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ON m-SEMIGROUPS*

JiLL A. DUMESNIL, Nacogdoches

(Received March 30, 1994)

In this paper, we discuss semigroups S with the property that every subsemigroup
is an ideal of some ideal of S, or m-semigroups. We obtain that m-semigroups are
periodic semigroups with zero and have index less than or equal to 5. It follows that
commutative m-semigroups are archimedean semigroups with zero. Those commu-
tative m-semigroups whose index is less than or equal to 3 are characterized.

1. PRELIMINARY RESULTS

Lemma 1.1. Let S be a semigroup and let T be a subsemigroup of S. Then there
exists an ideal J of S such that T is an ideal of J if and only if T is an ideal of
SiTS!,

Proof. Let S be a semigroup. Let T be a subsemigroup of S. Suppose there
exists an ideal J of S such that T is an ideal of J. Then J!T'J! C T. Since S!T'S! is
the smallest ideal of S containing T, we have that S!TS! C J. Therefore, we have
that

(srrsht .- (S'tsHY c J'TJ' CT.
Hence, T is an ideal of SITS!. The converse is immediate. O

We say that a semigroup S is an m-semigroup provided that for every subsemi-
group T of S, there exists an ideal J of S such that T is an ideal of J, or equivalently,
T is an ideal of S'T'S!. Thus, for every subsemingroup T of S, there exists an ideal
J that “mediates” between T and S, i.e., there exists J such that T« J « S (where
< indicates ideal).

* This paper is part of the author’s doctoral dissertation written at Louisiana State Uni-
versity under the direction of Professor John A. Hildebrant.
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Lemma 1.2. If S is a m-semigroup, then every subsemigroup of S is an -
semigroup.

Proof. Let S be an m-semigroup. Let R be a subsemigroup of S, and let T
be a subsemigroup of R. We claim that T is an ideal of R'TR!. To see this, we first
notice that T is also a subsemigroup of S. Therefore, since S is an m-semigroup. T
is an ideal of S!T'S!. Thus,

(R'TRY! - T - (R'TRY! C (S'TSY)! . T-(S'TSH! CT.
Hence, R is an m-semigroup. g
Lemma 1.3. Let S be an m-semigroup. Let ¢: S — S be a homomorphism from

S onto a semigroup S. Then S is an m-semigroup.

Proof. Let S be an m-semigroup. Let p: .S — S be a homomorphism from S
onto a semigroup S. We claim that S is an m-semigroup. Let T be a subsemigroup
of S. Let T = Lp‘l[T]. Then T is a subsemigroup of S. Thus, T is an ideal of S'TS!.
as S is an m-semigroup. Hence,

(Strsht.T.(s'TtsY)! cT.
Since ¢ is a homomorphism onto S, we have that

(S'TSY-T - (S'TSY)' = (o[S]' e[ T)e[S]")" - IT]- (2[S)' (T[]
— QO[SITSI]I ap[T] . Q[SlTSI]l
= [(STSYH! . T - (S'TSY | C[T]=T.

Hence, we have the desired result. 0

We note that Example 3.9 shows that the product of m-semigroups is not. in
general, an m-semigroup. Proposition 3.10 shows that the product S of commutative
semigroups S, with index(S,) < 3 is an m-semigroup if and only if each S, is an
m-semigroup.
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2. INDEX CONDITIONS

Let S be a semigroup, and let a € S. We let (a) denote the subsemigroup generated
by the element a; that is, (a) = {a™: n € N}. The order of a is defined to be the
order of the subsemigroup (a). The set E(S) denotes the set of all idempotents of
S; that is, E(S) = {z € S: 22 = x}. If a is an element of finite order, then it is
well-known that (a) contains exactly one idempotent.

Let S be a semigroup, and let a € S. If a™ = a™ for some m > n, then the indez
of a is defined to be the least such n € N. If ™ # o™ for all m # n, we say that
a has infinite index. The index of a is denoted by index(a). We define index(S) to
be the maximum over a € S of index(a), if this maximum exists. Otherwise, we say
that S has infinite index, or index(S) = .

A semigroup S is said to be periodic provided each element has finite index. In
particular, if index(S) < oo, then S is periodic. However, by our definitions, it is
possible that S may have infinite index and be periodic.

Theorem 2.1. If S is an m-semigroup, then index(S) < 5 and E(S) = {0}.

Proof. Let.S bean m-semigroup, and let a € S. We first claim that (a) is finite.
Suppose that (a) is not finite. Then (a) = {a™: n € N, a™ # a™ for n; # na} is a
subsemigroup of S. Now, (a?) = {a?*: k € N} is a subsemigroup of (a). By Lemma
1.2, (a) is an m-semigroup. Thus,

[(@)' (@®) (@)']' - (a®) - [(@)" (a®) (@) '] C (a?).

Hence, a® = aa®a? € [(a)' {a?) (a)']' - {a?) - [(a)' (a®) (a)']' C (a?), a contradiction.
Therefore, (a) is finite and thus contains an idempotent.

We now claim that E(S) = {0}. Let e € E(S). Then T = {e} is a subsemi-
group of S. Since S is an m-semigroup, (S'TS')! - T - (S'TS')! C T. Hence,
(S'eSt)le(S'eS!)! = e. Therefore, for all z € S, ze = xe® € (S'eS') e(S'eS!)! = e,

ex = % € (SteS!)le(SteS)! = e,

and e is a zero for S. Thus, E(S) = {0}.

Let a € S. Then (a) is finite and contains the idempotent 0. We claim that
index(a) < 5. Let p be the smallest positive integer such that a? = 0 € E(S),
and suppose p > 6. Then {(a) = {a,a?a>,...,a?7! a” = 0}. Let

T {a*a*,a%}, if p=6,
- {a®,a",a®}y U {a™: 7T <n < p}, if p>6.



Then T is a subsemigroup of (), and

a® = ad’a® € [()' T (a)']' - T-[(@)' T(a)"]' C T,

as (a) is an m-semigroup. This is clearly a contradiction as a® ¢ T. Thus, p < 5. as

desired. Therefore, index(a) < 5, for all a € S. Whence. index(S) < 5.

O

Example 2.2. This is an example to illustrate that the bound index(S) < 5
in Theorem 2.1 is the lowest possible upper bound. Let S = {0,a,b,c,d,e} with

multiplication given by the Cayl

Then S is a commutative m-semigroup whose index is 5. To see index(S) =
check the index of each element of S: index(0) = 1, index(a) = 2, index(b) =
index(c) = 3, index(d) = 3, and index(e) = 5. We exhibit the subsemigroups T; of

and ST fori=1,...,12:

ey table:

S O O O o O
S O O O O O
QO O O o O

SR 8 O O O

SR QO O O

i T; ST;

! 0}

2 {0,0} {0.a, b}

3 {0.a} (0.4}

4 {0.a,d} {0.a,b,d}

5 {0.a,c} {0.a.b.c}

6 {0.a,c,d} {0.a.b.e,d}

7 {0.a,b} {0.a.0}

8 {0.a,b,d} {0,a.b.d}

9 {0.a,b,c} {0.a b}
10 {0.a,b,c,e} {0,a.b.c e}
11 {0 a,b,c,d} {0.a.b.e,d}
12 {0.a,b,¢,d. e} {0 a.boeod e}

One may check by inspection that S is an m-semigroup.

Corollary 2.3. Let S be an m-semigroup. Then S is periodic and E(S) = 1.
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Lemma 2.4. Let S be a periodic semigroup with E(S) = {0}. Fora,b€ S,ab=15
(dually, ba = b) if and only if b = 0.

Proof. The proof is the same as that given in [3] for Lemma 3.1. O

Let S be an m-semigroup. Note that for all subsemigroups T of S, we have that
S1T? C T and T%S! C T. For a commutative semigroup §, S is an m-semigroup if
and only if S1T? C T for all subsemigroups T of S.

Let S be a semigroup containing a zero element. The annihilator S is defined
to be A(S) = {z € S: S = Sz = {0}}. We frequently denote the annihilator of a
semigroup with zero by simply A.

Propostion 2.5. Let S be an m-semigroup. Then for each x € S with index(z) >
2, l,'mdex(z)—-l c A.

Proof. Let S be an m-semigroup. By Theorem 2.1, index(S) < 5.

Let x € S such that index(x) > 2. Then 3 < index(x) < 5. Consider the subsemi-
group T = (z) of S. Since S is an m-semigroup, S*(z)? C (z) and (z)?S! C (z).

Let s € S. We wish to show that szi"dex(#)=1 = @ and zirdex(=)-15 = 0. We
will show sai"dex(z)=1 = 0 for the case when index(z) = 5, and all other cases will
follow analogously. Suppose, then, that index(z) = 5. We claim that sz* = 0. Now,
T = (z) = {0,z,2%,23,24} and sz? € S'(z)> C (z). We consider cases for sz?
equaling each element of (z) .

Case 1. sz? = 0. If sz? = 0, then sz? = (s2?)z? = 0, as desired.

Case 2. sz? = z. If s2% = (sx)r = 7, then x = 0 by Lemma 2.4. Hence, sz* = 0.

Case 3. sx? = 2%. If sz? = 22, then by Lemma 2.4 22 = 0. Hence, sz = 0.

Case 4. sx? = 2. If s2? = 2%, then sa? = (s2?)2? = 2322 = 25 = 0.

Case 5. sx? = x%. If s2? = 2%, then sa? = (sz?)2? = 2422 = 2% = 0.
In each case, we have established that sz = 0, as desired.

If index(x) = 4, then T = (x) = {0, 2, 2% 2°}. We claim that sz3 = 0. Four cases
analogous to Cases 1-4 above will establish this.

If index(x) = 3, then T = {0,z,2?}. Three cases analogous to Cases 1-3 will
establish that sz? = 0.

Thus, for 3 < index(z) < 5, we have shown that ggindex(z)=1 — Dually, we
obtain that z*?ex(®)=15 = 0. The proof is complete. 0

Corollary 2.6. Let S be an m-semigroup. Let n denote index(S), and suppose
that n > 2. Then 2"~ € A for all x € S.

Proof. Let S be an m-semigroup with 2 < n = index(S). Let @ € S. By

Proposition 2.5, pindex()=1 ¢ Certainly. index(rr) < n. We may assume that
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index(z) < n for otherwise the result is clear. Then n — index(x) > 0. Hence,

:L,n—l — .,.Cin(lex(z)—l . mn—index(x‘) cAd-§=0.

Therefore, 271 € A. O

Example 2.7. This is an example to illustrate that Proposition 2.5, and hence
Corollary 2.6, does not hold if index(S) = 2. Let S = {0.a, b, ¢, d} with multiplication
given by:

o O O O O
o © O O o
QO O O O
QO O O O
S 2 /8 O O

Then S is a commutative semigroup with zero such that index(S) = 2. We have that
index(b) = 2, but b ¢ A as b-d = a # 0. The semigroup S is an m-semigroup by
Proposition 2.8.

Note that a semigroup S with zero satisfying the condition that S C A has index
less than or equal to 3. Indeed, let S be such a semigroup, and let x € S. Then we
have that 2* = z(2?) € vA = {0}. Hence, 2° = 0, for all 2 € S, and index(S) < 3.

Propostion 2.8. If S is a semigroup with zero such that S> C A, then S is an
m-semigroup.

Proof. Let S be a semigroup with zero such that S C A. Suppose T is a
subsemigroup of S. Then 0 € T since 0 = t3 € T for all t € T. Let x,y,z € S. Then
since zyz = 0, we have that (S'TSH)!.T - (S'TSY! C T and S is an m-semigroup.

O

Remark 2.9. Let S be a semigroup with zero. Then S? C A if and only if
5% = 0. To see this, suppose that S2 C A. Let x.y.z € S. Then we have that
vyz = z(yz) € zA = {0}. Hence, S* = 0. Converscly, suppose that S* = 0. Let
a,b € S. We claim that ab € A. Indeed. let ¢ € S. Then abc = 0, since S® = 0.
Therefore, ab € A.

Corollary 2.10. Let S be a semigroup with zero. If S® = 0, then index(S) < 3
and S is an m-semigroup.
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3. ARCHIMEDEAN SEMIGROUPS

We recall that a commutative semigroup S is said to be archimedean provided
that for any two elements of S, each divides some power of the other. We use “|” to
denote “divides”. If a relation 7 is defined on a commutative semigroup S by

(a,b) en=a|b" and b|a™ for some n,m €N,

then we have the following two well-known results from [2]:

(1) The relation n on any commutative semigroup S is a congruence on S, and S/n
is the maximal semilattice homomorphic image of S.

(2) Every commutative semigroup S can be uniquely expressed as a semilattice Y
of archimedean semigroups C, (« € Y'). The semilattice Y is isomorphic with
the maximal semilattice homomorphic image S/ of S, and the C, (o € Y') are
the equivalence classes of S mod 7.

The next three results concern archimedean semigroups with zero.

Lemma 3.1. [3] Let S be an archimedean semigroup with zero. Then fora,b € S,
ab =0 if and only if b = 0.

Lemma 3.2. [4] Let S be a nontrivial, finite, archimedean semigroup with zero.
Then the annihilator of S contains a nonzero element.

Let I be a semigroup. Let L be a semigroup with a zero element 0 having no
clement in common with I{. Let M = K U(L\{0}). If an associative binary operation
o is defined on M satisfying:

{:xy, ife,ye€ Korifa,y€ L and a2y # 0,
Toy

€ I, otherwise,

then M is a semigroup with respect to o, and M is called an extension of I{ by L.
If ¥ and L are commutative, then M is a commutative semigroup and is called a
commutative extension of I by L.

Lemma 3.3. [4] A commutative extension of a null semigroup of order 2 by an
archimedean semigroup with zero of order n is an archimedean semigroup with zero
of order n+ 1, and moreover every archimedean semigroup with zero of order n+1 is
a commutative extension of a null semigroup of order 2 by an archimedean semigroup
with zero of order n.
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Corollary 3.4. If S is a commutative m-semigroup, then S is an archimedean
semigroup with zero such that index(S) < 5.

Proof. Let S be a commutative m-semigroup. Then by Corollary 2.3, S is
periodic and E(S) = {0}. Thus, S is an archimedean semigroup with zero. That
index(S) < 5 was established in Theorem 2.1. O

Example 3.5. This is an example to show that the converse of Corollary 3.4
does not hold. In order to see this, we take S = {0,a,), c,d, e, f} with multiplication
given by the following Cayley table:

S O O o o o o
O O O o o o o
Q O O O o © o
St O O O o o
S0 & O O O o
O O Q8 O O o
(=B I -]

[}

Then S is an archimedean semigroup with zero such that index(S) = 3, but S is not
an m-semigroup. To see that S is not an m-semigroup, consider the subsemigroup
T ={0,e,f} of S. We see that a=c- f- f € S'T? but a ¢ T.

Let S be a semigroup. Recall that
H = {(a,b) € S x S:aS' =bS! and S'a = S'b}.
If S is a commutative semigroup, then J# is a congruence on S.

Propostion 3.6. Suppose S is an archimedean semigroup containing an idempo-
tent. Then S is S#-trivial if and only if E(S) = {0}.

Proof. Let S bean archimedean semigroup with an idempotent e. Then E(S) =
{e}. Suppose first that S is J#-trivial, i.e., # = Ag. Then aS' = bS* implies that
a=bfora,be S. Let a € S. We claim that ae = e. Now, aeS! = eaS* C eS?'. Since
S is archimedean with idempotent e, there is a’ € S with aa’ = a’a = e. Thus, for
z € SY, ex = eex = eaa’z. Therefore, eS! C eaS!. Hence, aeS' = eS! which implies
that ae = e. Thus, e is a zero for S.

Conversely, let E(S) = {0}. Suppose that S is not J#-trivial. Then there are
distinct a,b € S such that (a,b) € . Then there exist z,y € S such that a = bx
and b = ay. Now, (bz,b) = (a,b) € #. Compatibility of J# yields that (bz?,bz) =
(bx,b) - x € . Consequently, (bz"~1 ba™) € # for all n € N. By transitivity
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of J#, we have that (b,bz™) € s for all n € N. Since, S is archimedean with
zero, there exists m € N such that ™ = 0. Hence, (b,0) = (b,bz™) € S#. Thus,
aS! = bS! = 0S* = {0}. Therefore, a = bz = 0 = ay = b, contrary to a # b. Thus,
J€ is trivial. ]

Lemma 3.7. Suppose that S is a finite archimedean semigroup with zero such
that index(S) < 3. If S® # 0, then there exists w € S such that w? ¢ A.

Proof. Let S be afinite archimedean semigroup with zero such that index(S) <
3. Suppose that S3 # 0. Then there exists z,y,z € S such that zyz # 0. We may
assume that z,y, and z are distinct. Indeed, if not, by renaming elements we obtain
w,u € S with w?u # 0 or w? ¢ A. We will show that there is w € {z,y, 2} such that
w? ¢ A. We let n denote the order of S and use mathematical induction.

Case 1. n = 3. Suppose that the order of S is 3. We have distinct z,y,z € S
such that zyz # 0. Therefore, z,y,z € S\ {0}, contrary to 0 € S and |S| = 3. Thus,
53 = 0. This case is complete.

Case 2. n = 4. Suppose that the order of S is 4. We have distinct z,y,z € S
such that zyz # 0. Now, |S| = 4 implies that S = {z,y, 2,0}. Therefore, we have
zyz € {0,z,y, z}. In any case, Lemma 3.1 yields that zyz = 0, a contradiction. Thus,
53 = 0. This case is complete.

Case 3. n = 5. Suppose that the order of S is 5. We have distinct z,y,2 € S such
that zyz # 0. Then z,y, 2z € S\ A. Since |S| = 5, we obtain that S = {0,z,v, z, zyz}.
By Lemma 3.2, zyz € A. Now, by Lemma 3.1 we have that zy ¢ {z,y} and by
assumption we have that zy ¢ {0,zyz} C A. Hence, zy = z. Likewise, zz = y and
yz = x. Thus, z,y,z € H,. However, # = Ag by Proposition 3.6. Therefore, we
have a contradiction. Hence, for any semigroup of order 5 with index(S) < 3, S3 = 0.
This case is complete.

Case 4. n = 6. Suppose that the order of S is 6. We have distinct z,y, 2 € S such
that xyz # 0. Then z,y,2 € S\ A. By Lemma 3.2, there exists a nonzero annihilator
u € S. By Lemma 3.3, S is an ideal extension of Z\{0z} by N = {0z, u} where Z is an
archimedean semigroup with zero of order 5 and N is a null (or zero) semigroup. Now,
|S| = 6 implies that S = {0s,x,y,z,u,v}. Thus, Z = {0z,2,y,2,v}. We consider
the product zyz € Z. By the preceding case, zyz = 0z € Z. Thus, zyz =05 € S, a
contradiction. Hence, z,y, and z cannot be distinct. Whence, by renaming elements,
we obtain w,u € S with w?u # 0, that is, w? ¢ A. This case is complete.

Case 5. n = k. Suppose that the order of S is k. We have distinct z,y,z € S such
that zyz # 0. Assume that there exists w € {z,y, z} such that w? ¢ A. This is our
inductive hypothesis.

Case 6. n = k+ 1. Suppose that the order of S is kK + 1. We have distinct
z,y,z € S such that zyz # 0. Then z,y,2 € S\ A. By Lemma 3.2, there exists
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a nonzero annihilator u € S. By Lemma 3.3, S is an ideal extension of Z \ {0z}
by N = {0z,u} where Z is an archimedean semigroup with zero of order k& and N
is a null (or zero) semigroup. Then z,y,z ¢ A(S) implies that z,y,z € Z. Now,
zyz # Og implies that zyz # 0z as a product in Z. By inductive hypothesis, there
exists w € {z,y, 2} such that w? ¢ A(Z). Therefore. w? ¢ A(S). Hence, the general
case is complete.

Therefore, the lemma is established for all finite archimedean semigroups. a

Theorem 3.8. Let S be an archimedean semigroup with zero. Then S® = 0 if
and only if S is an m-semigroup and index(S) < 3.

Proof. Let S be an archimedean semigroup with zero. Suppose that S is an
m-semigroup and index(S) < 3. Suppose that S® # 0. Then there exists z,y,z € S
such that zyz # 0. We have that z,y, and z are distinct by Corollary 2.6. Consider
the subsemigroup T = (z,vy,2) = {z,2%,zy,2z,y,y* z,2%,y2,0} of S. Then T is a
finite archimedean semigroup with zero, index(7) < 3, and T is an m-semigroup. By
Lemma 3.7, T3 = 0. Then zyz € T® implies that xyz = 0, a contradiction. Hence,
S3 =0, as desired. The converse is immediate from Corollary 2.10. a

Example 3.9. This is an example to show that the product of m-semigroups is
not an m-semigroup in general. Let S = {0, qa,b, ¢, d, ¢} with multiplication given by:

0 00 0 00O
0000 O0 O
0 00 0 0 a
0 0 0 a a b
00 0 a a b
0 0 a b b c

Then S is an archimedean m-semigroup. We consider the archimedean semigroup
with zero S x S. To see that S x S is not an m-semigroup, we consider T' = Agy s,
the diagonal of S. Then T is a subsemigroup of S x S. Now, (c,e) - (d,d) - (e,e) =
(c,e) - (b,b) = (0,a) ¢ T. Hence, (S x S)!'T? € T and S x S is not an m-semigroup.

Propostion 3.10. Let {S.: a € I} be a family of archimedean semigroups with
zero such that index(S,) < 3 for all a € I. Let S = [[{S4: o € I} with coordinate-
wise multiplication. Then index(S) < 3, and S is an m-semigroup if and only if S,
is an m-semigroup for each a € I.

Proof. Let {Sy: @ € I} be a family of archimedean semigroups with zero such
that index(S,) < 3 for all @ € I. Let S = [[{Sa: o € I}. Then for each € S,
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z® = 0 since 2,3 = 04 for each o € I. Hence, index(S) < 3. Suppose that S is an
m-semigroup. Then by Lemma 1.3, Sy = 1,[S] is an m-semigroup for each a € I.

Conversely, suppose each S, is an m-semigroup. Therefore, for each a € I, 5.3 =
Oq- Let T be a subsemigroup of S. Let T,, = n,[T] for each @ € I. Then T, is a
subsemigroup of S, for each a € I. Since each S, is an m-semigroup, we have that
S T2 CT,, for each a € I.

Let 2 € S' and y,z € T. Then 2 = (24),¥ = (¥a), and z = (z4), where z, € Su
and Yo, 2o € Ty for each a € I. Now, 2yz = (ZaYaza) = (0) = 0 € T. Thus,
S1T? C T, and S is an m-semigroup. O

4. TOPOLOGICAL RESULTS

The following results are topological analogues of previous results.

We say that a topological semigroup S is an m-semigroup provided that for every
closed subsemigroup T of S, there exists a closed ideal J of S such that T is a closed
ideal of J, or equivalently (for a compact semigroup S), T is a closed ideal of S*T'S?.

Suppose S is a topological semigroup, and let a € S. In the topological setting,
the standard notation for the set of positive integral powers of a is 8(a) = {a™:
n € N}. The topological closure of 8(a), I'(a) = 6(a), is called the monothetic
subsemigroup of S generated by a. If S = I'(a) for some a € S, then S is called a
monothetic semigroup. If I'(a) is a compact monothetic semigroup, then its minimal
ideal M (T'(a)) is a compact abelian group and I'(a) = 6(a) U M (I'(a)). Furthermore,
M (T'(a)) consists of the cluster points of I'(a). We define the monothetic index of
the element a as follows:

a) = { min{n € N: a” € M(['(a))}, if 6(a) N M([(a)) # 0,

0, otherwise.

The monothetic index of a semigroup S is defined to be mi(S) = max{mi(a): a € S}
if this maximum exists. Otherwise, mi(S) = oc.

Lemma 4.1. Let S be a compact semigroup and let T be a closed subsemigroup
of S. Then there exists a closed ideal J of S such that T is a closed ideal of J if and
only if T is a closed ideal of S'TS?.

Lemma 4.2. If S is a compact m-semigroup, then every closed subsemigroup of
S is an m-semigroup.

Lemma 4.3. Let S be a compact m-semigroup. Let ¢: S — S be a continuous
homomorphism from S onto a semigroup S. Then S is a compact m-semigroup.
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Example 3.13 shows that arbitrary products need not preserve compact m-
semigroups. Proposition 4.7 shows that the product of commutative topological
semigroups S, with mi(S,) < 3 is a compact m-semigroup if and only if each S, is
a compact m-semigroup.

Theorem 4.4. Let S be a compact m-semigroup. Then mi(S) < 5 and E(S) =

{0}.

Proof. LetS beacompact m-semigroup. Then S has a compact group minimal
ideal M(S). We claim that M(S) = {0}. We first show E(S) = {0}. Let e € E.
Then T = {e} is a closed subsemigroup of S. Since S is a compact m-semigroup,
(SITSH)Y - T (S'TSY)! CT. Hence, (S'eS!)le(S'eS!)! = e. Thus,

ze = ze? € (S'eS!)'e(S'eS!)! =e,
ex = e?r € (S'eSt)le(SteS!)! =,

for all z € S, and e is a zero for S. Thus, E(S) = {0}. Now, we have that M(S) is a
compact group containing a zero. Hence, M (S) = {0}.

Let a € S. We claim that mi(a) < 5. We have that 6(a) = {a":n € N} is a
subsemigroup of S, and I'(a) = —(a is a closed and therefore compact subsemigroup
of S. Certainly, (a?) = {a®*: k € N} is a subsemigroup of 6(a). Thus, I'(a?) is
a closed subsemigroup of I'(a). By Lemma 4.2, we have that I'(a) is a compact m-
semigroup. Therefore, [['(a)'T'(a?)T'(a)!]' -T'(a?)-[[(a)'T(a?)T'(a)!]! C I'(a?). Hence,

a® = aa’a® € [[(a)'T'(a®*)[(a)']' - T(a?) - [[(a)'T(a*)T(a)']*
C I'(a*) = 6(a®) U M(T(a)).

Since a® & (a?), we conclude that a® € M(I'(a)) = {0}. Thus, 6(a) = {a,a?,da®, a*,
a® = 0} and §(a) N M(T(a)) # 0. We therefore obtain that

mi(a) = min{n € N: «" € M(I'(a))} = min{n € N: a" € {0}} < 5.
Since mi(a) < 5 for all a € S, we have that mi(S) < 5. O

For a compact m-semigroup S, the concepts of index and monothetic index are
equivalent. Indeed, let S be a compact m-semigroup. Then by Theorem 4.4, E(S) =
0 and mi(S) < 5. Therefore, we have that M (S) = 0. Thus for a € S, we see that
mi(a) = min{n € N: o™ € M(I'(a))} = min{n € N: «" = 0} = index(a).

Corollary 4.5. Suppose S is a compact m-semigroup. Then S is periodic and
E(S)=0.
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Theorem 4.6. Let S be a compact archimedean semigroup with zero. Then
S$3 =0 if and only if S is an m-semigroup and mi(S) < 3.

Propostion 4.7. Suppose {S.: a € I} is a family of compact archimedean semi-
groups with zero such that mi(Sy) < 3 for all « € I. If S = [[{Sa: @ € I} with
coordinate-wise multiplication, then S is compact and mi(S) < 3. Moreover, S is an
m-semigroup if and only if S, is an m-semigroup for each o € I.
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