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OF NEUTRAL DELAY DIFFERENTIAL EQUATIONS
OF n-TH ORDER

PAVOL MARUSIAK, Zilinal

(Received April 10, 1995)

1. INTRODUCTION

We consider a neutral differential equation in the form
(E) La[z(t) + p(t)z(h(t)] + a(t) f(z(g(2))) = b(2),

where Loz(t) = z(t), Lkz(t) = ar(t)(Lr-12(t)), k¥ = 1,2,...,n, ap = an = 1,
ar € C([0,0),(0,0)), k=1,2,...,n—1, p,q,h,g,b € C([0,0), R), q(t) # 0 on any
half line [to, 00), to > 0;
(C1) h(¢) <t, tllglo h(t) = oo, tllglo g(t) = oo, h(t) is an increasing function on [to, 00),
to 2 0;
(C2) uf(u) >0 for u #0.
Let to > 0 be such that T = min{tigtf(l h(t),tigtf“g(t)} > 0. A function z(t) €

C[T, ), R) is a solution of (E) on [to,00) if the functions Ly[z(t) + p(t) z(h(t))],
0 < k < n exist and are continuous on [tg, 00) and z(t) satisfies the equation (E) on
[to, 00).

In this paper we will consider only such solutions of the equation (E) that
sup{|z(t)|; t > tz} > 0 for any ¢, > to. Such a solution is called nonoscillatory if it
is eventually of constant sign for sufficiently large ¢t. Otherwise it is called oscillatory.

Many authors have been studying the oscillatory properties of solutions of neutral
differential equations with positive or negative coefficient g(t). Numerous interesting
results of this type can be found, for example, in the papers [1-3, 5, 6, 9-11] and in
the references given therein. We know only the papers [4, 8] dealing with the case
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when the coefficient ¢(t) can change the sign. In this paper we extend some results
from the papers [4, 7, 8] to the equation (E).

2. PRELIMINARIES

Denote
(1) RO(t) = ¢, B¥(t) = R(hF-U(t)), k = 1,2,...; AI=K)(t) denotes the inverse
function to hl¥l(t), n =1,2,....
(2) Po(t) =1, Peya(t) = P()p(h¥ (1)), k = 0,1,2,. . ;
(3) v(t) =sup{s = 0; h(s) < t},t 20, v0(t) =t, e+1(t) = v(1(t)), k=0,1,....
It is easily verify that vx(to) < Ye+1(to), tlleo Yk (to) = oo if h(t) satisfies (Cy).

Lemma 1. [8; Lemma 1] (a) Let
(4) u(t) = v(t) + p(t)v(h(t))

where u,v,p, h € C([to, ), R), and h(t) satisfies the condition (Cy).
(b) Let there exist constants p;,p2 € R such that

(5) lp®)| <p <1,  p(t)p(h(t) >
or
(6) p2 <p(t) <0

holds for t > to. Assume that 0 < v(t), hm mf v(t) = 0 and there exists thm u(t) =
—00
LeR.
Then L = 0.

A similar lemma we can find in [5, Lemma 1.5.2], in which h(t) =t—¢,0<c€ R
and p(t) has a constant sign.

Lemma 2. Let the assumption (a) of Lemma 1 be satisfied. Let there exist
constants p;,ps € R such that either (5) or

(M) p(t) <ps < -1

holds fort > tg
Assume that 0 < v(t) < v < 00 and tlim u(t) = 0. Then tlim v(t) =0.
o] —00

Proof. i) Let (5) hold. Then the proof is the same as the proof of Lemma 2 [9].

328



ii) Let (7) hold. Then from (4) with regard to (1) and (7) we obtain

1
u(t) < ~ [w(h~I(#)) — w(h=0)(2))], for 71 (2) > to.
2
By iteration for sufficiently large ¢ we have

8) v(t) < pi?u(h‘m(t)) - i,—u(h‘m(t)) b

(=) () 4+ (1) —= o () for vu(t) > to
p2" D2

In view of tl_lglo u(t) = 0, for any €7 > 0 there exists a sufficiently large ¢; such that
|u(t)| < €1 for any t > t1. Then from (8) we obtain

€1 Vo
Pl — 1 i
Therefore for any € > 0 there exist €; and n = ng € N such that ]p—:h + p'; = < €.
Then the last two relations imply tl_lquo v(t) =0.

lo(t)] <

Lemma 3. Let the assumption (a) of Lemma 1 hold and |p(t)] < p1 < 1 for
t > to > 0. If v(t) > 0 and u(t) is bounded from above (v(t) < 0 and u(t) is bouded
from below) on [tg, 00), then v(t) is bouded.

Proof. Let v(t) >0 and u(t) £ K < oo for t > to. From (4) in view of (1)—(3)
we obtain

u(t) = u(t) - p(t)o(h(t)) = u(t) — Py(t)u(h(t)) + Pa(t)o(h2(2), > v(to).

Repeating this argument we find

m—1

9) (t) = D (=1)FP@)uh(#) + (1) Pa(t)o(h™(2)),

k=0
t > ym(to),m=1,2,...
Let 0 < v(t) for t € [to,7(to)], then RImI(t) € [Ym (to), Ym+1(to)] and 0 <
v(hl™ (1)) <
If [p(t)] < p1 < 1then by (2) | Pu(t) | p¥ < 1 fort > w(to), k =1,2,...,m.
Then from (9) we have

m—1

K
0<v(t) KK ) ph+plce<——+c=K <o
k=0 Sl-p
for t € [ym(to), Ym+1(to)],m = 1,2,.... The last relation for ¢ = oo implies that

0< ’U(t) < Kl-
Analogously we prove the result if v(t) < 0 and u(t) is bounded from below on
[t01 OO) D
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Lemma 4. [7, Lemma 2] Let w € C([tg, ), R), v € C!([to, ), R) and let there
exist tli)m [w(t)v' (t) +v(t)] in the extended real line R#. Then tliglo v(t) exists in R#.

Denote
(10) Ao(t) =1, An(t) =/t:AT’:(ls(_)3)ds’ if  Ap(00) = 00
for k=1,2,..,n—1.
(11) Ao(t) =1, Ax(t) = /too A:;(ls()s) ds, if Ax(to) < o0

fork=1,2,...,n—1.

Lemma 5. Let k € {1,2,...,n}, ux(t) = f; Ag_1(8)(Lk-12(s))'ds, where T >
to, Loz(t), ..., Lnz(t) are continuous functions on [to, o) and Ax(t), k =1,2,...,n—1
are defined by (10) or by (11).

i) If

tli’m ug(t) = +o00 (=o0) for k=2,3,...,n,

then tli_fn ui(t) = +oo(~0),i=1,2,...,k—1.
(ii) Let z(t) be a bounded function on [tg,o0) and let there exist tli_{n un(t), then
oo
tlim z(t) = 20 € R.
—00

If (10) holds, then in addition tlim Liz(t)=0,i=1,2,...,n—1.

Proof. We easily prove that the functions ux(t), k =1,2,...,n — 1 satisfy the
differential equation

Ax(t)

(13%) A0

uL(t) - uk(t) = Eﬁk+1(t), t>T > to,

where € = +1, or —1 if (10) or (11) holds, respectively,
(14) Ug+1(t) = uk1(t) + Ae(T)Li—12(T), k=1,2,...,n—1.
In view of (10) or (11) and (C,) we have Ax(t) > 0, A\ (t) >0,k=1,2,...n -1,

fort > T > tg.
The equation (13x), k € {1,2,...,n — 1} can be written in the form

up(t)\' _ AL(t)_
(Ak(t)> =€ A%(t)uk+l(t)y t>T.
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From the last equation we obtain

LAL(s)_

(15k) uk(t) = Ak(t) A2( )

Uk+1(s) ds,
ke {1,2,...,n—1}.

(i) Let k € {1,2,...,n—1} and tl_xglo uk+1(t) = 0o.Then by (14) tli)r{.loﬂk.{_l(t) =00
Then from (15%), taking into account (10) or (11), we obtain that tl_l)xg) uk(t) = oo.
If £ > 1, we can repeat this process and getting successively that tll)r& u;i(t) = oo,
i=k—1,...,2,1.

(i) Let 2(t) be a bounded on [T, 00), T' > to. Then u;(t) = z(t) — 2(T) is bounded
on [T, c0). If there exists tll)xgo u,(t), then in view of (13,,—1) and Lemma 3 there exists

tlim un—1(t). If we proceed similarly we successively get that there exist tlim uk(t),
—00 —+oo
k=1,2,...,n—2. Then with regard to the case (i) and the fact that u; (¢) is bounded,

there are bx: |be| < 0o such that lim ux(t) = b,k = 1,2,...,n. Therefore from
. Ag(t —
tl—>oo [A;c (t; uL(t) — Uk (t)] = E[bk-H + Ax (T)LkZ(T)] = bk+1,

(k=1,2,...,n—1) and (12) we obtain

Ax(t)

(16) lim A’( )

up(t) = llm Ar(t)Liz(t) = brt1 — by = cx € R,

lim z(t) = by + 2(T) = b;.
t— o0

Let (10) hold. Then from (16) in view of (10) we obtain

lim L;z(t)=0, k=1,2,...,n—1.

t—oo0

O

Remark. Denote q+(t) = max{0,q(t)}, ¢-(t) = max{0, —q(t)}. Then ¢(t) =
q+(t) —g-(t), t € [to, 00
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3. MAIN RESULTS

Theorem 1. Let (C,), (Cz) and either (10) or (11) hold. Let there exist constants
D1,P2,p3 € R such that either (5) or

(17) p3

IN

p(t) Kpa < -1 for t2>tg.

In addition we suppose that for T > tg

(18) [ a0l < oo
and either

(19,) | Attt =
(20,) / An_1(t)g-(t)dt < oo,
(192) TOO An_1(8)qs (8) dt < o0,
(205) / A (g (t)dt =

Then every bounded solution of the equation (E) is either oscillatory or tlim z(t) =0
—00
and tlim z(t) = 0. If (10) holds then in addition
—00

(21) m Lypz{t) =0, &£=1,%2,..,n-1
t—o00

Proof. Let =(t) be 5 bourded positive solution of (E) on [tg, 00). Without loss
of generality we suppose that z(5(2)) = 0, z(h(t)) > 0 for ¢ > t; > to. If z(t) is
bounded, then in wiew cf (5) cr {i7) we have that z(¢) is bounded on [¢;1, 00).

Multiplying the equation (E) by A,—1(t) and then integrating from ¢; to t (> t;)
we get

ot

(22) un(t) = / An_l(s‘)an(s)ds=/ An—1(8)q=(s)j(x(g(s)))ds

vt t1

_/ ne1(5)qs(s) f(z(g(s) ds+/ An—1(s)b(s) ds

ty
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Let (191), (201) hold. If

(23) / " Anr(5)as (5) f(alg(s))) ds = oo,

t

then from (22) in view of the boundedness of z(t) (> 0), (C1), (C2), (18), and (20;)

we obtain tlim un(t) = —oo. Then by Lemma 5 t&m z(t) = —oo, which contradicts
—00 oo

the assumption that z(t) is bounded. Therefore

(24) / " A1 ()24 ()£ (2(a(s))) ds < oo,

31

Then (22) with regard to the boundedness of z(t) (> 0), (C1), (C2), (18), (20,)
and (24) yields that there exists a b, € R such that tl_i’m Un(t) = bn. Then in

view of Lemma 5, the case (ii) and the boundedness of z(t) there exists a finite
tl_lglo z(t) = b € R.

If (10) holds then in addition ll_xglo Liz2(t)=0,k=1,2,...,n—1.

From (24) in view of (C;), (C;) and (19;) we have litxg(i)rgf z(t) = 0. Using Lemma 1
we obtain tll)n;o z(t) = 0. Now by Lemma 2 we have tll}rgo z(t) = 0. Analogously we
can prove the result if (192), (202) hold. O

The following examples are illustrative:
Example 1. Consider the equation

—2n '
(Ex) (@t - Satt—20))) +
_ e7%(5 — 3sint)
- 2

e~(t+1) 1 4 cost
T ST,
2 2+ cost

(t—m)

The assumptions (5), (10), (18), (19;), (201) of Theorem 1 are satisfied. The equation
(E1) has a nonoscillatory solution z(t) = e~*(2 — cost). Then z2(t) = %e"(2 —cost),
Lyz(t) = e~ t2'(t). We easily see that z(t), z(t), L12(t) tends to 0 as t — 0.

Example 2. Consider the equation
(Eg) (e (x(t) — 5e 2x(t — 2))') — 4e® 1 (12 + 1)x(t + 1) = —t2et.
The assumptions (5), (10), (18), (192), (202) of Theorem 1 are satisfied. The equation
(E2) has a nonoscillatory solution z(t) = e~t. Then z(t) = —4e™*t, L1z(t) = 4e'. We

easily see that z(t), z(t) tend to 0 as t — 0 and L;2(t) tends to oo as t — oo.
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We see that if (11) is satisfied then (21) need not hold.

Theorem 2. Let (C,), (Cz), (5), (11), (18) hold. In we suppose in addition that
q(t) > 0 on [to, 00) and

(25) /T " A1 (t)g(t)dt = 0o, T > 0,

then every solution of (E) is either oscillatory or tlim z(t) = 0 and tlim z(t) = 0.
— 00 —00

Proof. Let z(t) be a positive solution of (E) on [to,00). Without loss of gen-
erality we suppose that z(g(t)) > 0, z(h(t)) > 0 for t > t; > to. Multiplying the
equation (E) by A,_1(t) and then integrating from ¢; to ¢t we have

un(t) = /tAn_l(s)an(s) ds

t1

t t
_ / A1 (3)b(s) ds — / An-1()a(s) f(2(g(s))) ds.

Then with regard to (C}), (C2), (18) and (24), the last equation implies that u,(t)
is bounded from above, i.e.there exist a T > t; and a constant & > 0 such that
Un(t) = un(t) + An(T)Lpn—12(T) < K < oo for t > T. Then using (15,_;)and(11)
we get

tAl_ (S)
no1(t) < —KAn_ / 2ol ds
un-1(?) ! TAi—l(S)
An—l(t) -
=K|l—- ——| <K, t>T.
K [1 An—-l(T)] ¢

If we repeat this argument n — 2-times we get that u, (t) = z(t) — 2(T") is bounded
from above. Using Lemma 3 we obtain that z(t) is bounded on [tg,c0). Now we
apply Theorem 1 we obtain that tl_i}m z(t) =0 and tlim z(t) = 0. O

Theorem 3. Let (C;), (C2) hold and let p(t) be a bounded function on [tg, o).
In addition we suppose that

dt
—_—= i =1,2,..n—1,
(26) /t(, wd) 00, 1 , n
(27) / [b(t)| dt < oo,
to
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and either

(281) /: g4+ (t)dt = 0
(291) / °° 0 () dt < oo,
or

(28,) / °° 44 (8) dt < oo,
(29,) /too g_(8) dt = oo.

Then every bounded solution of the equation (E) is either oscillatory or

liminf |z(t)] = 0 and lim Li2(t) =0 fork=1,2,...,n 1.
t—oo t—oo

Proof. Let z(t) be a bounded positive solution of (E) on [tg, 00). Without loss
of generality we suppose that x(g(t)) > 0, z(h(t)) > 0 for t > t; > T. Because p(t)
and z(t) are bounded on [ty, 00) then z(t) is bounded. Integrating the equation (E)
from t, tt');t we get

(30) | Laiz())(t) - La_sz(t) + / 4+ (5)f (2(g(s))) ds
- / b(s) ds + / a_(5)f (z(g(s))) ds.
Let (281), (291) hold. If

/t "~ 4e(s)f(2(g(s))) ds = oo,

then from (30) in view of the boundedness of z(t) (> 0), (C1), (Cz2), (27), (281) we

obtain tl_i)m L,,_12(t) = —oo. In view of (26) the last relation implies tli)m z(t) = —oo0,
oo oo
which contradicts the fact that z(t) is boundet on (to, 00).
Therefore
(31) | a0 ela@)ds < oo.
t1

From (30) with regard to (C;), (C2), (281) and the boundedness of z(t) we have
litxginf z(t) = 0.
In view of (27), (31) and (29,), (30) implies that there exists a finite hm L,_12().

Now if we use (26) and the boundedness of z(t), we have 11m Lkz(t) =0,k =
1,2,..,n—-1.
Analogously we prove the result if (282), (292) hold. O
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