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Abstract. Let G be an undirected simple connected graph, and e = uv be an edge of G.
Let N¢(e) be the subgraph of G induced by the set of all vertices of G which are not incident
to e but are adjacent to u or v. Let N be the class of all graphs H such that, for some
graph G, Ng(e) = H for every edge e of G. Zelinka [3] studied edge neighborhood graphs
and obtained some special graphs in NVe. Balasubramanian and Alsardary [1] obtained some
other graphs in Ne. In this paper we given some new graphs in M.

1. INTRODUCTION

A problem concerning the neighborhood graphs of vertices of undirected graphs
was proposed by Zykov in 1963. A problem analogous to that of Zykov, but con-
cerning edge neighborhood graphs was studied by Zelinka [3].

We follow the notation and terminology of Harary [2]. Let G be an undirected
simple connected graph, and let e = uv be an edge of G. Let U be the set of all
vertices of G that are adjacent to at least one of the two vertices u and v, and let
Ue = U — {u,v}. Then, the induced subgraph (U.) of G is called edge neighborhood
graph of e in G and is denoted Ng(e).

The edge neighborhood version of the problem of Zykov is the following. Charac-
terize the graphs H with the property that there exists a graph G such that Ng(e)
is isomorphic to H, (i.e., Ng(e) = H) for each edge e of G.

Let N, be the class of all graphs H such that, for some graph G, Ng(e) = H for
every edge e of G. Such graph G is called a city [1] (or required [3]) graph containing
H, and denoted by Cy.

Zelinka [3] has proved that AN, includes the following graphs:

(i) I n, for every positive integer n,
(ii) K'm,n, for every pair of positive integers m, n,
(iii) cycles Cy, C§, Cs,
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(iv) cubes @1, Q2, @3,

(v) K; ., n 22, where K} is obtained from K, , by deleting edges a maximum
matching.

Moreover, Balasubramanian and Alsardary [1] proved that A, also includes the
following graphs:

(vi) nKa2, (n copies of K»),
(vii) the complete k-partite graph K,—1,m—1,m,...,m, M = 2,
(Vlll) 4K, and 2K; U 2K,.

In the present work, we obtain new edge neighborhood graphs.

2. NEW EDGE NEIGHBORHOOD GRAPHS
First we shall present some simple propositions.

Proposition 1. nK; € N,.

Proof. The star S,42 of n+ 2 vertices has the property that Ns,,,(e) = nk,
for each edge e of S, 42. 0O

Proposition 2. K; U2K; € N..

Proof. Let G be the covering of the plane by identical hexagons surrounded
by six triangles. (See Figure 1.) It is clear that G is a city graph of K; U2K,. O

Fig. 1

Remark. In view of (vi), (viii) and Propositions 1 and 2 we may propose the
following conjecture.
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Conjecture. nK; UmK,; € N,.

Let V) and V5, be the partition of V(K3 ) into the independent subsets with
[Vi] = 3 and [V2] = m. Let K3, be the graph obtained from K3, by joining two
vertices of V3.

Theorem 1. The line graph L(K;m) belongs to N..

Proof. We show that L(/,,+3) is a city graph containing L(K;:m). Let e = uwv
be an edge of L(Km+3). Label the vertices of K, 13 by z1, 2, ..., Tm+3 so that the
edge x5 corresponds to the vertex u and the edge zoz3 corresponds to the vertex
v of L(Km43). It is clear that the set of edges adjacent with 129 or zoz3 in Ky3
is

{z123} U {z12:, 2275, 2325 : £ = 4,5,...,m + 3}.

Thus, the set of all vertices, other than u and v, which are adjacent with u or v in
L(I(m+3) is

U, = {f(.’L‘l.’Eg),f(:l:lxi),f(.’rzl‘i),f(l,‘glﬂi)Z 1=4,5,...,m+ 3},

where f(z;z;), i # j, is the vertex of L(K,+3) which corresponds to the edge z;z;
of Kp43. It is clear that

{331.’173,113117,‘,.’1)22?1',.’1331‘1'1 1=4,5,...,m+ 3}

is the edge set of K, whose vertex set is partitioned into {z1,z2,z3} and
{z4,25,...,om + 3}. Hence, the induced subgraph (U.) of L(K+3) is isomor-
phic to L(Kr;fm). Therefore, L(I{,,+3) is a city graph containing L(K;fm).

a

Theorem 2. K, U (K, x K,,) belongs to N, for any positive integers m, n, where
K, is disjoint from Ky X K,,, and K5 X K, is the cartesian product of Ko and I{,,.

Proof. We shall prove that L(Km+1,n+2) is a city graph containing K, U (K5 x
K,). Let the vertex set of K,,4+1,n+2 be partitioned into the independent subsets
{z1,22,...,Tm+1} and {y1,y2,...,Yn+2}. Let e be any edge of L(Kmi1,nt2). We
may assume, with loss of generality, that e = f(z1y1) f(21y2), where f(z1y;) is the
vertex of L(km41,n+2) which corresponds to the edge z;y; of Kyny1,n+2. The set of
edges adjacent with z;y; is

{Ziy1, z1y;:1=2,3,....m+1,j=2,3,...,n+ 2},
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and the set of edges adjacent with z;y, is
{ziy2,r1y;:1=2,3,...,m+1,5=1,3,4,...,n+ 2},

Thus, the set of vertices, other than f(z1y1), f(z1y2), which are adjacent with
f(@1y1) or f(z1y2) in L(Km41,nt2) is

Ue = {f(zin1), f(ziy2), f(x1y;):1=2,3,....,m+ 1,7 =3,4,...,n +2}.

Let us partition U, into S;, S and S3 such that

S = {f(l'lyj)lj:3,4,...,11-}—2},
Sy ={f(ziy1):i=2,3,...,m+1},

and
Sy = {f(ewya): i=2,3,...,m+1}.

It is clear that the induced subgraphs (S;), (S2) and (S3) of L(K 42 nt+1) are com-
plete graphs of orders n, m and m, respectively. For each ¢ =2,3,...,m+1, f(z:y1)
is adjacent with f(z;y2). Thus, (S3 U S3) = Ky X K.

Moreover, no vertex of S; is adjacent with a vertex of S U S3. Therefore

(U.) = Ko U (Ka x K,).
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