C2. For w € C, let Dy = {2z €C| (z2,w) € D}. If fisa
holomorphic and square-integrable function in D, then the set E(D, f) of all w such that
f(.,w) is not square-integrable in Dy, is of measure zero. We call this set the exceptional
set for f. In this note we prove that for every 0 < r < 1,and every Gs-subset E of the circle
C(0,7) = {z € C| |z| = r},there exists a holomorphic square-integrable function f in the
unit ball B in C? such that E(B, f) = E.

1. INTRODUCTION

In [1] the following question was investigated: Let D be an open set in C**™,
Let L2H(D) be the space of all functions from the space L?(D) (with respect to the
Lebesgue measure) which are holomorphic in D. Given w € C™, set

D, =DnN(C"* x {w}),
and let p(D,,) be the projection of D,, onto the first coordinate space, i.e.
p(Dy) = {2z € C"| (2,w) € D}.

For f € L2H(D), the function f | Dy, Can be considered as a function holomorphic
on the open set p(D,,) in C™ (this set, as well as the set D,,, can be empty). Denote
by E(D, f) the set of all w € C™ with p(D,) # @ and such that f[Dw is not in
L2(p(Dy)). We call the set E(D, f) the exceptional set for the function f. By Fubini
theorem, E(D, f) has Lebesgue measure zero in C™. What further properties have
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the exceptional sets? (The investigation of the properties of functions from various
spaces on lower-dimensional slices was carried out by several authors; see e.g. [3].) It
was shown in [1] that if D is a Hartogs domain in C? (i.e. n = m = 1) then E(D, f)
is a Gs-set; conversely, for every Gs-set E in C of Lebesgue measure zero there exists
a Hartogs domain D C C? and a function f € L2H(D) such that E = E(D, f). It
was conjectured that if D is a domain of holomorphy and n =1 (i.e. every p(D,,) is
an open subset in the complex plane), then the exceptional set cannot be a closed
curve. However, in [2] we have proved

Theorem A ([2], Thm. 1). Given r with 0 < r < 1, there exists a function
f € L2H(B) such that E(B, f) is the circle C(0,r) = {z € C | |z| = r}.

In this note we strengthen this result by showing the following theorem:

Theorem 1. Let B be the unit ball in C?. Fix r with 0 < r < 1, and let E be an
arbitrary Gs-subset of C(0,r). Then there exists a function f € L2H(B) such that
E(B,f)=E.

2. THE EXCEPTIONAL SETS FOR L2H-FUNCTIONS IN THE UNIT BALL

In this section we prove Theorem 1. The construction of a function f satisfying

the assertion of Theorem A proceeds as follows (see [2]): Let g(z) = . anz™ be
n=0

holomorphic in the unit disc U in the plane, and set §(z,w) = g(2), (z,w) € U x C.
For a given r with 0 < r < 1, let
O(z,w) = ((1- r2)1/2z —rw,rz+ (1 - r2)1/2w).
Suppose that § € L2H(B). Then §o ®~! is also in L2H(B). Moreover, if
1) E(9)={p€dU|g ¢ L*(D(r’p,1-1%))}

(where D(zo, ¢) denotes the disc in the complex plane with center at 2o and of radius
o), then (see [2], p. 80)

(2) E(Go®',B)={rp|p€ E(9)}.

Also, if h(z) = Y a,2™ is holomorphic in U, and h(z,w) = h(z), then h € L2H(B)
n=0

if and only if (see e.g. [4])

(3) i (n+1)"%|an|® < +oo,

n=0
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Fix 0 < r < 1, and let E be a given Gs-subset of C(0,r). It follows from (1), (2),
and (3) that in order to obtain the function f = §o ®~! satisfying the conditions of

Theorem 1, it is enough to construct a function g holomorphic in U, g(2) = 3. anz™,

n=0
such that

oo

(i) > (n+1)*an|* < 400
n=0
and
(ii) for every p € OU with rp € E,
]g|2 dm = +o0,
D(r2p,1—-r2)

and for all other p € AU this integral is finite. (Here and in the sequel,m denotes
the Lebesgue measure in C.) For simplicity set o = 72 , and let G = {p | rp € E}.
Then the condition (ii) above can be rewritten in the form:

for every p € U, the integral
(i) [ o am =+

D(ep,1—pg)

precisely when p € G.
o0
We have G = () Gk, where each G is an open subset of dU. The construction of
k=1
the function g is the elementary, though a bit technical. The idea is the following:
oo

g should be the sum of a series g = > gk, where each g is holomorphic in some
k=0
neighborhood of U, the coefficients of the Taylor expansion of g at 0 satisfy (i), for

every k and for every p € U \ G we have

lgx|? dm < 27%,

D(ep,1—¢)

and for every p € G and every (arbitrarily large) M > 0 one can find a non-negative
integer n(p) and an open non-empty subset W of D(gp,1 — p) such that

/lgn(p)|2 dm > M’
w
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whereas the sum
S [ lefam
n#(P)D(gp,1~e)
is small; e.g. this sum could be less than one. It follows from the above that for
p € G, the integral
|gn|® dm
D(ep,1-e)

is finite precisely when p € 9U \ G.

We first need a preliminary construction. Let Fj, F5 be two open arcs in U such
that F; N F; = . Denote by L the open arc in U consisting of Fy, F3, and one of
the connected components of 8U \ (F; UF). Let K be a closed subset of U such that
Kn(L\ (F1UF;)) =0. Assume moreover that for every p € 8U \ L,

(4) D(gp,1-9) CK.

Fix positive numbers €,7 and M and a number 7 with 0 < 7 < 1. In [2] we have

o0
constructed a function h(z) = 5 a,2z™ holomorphic in U and such that

n=0
(5) Z (n+1)"?|an|* < n,
n=0
(6) for every p € 0U: / |h(2)|* dm(z) = +o0.

D(to,1—7)

Let V be a simply connected smoothly bounded domain in C such that UU(GU \ L) C
Vand L\ (FiUF,) C 9V. Let ¢ : V. — U be a conformal mapping of V onto U.
For 0 < t < t' < 1, consider the annulus A(0;¢,t') = {z € C |t < |z| < t'}. If tis

sufficiently close to 1, then the set ¥~!(A(0;¢t,t')) C V \ K. Consider the function
ho. For § > 0 sufficiently small, we have

1) / 16(h o )[? dm < .
K
In particular, because of (4), for every p € U \ L we have
(8) / 16(h o 1)) dm < e.
D(ep,1—e)
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Consider once more the construction of the function h from [2]. It follows from it
that the function h not only satisfies (6), but also that

(9) / |k|> dm — 400
D(7p,1—-7)NA(0,t,t")

uniformly with respect to p € U ast' 7 1. Since the real jacobian of 9 is uniformly
bounded and uniformly bounded away from zero, it follows from (9) with 7 conve-
niently chosen with respect to o that if ¢’ is sufficiently close to 1, then for every
p € L\ (F; UF;,) we have

(10) / |6(h o )|* dm > M.

D(ep,1—o)Ny~1(A(0;t,t'))

Moreover, if §(ho9)(2) = io: br2™ in U, then (5) is still preserved with a,, replaced
by bn. "=

Now shift the domain V' and the function d(h o %) in the direction of the outward
normal vector to QU at a point pg, where pg is e.g. the middle point of the arc
L\ (F; UF,). If the domain V was chosen sufficiently close to U (so that the function
% is not far from the identity) and if this shifting is sufficiently small, then the
resulting shifted domain V' contains U, and the shifted function k, holomorphic in

V', is also not far from 6(h o 9). Hence, if k(z) = 3 c¢n2™ in U, then the condition

n=0
o0
S (4 1 el <
n=0

still holds. Also, the conditions (7) and (10) hold with §(h o 9) replaced by k.

Consider the set U Ny~ (A(0;t,t')). We can find two curves y; and ~, such that
41 and 7, are contained in U, v, Ny, = @, both ~1 and 7y, have their initial points on
Fi and their end points on F3, the interior points of v, and v, are in U \ K, and if
we denote by H the closed subset of U bounded by 71, v2 and the parts of the arcs
Fy and F; joining the initial points and the end points of 7, and 7,, then HNK = 0,
and U N¢~1(A(0;¢,t')) C H. Then, because of (10), we have

|hf? dm > M.
D(ep,1—o)NH

For convenience, let us call the set H, as constructed above, a band supported by
the arcs F; and F5.
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We have thus proved the following:
Let o, F1, F5, L, K, €, n, and M be as above. Then there exists a function A
holomorphic in a neighborhood of U, h(z) = 3. c,2™, and a band H supported by

n=0
F, and F; such that HN K = 0, and

oo
Y (1) Plenl* <,

=0
/ |hPdm < e
K

(and hence for every p € U \ L:

|h|? dm < e,

D(ep,1—0)

since D(gp,1 — g¢) C K by assumption), and for every p € L\ (F; U F3):

|h|?dm > M.

D(egp,1—g)NH

We now pass to the construction of the function g. Let m denote the radial projec-
tion of C\ {0} onto dU, 7(z) = z/|2|. Choose a strictly increasing sequence {s,}32,
of positive numbers such that s, /1 as n — 0o. We can assume that G is a proper
subset of dU, since the case G = dU was already considered in [2]. Then we can
assume that also G is a proper subset of dU. The set G is a sum (finite or count-
able) of open arcs in OU, Gy = |J Gg). Fix k and consider the arc GS). Suppose first

k

that GS) NG is relatively compact in GS). We can then shrink the set G2 in such a
way that GS) N G2 is also relatively compact in GS), but the set G = (G, remains
1

the same (of course, the sets chl) NGl =3,4,..., need to be changed in general).
Choose two open arcs F,S,lo) and F,fll) in G{) \ G such that F,E,lg uFY) c G\ Gy,
and such that F,S,IO) (F,E,ll)) lies on the left (on the right) of GS) NGs. (We can choose
e.g. a negative, i.e. clockwise, orientation on 8U; then the notions “on the left” or

“on the right” have precise and natural meaning; in the sequel we will use both
these notions only in this context.) Let Lfcl,(), be the open arc in GS) which consists

of F, ,5,13, F; ,511) and of those points p € Gil) which lie between F, 1510) and F,E’ll) Denote
Jlg,lg = Lgcl,()) \ (F;slo) U F,E,ll)). The set
(1) K =|J{Dler,1=0) |p € 0U\ L} UD(0,51)
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is a compact subset of U, and K ,(clg N J,(c‘lg = (. By the preliminary construction there
exists a band H, ,(:3, supported by F,S,IO) and F,Sll) , such that

(12)s HO N KD =9, n(H) c L), and | J{D(en, 1- ) NHS | p e IX}

is a compact subset of U.

There also exists a function g,(cl()) =3 afcl()) 22", holomorphic in a neighborhood of
, —~ k.0,

U, such that
o 2
Z (n+ 1)_2|a§c1‘()),n| < 27 Ak+D)

n=0

and for every p € J,gylg we have

)2
(13)1 / gk ol dm >3
D(e,1—e)NH")
and
2
(14, [ 193" am < 272k,

(1)
Ko

Suppose now that chl) NG is not a relatively compact subset of Gg). Then G g) NG,
is not relatively compact in Gscl) either for [ = 2,3,.... Suppose that the points of
chl) NG are arbitrarily close to both ends of the arc Gg). Take a two-sided sequence

{F, ,512,1 —_oo Of open subarcs of GS) such that each F,Sl,z1 is contained in G3, the

sets {F, ,511),1 m—_oo are pairwise disjoint, each F,S,lr)n 41 lies on the right of F,S)n, the

sets {F; ,5’131 oy cluster only at the end points of GS), and

m=-—00

between each two sets F,Sl,)n and F,Sl,)n 41 there exists in

(15); chl) an open and non-void subset of Gy.

Denote by Lfclzn the open arc in G’g), which consists of F,S)n, F,El,)n +1» and of those
points p € chl) which lie between F,SI,Z, and F,El,)n +1- Denote J,El,)n = Lilzn \ (F,S,l,)n U
FM) ). The set

(16) K& =\ J{Dlep,1-0) |pe U\ L) }UD(0,s1)
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is a compact subset of U, and K ,(clr)n N J,Sl,)n = (). By the above preliminary construc-

supported by Fk(l,z1 and FM

tion, for each integer m there exists a band H") 1t

k,m
such that

17 HO KD, =0,x(H)) c LY, 61 = J{n(#),) | m e T},

k,m?

and U{D(gp, 1-9)N H,Elr)n |pe€ J,gl,)n} is a compact subset of U.

There also exists a function g,(cly,)n(z) =) al) zn, holomorphic in a neighborhood
=0

k,mmn
of U, such that

bt 2
(18); ST (n+1)7%al), | < 27k M)

n=0

and for every p € J,(:,)n we have

2
(19)1 / g0 dm >3

D(ep,1—e)nH{")

k,m

2
(20), / |g,£f3n| dm < 2~ (kF14Iml),

K

If Gg) N G is not relatively compact in Gscl), but is separated from the left (right)
end point of Gg) NG, then we can shrink G, if necessary in such a way that the set
G remains unchanged, but GS) N Gs is now separated from the left (right) end point
of chl). Then we choose a one-sided sequence {F, ,51,),1 *_1 {F 15,1,),,};;l=—oo ) of open

subarcs of chl), and an arc F,S)lo) C chl) \ G2 such that the sequences {F,S’l,)n}ﬁﬂ, or

{F, ,51) 0 (i.e. with F,S'lg added), the resulting sets K" , and the bands H, ,(cl,)n

,mJm=—oco k,m>
have similar properties as above. Also, we obtain the functions g(l) with the above

k,m

properties.
Then denote H; = |J H,El,)n, F=U F,£11)n, and J; = | J,gl,)n, where we sum
k,m ’ k,m ! ’

,m

over all admissible k¥ and m. One can easily see that the sets F,E’l,)n, K ,(cl,)n, and H ,(cl,)n
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can be chosen in such a way that, moreover,

(21), for every p e U,
1)

p belongs to all sets K| ,(c,m except at most two,
(22); for every admissible pairs (k;,m;) and (k2,ms2), if
(k1,m1) # (k2,m2), we have
UDr 1= nH),, [P € T30

LHD@nl—mﬂHﬁQJPEJﬁLJ=®,

and for every p € J,S:?ml we have

(23)1 D(ep,1-0)N Hl(cgmz =0.

Set

(24), 91(2) =Y g (2) = i a®z",
k,m n=0

where the summation ranges over all admissible k¥ and m. Then g; is well-defined
and holomorphic in U, and

oo B 5 B
(25)1 Y (n+1) e <272,
n=0

for every p € OU \ G, we have

(26); / 12 dm < 271,

D(ep,1—¢)

and for every p € J; we have

(27), / lg1/>dm > 1+1.

D(ep,1—e)NH

(The last inequality follows from (19);, (22)1, (20)1, the definition of K ,(cl,)n, and the
facts that J; = |J J,El) and the sets J,gl) are pairwise disjoint.)

m m
k,m
The construction of H, and the function g, differs in some details from the previous
one. As before, G; = UGS") (the finite or countable sum), where each Gf) is an
k
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open arc in dU. Fix k and consider the arc G (), Suppose first that G(z) NG is
relatively compact in G D 1t can also happen that some of the arcs F(l) are in G(z)
but it follows from the previous step that they form a relatively compact subset <I>(2)
of G( ). Therefore we can shrink Gj if necessary, without changing G and 3? 5o
that Gi) N G3 is also relatively compact in chz). We then choose two open arcs
F,Szo) and F(21) in G(z) \ G3, lying on the left (on the right) of chz) N G3, and such
that also Fy (2) u F,S? - G(z) \ Gs. As above, let L be the open arc in Giz) which
consists of F,S?O) , F,S,zl), and of those points p € ch ) which lie between F,S’zo) and F, ,521) .
Set J,g,zg = Lff()) \ (F,Szg U F,S'zl) ). Note that all arcs F,El;)t which are in G§c2) N G3, are
also in J,E,zg. The set

(1), KX = J{Dlep,1-0) Ip€dU\ LE)} UD(, s2)

is a compact subset of U, and K ,90 Ji (2) = (. By the preliminary construction there
exists a band H ,(:3, supported by F; ,523 and F,g?l), such that

(12)2 HANKD =0, n(HD) c LY,

and U{D(gp,l —-o)N H,(c23 |pe J,E o} is a compact subset of U.

We may choose H, ,22(), in such a way that in addition,

H:(f% r‘U{Hx ND(gp,1-0)|p€ J1} =0.

Then we replace the set K ,(czg by a larger compact subset of U (called also K ,(czg) such
that

(28)2 U{HEinD(ep,1-0) Ipe 1} c KO,
and still H) N K3 = 0.

By the original construction, there exists a function g z 22", holomorphic

in a neighborhood of U, such that

ko 2
ST+ 1)72al) | < 272D,
n=0

for every p € J,Eg we have

2
(13), / 03 dm > 4+ / g% dm,

2
D(ep,1—e)NH?) D(ep,1-e)NH)
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and

2
(14)2 / |g,(c2(),| dm < 2= (k+2),

()
Kk.()

(The condition (13)2 can be fulfilled since the set

UDler, 1=0) nH{Y I p € I3}

is compact in U by (12)2, and so the values of [ |g1|2 dm are uniformly
D(ep,1—p)

bounded for p € J,g,zg.)

Suppose now that Gg) NG is not a relatively compact subset of Gf). Then Gf’nG,
is not relatively compact in fo) either for | = 3,4,.... Suppose that the points of
Gf) NG are arbitrarily close to both ends of the arc G f). Take a two-sided sequence

{F(2) }oo of open subarcs of G such that each F\>) is contained in G4, the
kmJ - p k k,m 4,

=R
sets {F,Syz,)n}"m_<><> are pairwise disjoint, each F,S":L 41 lies on the right of F,S?T)n, the
sets {F,Sz,)n}

> cluster only at the end points of G(z), and
m=—00 k

(15)1 between each two sets F,Sz,z1 and F,fzr)n 41 there exists in

fo) an open and non-void subset of Gs.

Let szn and J,Ez,)n have similar meaning as in the first step. The set
(29) K® =D 1-0) |pedv\ L2} uD(0,s)

is a compact subset of U, and K ,(c21)n N J,S2,)n = (. By the original construction, for
2) 2)

each integer m there exists a band H, ,E’m supported by F,E?,Z,L and F,S’m 41> such that

17 BHO nk®, =0,7H?),) c LY, 6P = J{n(H{),) | m € 7}, and

k,m>

U{D(g, 1-9)nN H,(cz,)n |pe J,(czzn} is a compact subset of U.

We may choose H, ,22,),1 in such a way that in addition
(30)2 B n|J{HinD(ep,1-0) |p€ Ji} C K2,

and still HZ) N K2, = 0.
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By the second part of the preliminary construction there exists a function g,(f,)n () =

> al? 2™, holomorphic in a neighborhood of U, such that

k,m,n

n=0

> 2
(18) D (4 1) a), | <272,

n=0

(2)
for every p € J, ;. we have
2
(19), [ a0 jafam,
D(ep,1—o)NH{"), D(ep,1—0)NH?),
and
2

(20), / |9:(33n| dm < 2~ (k+Iml+3)

K

(Since the set

UDlep. =) nHY) |pe IO

is compact in U, the values of integrals on the right-hand side of (19)2 are uniformly

bounded for p € J (2) - 50 the condition (19)2 can be fulfilled by some function g,(ff)n.)

k,m>

If chz) NG is not relatively compact in fo), but is separated from the left (right)
end point of Gg), then we can shrink Gj3 if necessary in such a way that the sets G
and <I>£2) (where <I>§Cz) is the sum of the arcs F,gl,{ remain unchanged, but Gf) NGs
is now separated from the left (right) end point of fo). Then we choose a one-sided
sequence {F,S%ZL i ({F,S?L};,L_oo) of open subarcs of Gg), and a supplementary

arc F, ,523 - Gg) \ G3 such that the sequences {F, ,S2T)n oo or {F, 152) 0 oo (With F,5_20)

added), the resulting sets K’ ,9;, the bands H ,521),1, () have similar

and the functions g,

properties as above.
Moreover, by (15);, we can assume that for each admissible m, k, and u we have

FONFY =0.

It follows from this in particular that all arcs F, ,51,1 which are in fo) NGs, are actually
in J/J, ,527)n
Then denote H, = | H,(f,)n, F, = kU F,Si)n, and J, = U J,g?,)n, where we sum
k,m ,m

over all admissible k and m. One can check that the sets F}) K,(f,)n and H ,(f,)n can

k,m>
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be chosen in such a way that, moreover,

(21)2 for every p € U,

2)

p belongs to all sets K ,(c except at most two ,
(22)2 For every admissible pairs (k1,m1) and (kg,m2), if
(k1,mq) # (k2,mz), then
UD.1-onHD,, Ipe P, 0

UDlp,1-anH?,  |pe P, }=9,

and for every p € J,g?ml we have

Set

(24)2 92(2) =Y g2 (2) = Y alPzm,
k,m n=0

where we sum over all admissible k¥ and m. Then g; is a well-defined holomorphic
function in U, and

(25)2 >+ 1)@l <27,

n=0

for every p € U \ G we have

(26)s / lgal? dm. < 272,

D(ep,1—0)

and for every p € J, we have

(27)2 / lg2|? dm >3 + / 911 dm.

D(ep,1—g)NH> D(ep,1—0)NH>

(The last inequality follows from (19)2, (22)2, (20)2, the definition of K 1(:21)m and the

facts that J, = |J J,S?,)n and the sets J,?)n are pairwise disjoint.)
k,m

Now it is clear how to construct inductively the function g; having assumed that

the functions g;, ..., g:—1 were already constructed. We have, as before, G; = UGS:)
k
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where each G( ) is an open arc in OU. We fix k and suppose first that G(t) NG is
relatively compact in G( ). After shrinking Gy4, if necessary, without changing G
and ‘I>( ) (the sum of arcs F{ o -V in G(t)), we can assume that ch) N G4 is also
relatively compact in G{*) % » and then choose F,sf(), and F,Sti in fo) \ Gt+1 as before.
It follows that

(31): all arcs F,ﬁf; Y which are in Gg) are, by the induction
hypothesis, in GS:) N Giy1, so they are also in J,Ef()).

We form the set K ,(ct()) as in (11); or (11),, and then the band H,EO supported
by Fk,t()) and F,S} satisfying the conditions (12);, similar to (12); or (12),. We may

choose H, ,(c% in such a way that in addition

ngf()) n U{Ht‘l ND(ep,1—-0)|p€ Ji-1} =0.

We then replace K ,(ctz, by a larger compact subset of U (denoted also K ,(:())) such that

(28), \J{He-1 N D(ep, 1~ 0) | p € i1} C K,
and still H) N 1(,§f2, =

There also exists a function gk (2) = 2 a ", holomorphic in a neighborhood
of U, such that

b _ 2

ST (n+1)7%al) | < 272k,

n=0

for every p € J,Ef()) we have

t—1
(13), / |g(t) dm>t+2+ 3 / |lgi|? dm,
D(ep,1-0)nH{ = D(ep1-o)nH?),
and
(14), / |g“)1 dm < 27+,

As before, since the set

UiDlep, 1=0) nH{) I p € T3}
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is compact in U, the condition (13); can be fulfilled.

If the points of Gg) N G are arbitrarily close to both ends of the arc fo), we
choose a two-sided sequence {F,S;)n}:__oo of open subarcs of cht), each of them
contained with its closure in G4, ordered from the left to the right with respect

to m, with closures pairwise disjoint, clustering only at the end points of G, and

such that between each two sets F,Stzn and F, ,St,)n 41 there exists in cht) an open and
(& J(t)

k,m’ Y km?

(16) and (29)) and construct a band H ,(ctzn satisfying the conditions (17), which are

similar to (17); or (17)2. We may choose H ,Stzn in such a way that in addition

non-void subset of Giy3. Then, as before, we define L K ,(ctzn (similarly to

HO n|J{HynD(ep,1-0) | p€ Ju,t' <t} =0.

We then replace K ,(ctzn by a larger compact subset of U such that

(30)¢ UtHe N D(ep,1-0) |p € Ju,t' < t} C K"

k,m?

and such that still H ,gtzn NK ,(:Zn =0.

(t)

ot
There also exists a function g,(ctzn(z) = Y ay,, 2", holomorphic in a neighbor-
' = Teim,

hood of U, such that it satisfies the conditions (18)¢, (19)¢, and (20); which are
similar to the previous ones in the sense that the right-hand sides of (18)3, (19)2,
and (20); must be replaced respectively by 2-2(k+Im{+t+1)

t—1
t+2+Z / gt dm,
=1 (t)
D(ep,1-e)NH, ,,

and 2~ (k+ImI+t+1) " and the integration on the left-hand side of (20); ranges over
K ,(ctzn The condition (19); can be satisfied since the set

UD1-anHY, |pe )}

is compact in U.

Similarly as for ¢t = 2, we change conveniently the construction, if GS:) NG is
separated only from the left (right) end point of fo).

Moreover, by a condition similar to (15); or (15)2, which is assumed to hold for
t — 1, we can assume that for each admissible m, «, u,

FO nF&) =0,

647



In particular, this implies that

(32), all arcs F{ ") which lie in G\ N Gy,
are actually in U J,Stzn

Then we form the sets H;, F;, and J; as for t = 1 or 2; they satisfy also the
assumptions (21);, (22):, and (23):, similar to (21);, (22);, and (23);, or (21),,
(22)2, and (23)s.

If we define
(24); a(z) =Y g ()= alV2n,
k,m n=0
then g¢; is a well-defined holomorphic function in U such that
(25)c >+ 1) el <27,
n=0

for every p € U \ G; we have

(26); / [gtl2 dm < 27,

D(ep,1—p)

and for every p € J; we have

t—1
(27), / lgel*dm > t+ 1+ / lg:)* dm.

D(ep,1—@)NH, =1D(ep,1-e)nH.
oo [
Set g = Y g =: Y anz™ Then g is a well-defined holomorphic function in U.
=0 n=0
Moreover, by (25):, we have

oo
Z (n+1)"2an)® < +o0.

n=0

Let p € U \ G. Then, for some positive integer to and all ¢ > tg, p ¢ G;. It follows
from (26), that

( / |g|”dm)%<tf;( / !g:l"’dm)%s

D(ep,1—0) D(ep,1—0)
to—1 % oo

< Z ( |g:)? dm) + Z 27t < +o0.
=1 "D(ep,1-0) =t
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If p € G, then p € G; for all t. By construction,p € J; U F; for all ¢. It follows from
(31); and (32), that if p € F; NG, then p € Jiy;. Therefore p belongs to infinitely
many sets J;. Consider any ¢, such that p € Jy,. Then, by (27);,,

to—1
(33) / g2 dm > to + 1+ z / |gi)* dm.

D(ep,1—@)NH, =1 D(ep,1=0)NHL,

On the other hand, for every [ > t, it follows from (30);, (28);, (20)¢, (14); and (24);
that

(34) / lgi)* dm < 274

D(ep,1—e)NH,,

Then, by (33) and (34),

lg|* dm > / lgto)* dm

D(ep,1—e)NH:, D(ep,1—@)NH:,
to—1 oo
2 2
-—Z / |g:|” dm — Z / |g:]” dm > to.
=1 p(gp,1Z0)nH:, I=to+1p(gp,1-0)nH,,

Since to can be arbitrarily large, it follows that

|gI? dm = +o0.

D(ep,1—-0)

Thus g is the desired function. This completes the proof of the theorem.

Note. It is still an open problem to characterize all exceptional sets for functions
from the Bergman space in the unit ball in C?; e.g. it is of interest to know whether
all Gs-subsets of measure zero in the unit disc U in C (not necessarily contained in
the circles) are exceptional subsets for some functions.
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