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DANICA JAKUBfKOVA-STUDENOVSKA, KoSice
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This paper is a continuation of [1]; for references, definitions and notation cf. {1].
The following result was proved in [1]:

(R) Let & = (A, f) be a connected monounary algebra possessing a one element
cycle {c}. Then the following conditions are equivalent:

(i) & is retract irreducible;
(ii) if a and b are elements of A such that f(a) = f(b), then either a = b or
c € {a,b}.

Let (N, f) be a monounary algebra such that f(n) =n + 1 for each n € N. In the
present paper we prove

(R1) Let & = (A, f) be a connected monounary algebra which has no one-element
cycle. Then the following conditions are equivalent:

(i) & is retract irreducible;
(ii) either & = (N, f) or there are n € N and a prime p such that & is a cycle
with p™ elements.

In the whole paper suppose that (A, f) is a connected monounary algebra and
that f(z) # x for each z € A (i.e., (4, f) has no one-element cycle).
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1. (A, f) POSSESSING A CYCLE C
1.1. Proposition. Let p be a prime, n € N. Suppose that (A, f) is a monounary
algebra consisting of one cycle, card A = p™. Then (4. f) is retract irreducible.
Proof. Assume that (A.f) € R(](As, f)) and that (A4;, f) is a connected

i€l
monounary algebra for each i € I. Then (A, f) is isomorphic to a subalgebra of

[1(A;, f) and there exists @ € [] 4; such that
iel iel

P (x) = a, ic., fP"(x(i)) = «(i) for cach i € I,
f¥(x) #a for each k € N, k < p™.

This implies that if ¢ € I, then a(4) belongs to a cycle having m; elements, where
m;/p"™. Suppose that m; < p" for each i € I. Then

m=lem.{m;:i €1} <p”
and we have
f™(x(i)) = a(i) for each ¢ € I, i.c., f"(x) = x,

which is a contradiction. Therefore there is ¢ € I such that m; = p™. Let M be the
cycle of (4;, f). Then

(1) (M, f) = (A, f);
(2) if y € f~'(M), then there is z € M with f(y) = f(2)
and s7(y) < 00 = s4(2).
By [1], 1.3, (A4, f) € R(A;, f), thus (A, f) is retract irreducible. a

In 1.2-1.9 suppose that (A, f) is a connected monounary algebra containing a cycle
C with 1 < cardC < card A.

1.2. Construction. Let cardC = n, C = {ay....,an}, fla1) = aa, ...,
f(a,) = a;. Denote I = {1,2,...,n} and put
Ai={r e A: Bk eN)(f*(x) =ai fF ' (1) ¢ C)} forie I

If i € I, consider a new element a; ¢ A such that «; # «' for cach i,j € I, 7 # j. For
i € I define
B; = {a}} U A;,
flo)y if {a, f(2)} C A;.
{a’i ifr=a}oraed f(x)=a;
By =C,
g(r) = f(x) for each a € C".

g(x) =
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Further let
(B.g9)= ]I (B
i€Iu{0}
1.3. Lemma. Ifi € IU{0}, then (4, f) ¢ R(Bi,9).

Proof. Since (A, f) is not a cycle and (Byp,g) is a cycle, (A, f) cannot be
isomorphic to a subalgebra of (B, g), thus we obtain that (A, f) ¢ R(Bo,g). Let
i € I. The algebra (B;,g) is connected and it contains a one-element cycle, the
algebra (A, f) contains a cycle with more than one element, hence (4, f) ¢ R(B;, g).

O

1.4. Notation. Ifi € I and t € A;, then there is a unique k(t) € N such that
FEO(t) = a;, f*O-1(t) ¢ C. Further let m(t) € I be such that
m(t) =i — k(t) (mod n).
Let us define the following sets for ¢ € I:
Ty = {x € B: 2(j) = aj for each j € I},
T; = {x € B: x(j) = aj for each j € I — {i},z(i) € A;,

2(0) = Am(z(i)) )}

T = U T;.

i€Ju{0}

Notice that T; N T; = @ for each ¢,j € I U {0}, i # j. If x € Tp, then z(0) € By =
CCA Ifielandz €T;, then z(i) € A; C A.

Define a mapping v: T — A as follows: if @ € T; for some ¢ € I U {0}, then
v(z) = (7).

1.5. Lemma. The mapping v is bijective.

Proof. Letz,y € T, v(z) = v(y) =d € A. Then either d € C or d € A; for
some i € [. If d € C, then d ¢ A; for each ¢ € I, thus {z,y} C T, and we get

z(0) = v(z) = v(y) = y(0),
z(i) = a: = y(i) for each i € I.
Let d € A; for some ¢ € I. Then {x,y} C T;, which implies
a(i) = v(x) = v(y) = y(i),
2(j) = a) = y(j) for each j € I — {i},
T(O) = Am(x(i)) = Am(y(i)) = U(O)



Therefore the mapping v is injective.

Let z € C. There is ¢ € Ty with (0) = z and «(i) = a} for each i € I. Then
v(z) = z. Next let i € I and = € A;. There exists v € T; with z(j) = a’ for each
j €1 —{i}, (i) = z, (0) = a,,,(z)- Then v(z) = z, thus v is a surjective mapping.

O

1.6. Lemma. (7,g) is a monounary algebra and v is an isomorphism of (T, g)
onto (A, f).

Proof. According to 1.5 it suffices to show that v is a homomorphism. Let
x € Tp. Put y = g(x). Then

y(i) = (9(0)) (i) = g(2(i)) = g(a}) = a} for each i € I,
v(x) = 2(0), v(y) = y(0),

thus we obtain
(1) v(g(z)) = v(y) = y(0) = (9(2))(0) = g((0)) = f((0)) = f(v(2)).

Now leti € I,z € T;, y = g(z). If k(z(i)) = 1, then y(¢) = g(z(2)) = a}, y € T,
which implies

(2) v(g(z)) = v(y) = y(0) = (9(x))(0) =
= 9(2(0)) = £(2(0)) = f(am(a(i)-

Since m(z(i)) + 1 = i (mod n), we have f(am(a(s))) = ai, therefore (2) yields
(3) v(g(@)) = ai = f(z(i)) = f(v(x)).
Let k(z(i)) > 1. Then k(y(i)) = k(z(i)) — 1 and

y(0) = (9(4))(0) = g(a(0)) = f(x(0)) = aj,

where
j==m(x@)+1=i~k(z(i)+1=i- k(y()) (mod n),

thus y € T; and we get
(4) v(g(z)) = v(y) = y(i) = (9(2))(@0) = 9(z(i)) = g(v(2)) = f(v(z)).

The relations (1), (3) and (4) yield that v is a homomorphism, therefore v is an
isomorphism of (T, g) onto (A. f). ]
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1.7. Lemma. Let K be a connected component of (B, g) with KNT = 0.

(a) If K contains a cycle with m elements, then n/m.
(b) If K contains no cycle and x is a fixed element of K, then there isy € T such
that sy(9*(z)) < s4(9*(y)) for each k € NU {0}.

Proof. (a) If K contains a cycle with m elements and z is an element of this
cycle, then we have

9™ (2(0)) = (¢™(2))(0) = 2(0).

Since z(0) € C, this yields that n divides m.
(b) Let I{ contain no cycle and let x € I{. Take y € Ty with y(0) = a;. Then y
belongs to a cycle, s4(y) = oo and

s¢(9"(2)) < 00 = s,4(g"(y)) for each k € NU {0}.
0O

1.8. Lemma. Ify € g~ '(T), then there exists z € T with g(y) = g(z) and
sq(y) < 84(2).

Proof. By16,v: (T,g) — (A, f) is an isomorphism, thus (T, g) is a connected
monounary algebra with a cycle Tp. Let y € g~ }(T'), g(y) = t. If t € Ty, then there
is z € Ty with f(z) =t and we have

(1) 9(y) = 9(2), s4(y) < 00 =s,4(2).

Suppose that t € T;, i € I. Consider z € T; such that 2(j) = aj for j € I — {i},
Z('L) S y(i), 2(0) = Qm(y(i))- We have

(9(W))(4) = t(j) = a} = g(a) = 9(2(4)) = (9(2))(4) for j € I — {i},
(9() (@) = g(y (@) = g(2(7)) = (9(2)) (),
(9(¥))(0) = t(0) = am(i(iy)-

By 1.4, m(t(d)) = i — k(t(1)) = i — k((9(¥)) () = i — k(f(y(9))) =i~ [k(y()) — 1] =
=m(y(i)) + 1 (mod n), thus @, (i)) = 9(@m(y(i))) and we get

(9())(0) = g(am(yn) = 9(2(0)) = (9(2))(0).

(2) 9(y) = g(2).



By the definition of z we have

s¢(2(j)) = oo for each j € TU {0} — {i},
$¢(2(2)) = s4(y (@),

and these relations imply

3) sg(2) 2 sq(y)-

According to (1)-(3), the assertion is valid. O

1.9. Corollary. T is a retract of (B, g).

Proof. This a consequence of 1.7, 1.8 and of 1.3. [1]. O

1.10. Proposition. If (4, f) is a connected monounary algebra containing a
cycle C with 1 < card C < card A, then (A, f) is retract reducible.

Proof. The assertion follows from 1.3, 1.6 and 1.9. a

1.11. Proposition. Suppose that (A, f) is a connected monounary algebra

containing a cycle of cardinality which is not a power of a prime. Then (A, f) is
retract reducible.

Proof. Let C be a cycle of (A,f). Then n = cardC > 1 and there are
p,g € N—{1} withn = p-q, gcd.(p,q) = 1. If C # A, then (4, f) is retract
reducible by 1.10. Assume that C = A. Take monounary algebras (B, f), (D, f),
which form a p-element cycle or a g-element cycle, respectively. It is obvious that
(A, f) ¢ R(B, f)UR(D, f). Further, (B, f) x (D, f) is a cycle with n elements. i.e..
it is isomorphic to (4, f). Thus

(4.f) € R((B, f) x (D. f))

and (A, f) is retract reducible. O
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2. (A, f) POSSESSING NO CYCLE AND WITH a € A, sf(a) = o0

In this section suppose that (A, f) is a connected monounary algebra possessing
no cycle and such that there is a € A with sf(a) = oco. Then there are distinct
elements a; € A for ¢ € 7 such that f(a;) = a;4+; for each i € Z.

2.0. Notation. Letn € N. Ifi € Z, then there exists a unique j € {0,...,n—1}
such that i = j (mod n). Denote
in={k€Z:k=1i (modn)}
and let
Zn = {On, ]-117~ O] (n - 1);1}'
Then i,, € Z,, for each i € Z. For elements of Z,, the operation + is taken modulo n.
2.1. Construction. Let C' = {a;: i € Z}. If i € Z, then we put

Ai={z e A-C: f(z) = a;},
D;={ye A: Bxe A)(Fn e NU{0})(f*(y) ==x)}.

Consider a set P = {p;: i € Z} of distinct primes. For i € Z let (Z,,,g) be a cyclic
monounary algebra, where

9(zp;) = (2 +1),, for each z), € Z,,.
Further let

B;=17,,UD;,
f(l) ifx € D; — Ay,
g(@) =4 4
ip; if v € A;,
(B,9) = [[(B.9).

sy4

The definition of (B, g) implies that no connected component of (B, g) contains a
cycle.

2.2. Lemma. Ifi € Z, then (A, f) ¢ R(B;,g).

Proof. Since (Bj,g) is connected and contains a cycle Z,, and (4, f) contains
no cycle, the assertion is obvious. (]
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2.3. Notation. Let

To={be B: (3k € Z)(b(i) = kyp, for each i € Z)},
Ty ={be B: (3i e D)@ eN)(b(j) = (i-n),,
for each j € Z — {i}, f*~1(b(i)) € 4:)},
T=ToUT.

Define a mapping v: T — A as follows. If b € Ty, k € Z, b(i) = kp, for each i € Z,
then we put v(b) = ax. fbeT1,i € Z,n € N, b(j) = (i - n),. foreach j € 7 - {i},
f*1(b(3)) € A;, then we put v(b) = b(i).

2.4. Lemma. The mapping v is bijective.

Proof. If bt € T, v(b) = v(t), then either {b,t} C Ty or {b,t} C T3, since
v(Tp) € C, v(Th) € A— C. In the first case obviously b = t. If {b,t} C T}, then
there are i,it' € Z, n,n’ € N with

b(j) = (i - n)pj for each j € 7 — {i},
t(j) = (@' - n')pj for each j € Z — {i'},
FPLbG)) € Aiy fRTNEGE)) € Ap.

We have b(i) = v(b) = v(t) = t(i), thus i = i’, n = n’. Then b(j) = t(j) for each
jJEZand b=t

Now let z € A. If 2 € C, then z = ay for some k € Z. Put b(i) = kp, for each
1€ Z. Thenbe€ Tpand z = v(b). If £ € A—C, then there is ¢ € Z with = € D;, thus
there is n € N such that f"~!(x) € A;. We can take an element b € T} satisfying
the relation b(j) = (i —n), for each j € Z - {i}, b(i) = z, and we obtain v(b) = z.
Hence the mapping v is a bijection. 0

2.5. Lemma. (T,g) is a monounary algebra and v is an isomorphism of (T, g)
onto (A, f).

Proof. By 2.4 we have to prove that v is a homomorphism. Let b € Ty,
b(i) = ky, for each i € Z, where k € Z. Take g(b) = t. Then t(i) = (k + 1), for each
i € Z and

(1) v(g(b)) = v(t) = a1 = flax) = f(v(b)).

Let b € T3, i.e., there are i € Z, n € N such that b(j) = (¢ —n)pj for each
j €z - {i}, fr b)) € A;. If g(b) = t, then

(2) 1) = g(b(j)) = (i —n+1), = (i~ (n-1),,.
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Consider two cases: a) n > 1, b) n = 1. If a) is valid, then t(i) = g(b(z)) = f(b(:))
and

©) FrR@) = fPAf00) = 17 00)) € Ay,
thus (2) and (3) yield
(4) v(g(b)) = v(t) = t(i) = f(b(2)) = f(v(b)).

Let b) hold. Then b(i) € A;,

(5) t(i) = g(b(z)) = i,
and, by (2),
(6) t(j) = ip, for each j € Z — {i}.

In view of (5) and (6), v(t) = a; and thus

(7) v(g(b)) = v(t) = a; = f(0(i)) = f(v(b)).
Therefore v is a homomorphism. O

2.6. Lemma. Ify € g }(T), then there exists z € T with g(y) = g(z) and
5g(y) < s4(2).

Proof. According to 2.5, v is an isomorphism of (T, g) onto (A, f). Notice that
v=1(C) = Ty, thus

(1) s4(t) = oo for each t € Tp.

Let y € g~ 1(T), g(y) =t. If t € To, then there is z € Tp with g(z) =t and then,
by (1),

(2) 53(y) < 00 = 5, (2).

Now suppose that t € Ty. There are i € Z and n € N such that ¢(j) = (¢ — n)
for each j € Z — {i}, f~~1(¢t(3)) € A;. Put

Pj

z(j) =@ —-n- 1),, for each j € 7 — {i},
z(1) = y(i).
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Then z € T} and

(9(2))(G) = 9(2(4)) = (i = n),, = t(j) = (9(y))(j) for each j € Z — {i},
(9(2))(8) = 9(2(2)) = g(y(?)) = (9(¥)) (),

ie.,
(3) 9(2) = g(y).
Further,
s4(2(j)) = oo for each j € 7 — {i},
sq(2(7)) = s4(y(1)),
which implies that s,(z) > s,(y). O

2.7. Lemma. T is a retract of (B, g).

Proof. (T,g)is a connected subalgebra of (B, g) according to 2.5. In 2.6 it was
shown that the condition (a) of 1.3, [1] is valid. Let ' be a connected component
of (B,g). By the definition, i’ contains no cycle, thus (b2) of 1.3, [1] is trivially
satisfied. Let x9 € I{. There is t € Tp with s,4(t) = oc, thus

54(9%(20)) < 00 = s,4(g"(t)) for each k € NU {0},
hence (b1) of 1.3, [1] holds, too. Therefore T is a retract of (B, g). O

2.8. Proposition. Let (A, f) be a connected monounary algebra possessing no
cycle and such that there is a € A with s¢(a) = oc. Then (A, f) is retract reducible.

Proof. The required assertion is obtained in view of 2.1, 2.2, 2.5 and 2.7. O

3. (A, f) WITH sfp(2) # 00 FOR BEACH ¢ € A
Suppose that sf(x) # oo for cach 2 € A. Then (A, f) contains no cycle.
3.1. Lemma. Let (E, f) he a connected monounary algebra and let (M, f) be a
subalgebra of (E, f) such that M = {e,: n € N}, ¢,, # ¢,,, for cachn,m € N, n # m,
f(en) = eny1 for eachn € N. Then M is a retract of (E. f) if and only if

(1) f*(ex) = 0 for each k € N.
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Proof. Suppose that M is a retract of (E, f) and suppose that there are k € N
and @ € f~*(ex). Let h be a corresponding retraction endomorphism of (E, f) onto
(M, f). Then there is j € N with h(z) = ¢;. We obtain

ex = hiex) = h(f¥(x)) = f*(h(z)) = f*(e;) = ej1x,

which is a contradiction.

Conversely, suppose that (1) is valid. If € E, then there exists n(z) € NU {0}
such that f*(®)(z) € M, f™(x) ¢ M for each m € NU {0},m < n(z). Then n(z) is
uniquely determined. Next we have f™*)(z) = ey(,) for some (uniquely determined,
too) k(z) € N. According to (1), n(z) < k(z) and we can define

h(z) = ex(z)-n(2):
For 2 € M we have n(z) = 0 and h(z) = «. Further, f(z) € M, thus
h(f()) = f(z) = f(h(2)).

Let z € E— M. Puty = f(z). If n(z) > 1, then n(y) = n(z) — 1, k(y) = k(z) and
h(f(’l?)) = h(y) = €k(y)—n(y) = Ck(z)—n(z)+1 = f(ek(:c)—n(r)) = f(h(.’L‘))
If n(x) =1, then y = ey(,), k(x) > 1 (by (1)) and we get

h(f(z)) = h(er(x)) = exz) = fer@)-1) = f(1(z)).
Thus M is a retract of (E, f). O

3.2. Corollary. Assume that A = {an:n € N}, a,, # a, for each m,n €
N, m # n and that f(a,) = any) for each n € N. Suppose that (E, f) is a connected
monounary algebra. The following conditions are equivalent:

(i) (4,f) € R(E, f);
(ii) there exist distinct elements e, € E (n € N) such that f(e,) = e,y and
f™(en) =0 for eachn € N.

3.3. Proposition. Assume that A = {a,: n € N}, a,, # a,, for each m,n € N,
m # n and that f(an) = any1 for each n € N. Then (A, f) is retract irreducible.

Proof. Suppose that there are connected monounary algebras (B;, f), i € I,
such that

) (.)€ r([1B00).
il
(2) (A, f) ¢ R(B;, f) for each i € I.
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Put
(B, f) = [1B:, ).

i€l
There exists (M, f) = (A, f) such that M is a retract of (B, f). By 3.2, there are
distinct elements b, € B (n € N) such that

(3) f(e,) = enyq for each n € N,
(4) f"(en) = 0 for each n € N.

If i € I, then
(3" flen(?)) = eny1(?) for each n € N.
If the elements e, (i), n € N are not mutually distinct, then
(5.1) (B, f) contains a cycle.
If the elements e, (i), n € N are distinct, then 3.2, (2) and (3') imply
(5.2) f7™(en(?)) # 0 for some n € N.
Therefore, in both the cases, for each 7 € I, there exist n € N and ¢; € B; such that
(6) [T (t:) = en(d).
Take t € B with t(i) = t; for each i € I. Then (6) implies
fr(t) = en,

which contradicts (4). O
In 3.4-3.8 suppose that the assumption of 3.3 is not satisfied.

3.4. Construction.  Since sy(z) # oo for each « € A, the set L = {a € A:
f~Y(a) = 0} is nonempty. The assumption of 3.3 is not satisfied, thus

ke N: card f~1(f*(a)) > 1} # 0 for cach a € L;
{

put
k(a) = min{k € N: card f~!(f*(«)) > 1}.
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Further let

m = min{k(a): a € L},
J={a € L: k(a) =m},
V={f"(a):a€ J}.

For each v € V such that f~™(v) C J we choose a fixed element of the set f~™(v)
and we denote this fixed element by . Then define

I={a€J: f7™(fM(a)) € J}U{a€ J: fT™(f™(a)) C J,a # fm(a)}.
Let ¢ ¢ A be a new element and if a € I, then put

A. = {a, f(a),..., " a)},
B, = A, U {c},
o = { f@) ifred—{m a)h
c if £ € {c, fm" a)}.

Denote
Bo=A-|] A
a€l

Then (Bo, f) is a subalgebra of (A, f) and we put

(Bo, 9) = (Bo, f),
(B.9)= [ (Ba9).

aclu{0}

3.5. Lemma. Ifa € [U{0}, then (A, f) ¢ R(B.,9).

Proof. Ifa € I, then (B,,g) contains a cycle, thus obviously (A, f) ¢ R(B.,9).
The relation (A, f) ¢ R(Bop, g) can be proved in the same way as in the proof of
5.2, [1]. a

3.6. Lemma. Ifa € I, then there exists an endomorphism p, of (A, f) such
that p.(x) # « iff x € A, and p,(A.) C Bo.
Proof. Analogously as 5.3, [1]. O

3.7. Notation. Denote

To = {b € B: b(0) € By, b(a) = c for each a € I}



and if a € I, then

T, = {b€ B: b(a) € A,,b(i) = c for each i € [ — {a},
b(0) = pa(b(a))}.

Let

U T

a€lu{0}
The proofs of the assertions of the following lemma are the same as proofs of 5.5, [1]
or 5.6, [1], respectively.

3.8. Lemma. (7T,g) = (A.f) and T is a retract of (B, g).

3.9. Proposition. Suppose that (A, f) is a conuected monounary algebra not
fulfilling the assumption of 3.3 and such that s;(x) # oo for eachx € A. Then (A, f)
is retract reducible.

Proof. It is a consequence of 3.4, 3.5 and 3.8. ]

4. PrROOF OoF THEOREM (RR1)

Let (A, f) be a connected monounary algebra not possessing a one-element cycle.
Then some of the following possibilities occurs:

(1) (A, f) consists of one cycle, card A = p™, p is a prime, n € N.

(2) (A, f) consists of one cycle and (1) is not valid.

(3) (A, f) contains a cycle C with 1 < cardC < card A.

(4) (A, f) contains no cycle and there is a € A with sy(a) = oo.

(5) (A, f) is isomorphic to (N, f), where f(n) =n + 1 for each n € N.
(6) (A, f) does not satisfy (5) and sy(z) # oo for cach v € A.

If (1) or (5) holds, then (A, f) is retract irreducible by 1.1 and 3.3. If (2), (3), (4) or
(6) is valid, then 1.11, 1.10, 2.8 and 3.9 imply that (A. f) is retract reducible.
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