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Summary. A ternary ring is an algebraic structure R = (R;t,0,1) of type (3,0,0)
satisfying the identities ¢(0,z,y) = y = t(z,0,y) and ¢t(1,z2,0) = z = (z,1,0) where,
moreover, for any a, b, ¢ € R there exists a unique d € R with t(a,b,d) = c. A congruence
6 on R is called normal if R/0 is a ternary ring again. We describe basic properties of the
lattice of all normal congruences on R and establish connections between ideals (introduced
earlier by the third author) and congruence kernels.
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The concept of a ternary field was introduced by M. Hall [5] under a different name
and used for the so called coordinatization of projective planes, see [5], [10]. It was
generalized to a ternary ring by the third author, see [7]. It forms an algebraic tool
for a classification of the so called Klingenberg planes which generalize projective
planes, see [7], [8] and [9] for more detail. In these costructions we search for a
suitable factorization of the assigned ternary ring. This factorization can be done
either by an ideal or a congruence. However, the mutual relationship between these
two concepts has not yet been investigated. Moreover, only a little is known on the
congruence lattice of a ternary ring. For a bit more complex structure, the so called
bi-ternary ring, the ideal theory in the sense of H.-P.Gumm and A.Ursini [4], [11]
was already settled by the first two authors in [3]; for the reduct called a semiloop
it was done in [2].

Our object is to classify congruences in ternary rings, to describe the congruence
lattice and to give a mutual relationship between ideals and congruences for ternary
rings.
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1. CONGRUENCES IN TERNARY RINGS

Definition 1. By a ternary ring we mean an R = (R,t,0,1) of type (3,0,0)
satisfying the identities

(1) t(0,z,y) =y =t(z,0,y),
(1" t(1,z,0) = z = t(z,1,0),

where for every a, b, c of R there exists a unique element ¢ € R such that
(*) t(a,b,d) = c.

Lemma 1. A ternary ring R = (R,t,0,1) is a one element algebra if and only if
0=1.

Proof. Suppose 0 =1 and x € R. By (1), we have ¢(0,2,0) = 0 and, by (1'),
t(0,z,0) = z, thus R is a singleton. The converse assertion is trivial. O

Definition 2. An equivalence § on R is a congruence of a ternary ring
R = (R;t,0,1) if it has the substitution property with respect to ¢, i.e. if a;0b;
for i = 1, 2, 3 implies t(a1, az, a3)0t(by, by, b3). A congruence 8 on R is called normal
if for each a;, az, b1, b2, x, y of R, if a;60by, a0b, and t(ay,az,z)0t(by,be,y) then
also z6y.

From now on let w denote the identical relation and ¢ the full relation on R, i.e.
t = R x R and zwy if x = y. Clearly, w and ¢ are normal congruences on a ternary
ring R. Denote by ConR the congruence lattice of R and by Cony R the set of
all normal congruences on R. Trivially, w is the least and ¢ the greatest element of
ConR.

If a € R and ® € ConR, denote by [a]e the congruence class of ® containing a.
Introduce a ternary operation tg in the factor set R/® as follows:

ta(ala, o [cle) = [dla
if t(a,b,c) = d’ for some d' € [d]¢.

Theorem 1. Let R = (R;t.1,0) be a ternary ring and ® € ConR. Then R/® =
(R/®;ts,(0]®,[1]e) is a ternary ring if and only if ¢ is normal.

Proof. Let R/® = (R/®;te,[0]s,[l]e) be a ternary ring and [als, [b]e, [cle €
R/®. Then there exists a unique [d]phi € R/® with

(%) te([a]e, [b]e, [clo) = [d]o.
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If a;,b; € [a]s, a2,b2 € [ble and t(a1,az,z),t(b1,bs,y) € [c]e for some z,,y € R
then, by (%), also z,y € [d]e. Hence a;®b;, a2®b; and t(a1, az, z)®t(b1, b2, y) imply
x®y, thus ® is normal.

Conversely, if ® € ConR in normal then (*x) is clearly satisfied and hence R/® =
(R/®;ts,[0]e,[0]s) is a ternary ring again. O

Theorem 2. Let R = (R;t,1,0) be a ternary ring, § € ConR and let the factor
set CalR/0 be finite. Then 6 is normal.

Proof. Consider the natural mapping h: R — R/6 given by h(a) = [a]e.
Trivially, h is a homomorphism of R onto an algebra R /6 with one ternary and two
nullary operations tq, [0]g, [1]¢ satisfying (1) and (1"). Let us consider the mappings
fab: R/8 = R/0 defined as follows:

fav(h(x)) = tg(h(a), h(b),h(x)) for each a,b,z of R.

These mappings are surjective. Namely, if h(c) € R/ then t(h(a), h(b),h(z)) =
h(t(a,b,x)) = h(c), where ¢ = t(a,b,z); by (*) such a unique element z exists.
However, R/6 is finite, thus every surjective mapping of R/6 onto itself is a bijection.
Thus also (*) is satisfied, i.e. R/8 = (R/8,tq,[0]s, [1]) is a ternary ring. By Theorem
1, 6 is normal. O

Corollary 1. For every finite ternary ring R, Con R = Cony R.

We are going to show that for a non-finite ternary ring R the assertion of Theo-
rem 2 need not hold in general:

Example. A congruence © € Con L on a loop [ is called normal if for every four
elements z1, x2, y1, y2 € L such that 2;0y;, (x;1 + y1)O(z2 = y2) also z20y,. As
was pointed out e.g. in [1], there exists a loop £ and a congruence © on £ which is
not normal. Let £ = (£;+,0) be such a loop and let ® € Con £ be not normal.

Choose freely but fix from now on an element 1 € L such that 1 ¢ [0]e. Since 6
is not normal then © # L x L, i.e. such an element exists. Introduce a new binary
operation denoted by dot as follows:

(1)ifa¢[l]lo and b ¢ [1]o then a-b=0;

(2)ifae(lloand b ¢ [l]le thena-b=b-a=1;

(3)ifa,be[lloanda# 1#bthena-b=1;

(4)ifa,be[lloanda=1thena-b=b-a=0.

Clearly, the identities

O-z=2-0=0andl - z=a2-1==x
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hold in £ = (£;+,0). Introduce a ternary operation t as follows:
t(z,y,z2) =z-y+z.

It is an easy exercise to check that R = (L;t,0,1) is a ternary ring and, moreover,
the foregoing © € Con L satisfies also © € Con R.

Hence, there exist elements 21, 2, y1, y2 € L such that z;0x2, (z1 +y1)O(z2 +y2)
but y1, y2 are not congruent mod ©. Applying the foregoing operation - on L, we
obtain t(z,y, z) as before. Hence, z1 + y1 = (1,21,41), T2 + y2 = t(1, X2,v2), i.e.
also t(1,z1,y1)0t(1, x2,¥2), thus © is not normal in R = (L;¢,0,1).

Remark. Let R = (R;t,0,1) be a ternary ring. Introduce a new ternary oper-
ation ¢: R® = R as follows:

q(a,b,c) = d if and only if t(a,b,d) = c.

By (*), ¢ is correctly defined. The algebra R* = (R;t,¢,0, 1) satisfying the identifies
(1), (1') and

(2) t(wvyvq(ljay7z)) :zzq(m,y,t(il',y,z))
is called a bi-ternary ring, see [3].

It is easy to see that (2) implies (). Hence, the reduct R = (R;%,0,1) of a bi-
ternary ring R* = (R;t,q,0,1) is a ternary ring. Since bi-ternary rings are defined
by identities, they form a variety. Hence, every congruence © on R* is normal
congruence on reduct R(R;t,0,1). Moreover, for ideals of bi-ternary rings the ideal
theory can be used invent by H. P. Gumm and A. Ursini [4], [11], which is based on
the universal algebraic approach. Applying it, we have shown in [3] that there exists
a one-to-one correspondence between ideals and congruences of bi-ternary rings, i.e.
the variety of all bi-ternary rings is ideal determined, see [3], [4].

2. CONGRUENCE LATTICE OF TERNARY RINGS
Denote by 0 - ® the relational product of two binary relations 6, ® on R.

Theorem 3. Let R = (R;t,0,1) be a ternary ring and ® € ConR and
e ConyR. Thenf - =9 -6.

Proof. Suppose ® € ConR and § € Cony R and af - ®b for some a, b of R.
Then there exists ¢ € R with afc and c¢®b. By (x) there exist elements k,s € R such
that

(1) t(1,¢,) = a =t(1,b,s).
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Since b®c we also have
(ii) a=1t(1,ck)®t(1,b,k).
However, by (i) and (1')

t(l,¢c,k) = a=1t(1,a,0)0t(1,c,0).

Since 6 is normal, this implies ~£60.
Hence, t(1,b,k)6t(1,b,0) = b. Together with (ii) it implies a® - 0b,i.e. - & C & -6.
It implies also

3 0=0"1-0"1=0-3)'C(®6)=6"10"1=0-3,

thus 8- ® =@ -6. O

Recall from [6] that a lattice £ is Arguesian if it satisfies the identity

/\(ﬂfi Vyi) < (20 A(z1 Vm)) V (yo A (31 V),
i<3

where

m = (2o V1) Ayo Vy1) Al[{(zoVa2) AlyoVy2)} V{(z2Var) Aly2V )}l
Hence, every Arguensian lattice is modular.

Theorem 4. For every ternary ring R, Cony R is a complete Arguesian lattice
which is a sublattice of ConR.

Proof. Itis aroutine to show that an arbitrary intersection of normal congru-
ences is a normal congruence. Since also w, ¢ € Cony R, this means that Cony R is
a complete lattice.

By Theorem 3, every two normal congruences permute and thus, by [6], Cony R
is Arguesian.

In both the lattice Con R and Cony R the meet coincides with set intersection.

It remains to prove that also the operation join coincides in these lattices. Since
0y, 8> € Cony R are permutable, then 6; - 6, is the least congruence containing 6,
and 6,. We need only to show that also #; - 6> is normal.

Let a1, ay, b, bs, z, y € R and suppose

0,191 . 02()1, (1201 . 02b2 and t(al,az,a:)é)l . 02t(bl,b2,y).
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Then there exist ¢y, ¢z, c3 € R with

ai01c1,c102b1,
a6,c2,c202bs,

t(a1, az, x)61c3,c362t(by, ba,y).
By (%), there exist a unique z € R with
t(c1,c2,2) = c3,
whence

t(a1 , a2, z)01t(c1 ,C2, z) and t(Cl, C2, y)ezt(bl, bg, y)

Since 6,, 0 are normal, we conclude
z6;z and z6,y,

i.e. 26; - 02y, which proves normality of 6; - 65. O

Theorem 5. Let R = (R;t,0,1) be a ternary ring and a, b € R, § € ConR.
Then

card[0]s < card[a]s.

If, moreover, 0 is normal, then

card[a]g = card[b]s.

Proof. For each a € R define a unary polynomial function ¢,(z) = t(1,a, 2).
By (1’), we have

v.(0) = t(1,a,0) = a.

Hence, ¢, induces a mapping of [0] into [a]g. By (%), @, is an injection. This proves
the first assertion.

Now, suppose # € Cony R. If d € [a]g then, by (x), there exist a unique ¢ € R with
@a(c) = t(1,ac,) = d. By (1') we have d = t(1,d,0). Using d € [a]s and normality
of § we conclude from t(1,a,c) = t(1,d,0) also c € [0]s. Hence, ¢, is also surjective,
i.e. it is a bijection. Then card[a]s = card[0]s = card[0];. ]
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Corollary 2. Let # & be normal congruences on a ternary ring R = (R;t;0,1).
If [a]e = [a]e for some a € R then § = .

It is an easy consequence of Theorem 5 since the mapping @.(z) = t(1,aq, 2) is
bijection which does not depend on the choice of 6.

Recall that an algebra A = (A, F) is congruence-uniform if card[a}g = card[d], for
each § € Con A and every a, b of A. A is congruence-regular if [a]g = [a]® implies
0 = & for each a € A and every two 6, ® € Con A.

By using Theorem 2, Theorem 5 and Corollary 1, we obtain

Corollary 3. Every finite ternary ring is congruence-regular and congruence-
uniform.

3. IDEALS OF TERNARY RINGS

The concept of an ideal of a ternary ring occured for the first time in [7]:

Definition 3. Let R = (R;t,0,1) be a ternary ring. For a, b € R we put
a+b=1t(1,a,b). A subset J C R is called an ideal of R if the following hold:

(1) 0 € J;
(I2) if b= a + r for some r € J then there exists v’ € J witha =b+r;
(I3) for every a, b, c of R and every 7y, 73, r3 of J there exists r € J with

tla+r1,b+r2,c+r3) =t(a,b,c) +1;

(I4) ift(a,b,y) = t(a,b,z)+r for some r € J then there exists ' € J withy =z +7".

Remark. If Jis an ideal of a ternary ring R = (R;t,0,1) anda € R, ry, 73 € J,
then t(a,r1,72) € J and t(r1,a,72) € J. Moreover, if r € Rand (a+7r;)+7 =a+r
then r € J, see e.g. [7].

Theorem 6. Let R = (R;t,0,1) be a ternary ring and J C R. The following are
equivalent:
(1) Jis an ideal of R;
(2) 0€ J and if t(a+r1,b+72,c+71) =t(a,b,c)+s for somery, o € J, thent € J
iffseJ.

Proof. (1) = (2): For any elements a, b, 1, r2, 7 of R there exists s € R such
that

tla+ry,b+ry,c+7) =t(a,bc)+s=1t(1,(a,b,c),s).
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By (x), this “s” is uniquely determined. Suppose ry, 1, € J. If r € J, then, by (I3),
we have s € J. If v’ € J then there exists k; € R such that (a +71,b+712,c4+17") =
t(a,b,c) + k; and, by the foregoing part, k; € J. By (I,), there exists k3 € J with

t(a,b,c) =tla=r1,b+r2,c+1") + ko),
thus also
tla+ri,b+ra,c+r)=(ta+r,b+rac+1') + k) +s.
Since ks, s € J, there exists k3 € J with
(tla+ri,b+r2,c+ ")+ k) +s=tla+r,b+ra,c+7') + ks,
see e.g. the foregoing Remark. Hence
tla+r,b+ro,c+r)=tla+r,b+rsy,c+r') + ks.

By (I4) there exists k4 € J with c+r = (c+ ') = ¢+ k where k € J, see the
foregoing Remark again.

Applying (*) we conclude r = k, thus r € J.

(2) = (1): We prove directly (I2) and (I4) of the definition. The condition (I3)
follows immediately by (%) and (2).

First we prove that if (a+7) +ry = a+7r and r|, r € J then also r; € J. Indeed,
we have

(a+m)+ra=t(l,a+ri.12)=t(1+0,a+7r,0+r) =a+7r=1t(1,qa,0).
By (2) we obtain 5 € J.

Now, we suppose b = a + r for r € J. By (%) there exists ' € R with a = b+ 1",
Then a = (a+7)+71" =a+0. Since r, 0 € J, we conclude r' € J, thus the condition
(Ip) is evident.

Prove (I4): let t(a,b,y) = t(a,b,z) + r for r € J. By (%) there exists 7' € R with
y =z +r'. We obtain

t(a,b,y) = t(a+0,b+ 0,z +71") = t(a.b,x) +r.
Since 0, r € J, (2) implies also 1’ € J. O
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Theorem 7. Let R = (R;t,0,1) be a ternary ring and 6 a binary relation on R.
The following are equivalent:
(1) 6 is a normal congruence on R;
(2) [0]o is an ideal of R and a8b if only b = a + r for some r € [0]o;

Proof. (1) = (2): Suppose afb. By (*), there exists r € R with b = ¢(1,a,r) =
a +r. Since a = t(1,a,0), we conclude t(1,a,7)0t(1,a,0). By (1), 8 is normal, thus
also 760, i.e. r € [0]p.

Conversely, if b = a+r and r € [0]0 then t(1, a,0)8¢(1,a,r) whence afb. Now, put
J =[0]; and suppose

(%) tla+ry,b+ry,c+r3) =t(a,b,c) +r.
Suppose 11, 72, 73 € [0]6. Then (a + r1)0a, (b+ r2)0b, (c + r3)fc, i.e. also
(*4%x) tla+ry,b+r2,c+13)0t(a,b,c).

By using (*) and (x**) we obtain r € [0]¢ = J. Suppose r1, 72, 7 € J = [0]¢. Then
(a+11)0a, (b+ r2)0b and (xx*x) give (c + r3)0c since 6 is normal. By the first part
of this proof, r3 € [0]g. Applying (2) of Theorem 6, J be an ideal of R.

(2) = (1): Let J be an ideal of R. It is an easy exercise to show that the relation
6 defined by

afb if and only if b = a + r for some r € .J

is a congruence on R and J = [0]y. It remains to prove that 6 is normal. Let a;60;
for i = 1,2,3, let z, y € R and suppose t(aj,az,z) = as, t(by,bs,y) = bs. Then
b; = a; + r; for some r; € [0]y. By (%), there exists r € R with y = ¢(1,z,7) =z + .
Hence

t(by,b2,y) = t(ay +r1,a2 + 12,2 +7) =az + 3.

By (2) of Theorem 6, we have r € [0]s whence
t(1,z,0)0t(1,z, 1),

i.e. 20(z + ). Since z + r = y, we conclude zfy. O
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