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RETRACT IRREDUCIBILITY OF
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DANICA JAKUBIKOVA-STUDENOVSKA, KoSice

(Received July 11, 1994)

For some types of mathematical structures the relations between retracts and
direct product decompositions have been studied (cf., e.g., [1] for the case of ordered
sets, [2] and [5] for the case of graphs and [7] for the case of metric spaces). In
the present paper we deal with a question concerning these relations for the case of
connected monounary algebras.

Let (A, f) be a monounary algebra. As usual, a nonempty subset M of A is said
to be a retract of (A, f) if there is a mapping h of A onto M such that h is an
endomorphism of (A, f) and h(x) = z for each « € M. The mapping h is then called
a retraction endomorphism corresponding to the retract M. Further, let R(A, f) be
the system of all monounary algebras (B, g) such that (B, g) is isomorphic to (M, f)
for some retract M of (A4, f).

In Section 1 (Theorem 1.3) we characterize retracts of a monounary algebra (A, f)
by means of properties of degrees of elements of A.

In the remaining sections we deal with the notion of retract irreducibility of a
connected monounary algebra. It is defined as follows. A connected monounary
algebra o will be said to be retract irreducible if, whenever & € R( IT oﬁ) for
sonie connected monounary algebras @, then there exists j € I such thatlfa; € Ry/}.
If this condition is not satisfied, then .« will be called retract reducible.

The following result will be proved:

(R). Let o = (A, f) be a connected monounary algebra possessing a one element
cycle {c}. Then the following conditions are equivalent:
(i) « is retract irreducible;
(i1) if @ and b are elements of A such that f(a) = f(b), then either a = b or
c€ {a,b}.

The case when . has no onc-element cycle will be dealt within Part II.



In some proofs we essentially apply the results and methods of M. Novotny [8],
[9] concerning homorphisms of monounary algebras. Homomorphisms of monounary
algebras were investigated also in [3], [4], [6].

1. RETRACTS

Let (A, f) be a monounary algebra. The aim of this section is to describe all
retracts of (A4, f).

Let us remark that if M is a retract of (A, f), then (M, f) is a subalgebra of (A4, f).

The notion of degree ss(x) of an element x € A was introduced in (8] (cf. also [6]
and [4]) as follows. Let us denote by A() the set of all elements € A such that
there exists a sequence {zn},cnufo) Of elements belonging to A with the property
2o = @ and f(z,) = x,_; for each n € N. Further, we put A® = {2 € A:
f~Y(x) = 0}. Now we define a set AY) C A for each ordinal A by induction. Assume
that we have defined A(® for each ordinal a < A\. Then we put

AN ={zea- a2 @ c |J A}

a< a<

The sets A are pairwise disjoint. For each = € A, either 2 € A(™) or there is an
ordinal A with 2 € A, In the former case we put s;(r) = oo, in the latter we set
sf(x) = A. We put A < oo for each ordinal A.

The following assertions are consequences of the definition of ss(x) (cf. also [9])
and we will use them without further reference:

1) If sy(a) # oo, then sp(f(x)) > sf(x).

2) If h is a homomorphism of (A4, f) into (B, f), then sp(h(x)) > ss(x) for each
x € A.

3) Let {(A:,f): i € I} be a system of monounary algebras. If y,z € [] 4;,
i€l
sf(y(t)) < sp(2(3)) for each 7 € I, then sf(y) < syp(=).

1.1. Lemma. Let (A, f) be a monounary algebra and let M be a retract of
(A, f). Ify € f~Y(M), then there is z € M with f(y) = f(z), sf(y) < s5(2).

Proof. Letz € M,y € f~'(r). Theset M is a retract; let h be the correspond-
ing retraction endomorphism. Then h(xz) = x. Put h(y) = z. We obtain

f(z) = f(h(y)) = h(f(y)) = h(x) = .
Further, z = h(y) € M and s;(y) < sp(h(y)) = s5(2). O
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1.2.1. Lemma. Let (A, f) be a connected monounary algebra and let (M, f)
be a subalgebra of (A, f). Suppose that if y € f~1(M), then there is z € M with
fy) = f(2) and sf(y) < sf(z). Forn € N we denote by Y, the set of ally € A such

thaty € f~7™(M)— M andy ¢ f~™(M) foranym € N, m <n. Let Y = |J Y,.
neN
There exists a mapping ¢: Y — M such that, whenever n € N, y € Y,,, then

1) ") = f*(e)),
(i) ss(y) < sr(e(y)),
(iii) <p(f’”(y)) = f*(o(y)) for each k €N, k < n.

Proof. Ifn=1,y € f~}(M) — M, then there is z € M with f(y) = f(2),

s7(y) < s5(2); we can put p(y) = z.
Let neN,n>1,y€Y,. Then

(1) yeE fT(M)—M, y¢ f7™(M) foreachm €N, m < n,
which implies

(2) fly)e f~"V(M)-M, fy)¢ f™(M) foreachmeN, m<n-—1,

3) f(y) € Yoy
Analogously,
(4) f2y) € Yaa, ..., f7H(y) e .

Suppose that if m € N, m < n, t € ¥;,,, then ¢(t) € M is defined and
(a) fm(t) = fm (),
(b) ss(t) < sf(e(t)),
(c) o(f*(t) = f*(p(t)) for each k € N, k < m.

Take y' = f(y). By the induction hypothesis and (3),

(5) ) = e),
(6) s5(y') < sp(e(y')),
(7) o(f* (') = f*(o(y')) foreach k€N, k <n— 1.

Put o(y') = z'. Let

= {l € f ) sf(y) sf(:v)}.
If sf(y) = oo, then sf(y’) = oo and (6) yields that ss(z') = co. Then there is
x € f71(z") with sf(z) = o0, i.e.,, v € S. Let sf(y) < oo and suppose that S = 0.
We obtain one of the following relations:

(8.1) ss(y') > sp(y) 2 sup{ss(x): @ € f7H(2)} = s7(2),
(8.2) sp(y') > sf(y) > max{ss(z): x € f71(z")} = s4(2") -
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a contradiction to (6). Thus
9) S #0.

Further, SN M # 0, since if * € S — M, then 2’ € M implies that z € f~1(M) and
there is (by the assumption) t € M with

f@)= 7)) and ss(x) < s7(1).

Hence SN AM # §; take * € SN M and put p(y) = . Then (5) implies

() /') = P = ) = PE) = @) = ) =
f™(¢(y)). Since z € S, we have

(i) ss(y) < syp(2).
According to (7),

(i) () = o(f* 1)) = fFFley) = fF1E) = ) = fFely)) for
each k e N, k < n. O

1.2.2. Lemma. Let the assumption of 1.2.1 be valid. Then M is a retract of

Proof. Leta€ A. Since (M, f) is a subalgebra of (-, f), we obtain that either
a € M or there is n € N such that

a€ fT(M)—=M and a ¢ f7"(M) for any m € N,;m < n,

i.c.,,a €Y,. Put

a ifae M,
h(a) =

p(a) ifa€eY, neN.

According to 1.2.1, h is a mapping of A onto M. If a € M, then obviously h(f(a)) =
f(h(a)). Let a € Y;. Then f(a) € M. By 1.2.1(i), f(a) = f(¢(a)) and we obtain

W(f(a)) = fla) = fle(a)) = f(h(a)).
Ifa€eY,,n>1, then f(a) €Y, and 1.2.1(iii) yiclds
h(f(a)) = o(f(a)) = fle(a)) = f(h(a)).

Therefore M is a retract of (. f). O
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1.2. Corollary. Let (A, f) be a connected monounary algebra and let (M, f)
be a subalgebra of (A, f). Then M is a retract of (A, f) if and only if the following
condition is satisfied:

(1) ify € f~1(M), then there is z € Mwith f(y) = f(z) and s¢(y) < sf(2).
Proof. The assertion is obtained by virtue of 1.1 and 1.2.2. ]

1.3. Theorem. Let (A, f) be a monounary algebra and let (M, f) be a subal-
gebra of (A, f). Then M is a retract of (A, f) if and only if the following conditions
are satisfied:

(a) Ify € f~Y(M), then there is z € M such that f(y) = f(z) and s¢(y) < sy(z).
(b) For any connected component I of (A, f) with K N M = 0, the following
conditions are satisfied.

(b1) If I contains a cycle with d elements, then there is a connected
component ' of (A, f) with ' N M # 0 and there is n € N such
that n/d and ' has a cycle with n elements.

(b2) If K contains no cycle and xq is a fixed element of I, then there is
Yo € M such that s;(f*(20)) < sf(f*(vo)) for each k € Nu {0}.

Proof. Let M be a retract of (A, f). By 1.1, the condition (a) is fulfilled.
Suppose that h is the corresponding retraction endomorphism. Let I{ be a connected
component of (A, f) such that K N M = 0. If K contains a cycle with d elements,
then there is a connected component I’ of (A, f) such that h([{) C K’', K’ contains
a cycle with n elements, n/d. Obviously, h(I{) C M, thus K' N M # 0. If I
contains no cycle and zg € I\, yo = h(zo), then yo € M and from the fact that h is
an endomorphism of (4, f) we get

ss(f*(x0)) < s7(f*(yo)) for each k € NU {0}.

Conversely, suppose that the conditions (a),(b) are satisfied. We will construct
a retraction endomorphism h of (A, f) corresponding to M. Consider a connected
component I of (A4, f). We have to define a homomorphism of (IS, f) onto (M. f).

A)Let KNM # (. Put M' = KN M. Then we proceed as in 1.2.2, only with \/’
instead of M and (I, f) instead of (A, f). The obtained mapping h: ' — A’ is an
endomorphism, h(a) = a for each a € M'.

B) Let K "M = (. If I contains a cycle, then (bl) and [8], Thm. 2.14 nply
that there is a connected component K’ of (A, f) with K/ N M # @ and there is a
homomorphism g of (I, f) into (K, f). If I contains no cycle, then the existence
of such K’ and g follows from (b2) and [8], Thm. 2.14.

We have I{'N M # @, thus (by A) there exists a homomorphism h: K’ — K'N M.
Then g o h is a homomorphism of (K, f) onto (K' N M, f).

Therefore M is a retract of irreducibility as introduced above. a
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2. RETRACT IRREDUCIBLE (4, f)

We apply the notion of retract irreducibility as introduced above.

Assumption. In what follows in the present Part I suppose that (4, f) is a
connected monounary algebra possessing a cycle {c}.

2.0. Lemma. Let (A, f) consist of a one-element cycle. Then (A, f) is retract
irreducible.
Proof. Suppose that (A, f) € R( H(Bi,f)), where (B;, f) is a connected
i€l
monounary algebra for each i € I. Then (A4, f) is isomorphic to a subalgebra of

[1(Bi, f), thus thereis b € [] B; such that f(b) = b. This implies that f(b(i)) = b(7)
i€l i€l

for each i € I and then {b(i)} is a retract of (B;, f). Therefore (4, f) € R(B;, f) and
(A, f) is retract irreducible. DO

2.1. Lemma. Let (E, f) be a connected monounary algebra and let (M, f) be a
subalgebra of (E, f) such that card M =n > 1, M = {ey,...,en}, f(en) = €n-1, ...,
flez) = ey = f(e1). Then M is a retract of (E, f) if and only if f~(*=V(ey) = 0.

Proof. Let M be a retract of (E, f) and suppose that x € f~(""1(e;). Let
h be a corresponding retraction endomorphism and let h(z) = ej, j € {1,...,n}.
Then

e2 = h(cz) = h(f*"(x)) = £~ (h(x))
= f77He) = PN e) = £ ) = ey

which is a contradiction.
Conversely, suppose that f~(*=U(e;) = @. If 2 € E, then either

(1.1) f¥(x) # ey for each k € NU {0},
or
(1.2) f¥(x) =e; for some k € NU{0}.

If (1.2) holds, then ¥ < n — 1 and k is uniquely determined. In the first case put
h(z) = e;; in the second case let h(z) = ezqr. If @ € E and (1.1) is valid, then
fE(f(x)) # ez for each k € NU {0} and

h(f(1) = €1 = f(er) = f(h(x)).

296



Let * € E and suppose that (1.2) holds. If k£ is as in (1.2) and &£ > 1, then
fFH(f(2)) = e and

h(f(z)) = €24 (k—1) = = f(e2+x) = f(h(z)).

If t € E and z = ey, then

h(f(z)) = h(e1) = er = f(e2) = f(h(e2)) = f(h(z)).

Therefore h is a homomorphism of (E, f) into (M, f). If e; € M, then e; = fi=2(e;)
and h(ej) = eyy(j—2) = €j. Thus M is a retract of (E, f). (]

2.2. Corollary. Letn € N, n > 1 and let (A, f) be a connected monounary alge-
bra such that card A = n, A = {a1,...,an}, f(an) = an-1, ..., flaz) = a; = f(a1).
Suppose that (E, f) is a connected monounary algebra. The following conditions are
equivalent:

(i) (A, f) € R(E, f);
(ii) there exist distinct elements e,,...,e, € E such that f(e,) = en—1, ...,
fle2) = e1 = f(ey) and that f~(*=D(ey) = 0.

2.3. Lemma. Let the relations a,b € A, f(a) = f(b) imply that either a = b or
c € {a,b}. If A is a finite set, then (A, f) is retract irreducible.

Proof. Let cardd = n € N. If n = 1, then (A, f) is retract irreducible in

view of 2.0. Suppose that n > 1 and that (A, f) € R( H(Bi,f)), where (B;, f)
i€l
is a connected monounary algebra for each i € I. Put (B, f) = [[(B;, f). Then
el
(A, f) is isomorphic to a subalgebra (M, f) of (B, f), M is a retract of (B, f). We
obtain that there are distinct elements {b;,...,b,} = M such that f(b,) = bn—y, ...,

f(by) =by = f(by). If i € I, then

(1) F(bx(2)) = (f (0x))(2)
(2) f( (@) =

bir_y foreach k € {2,...,n},
(f( 1))(@) = b1 (7).

Assume that
(3) (A, f) ¢ R(B;, f) foreachie€l.

If ¢ € I, then 2.2 implies that one of the following conditions is satisfied:
(4.1) if e1,e2,...,en € Bi, f(en) = €n-1,..., f(e2) = e1 = f(e1), then the cle-
ments ey, ..., e, are not distinct (and then e; = e, since e, = ¢; for & < [ implies

ez = f172(er) = f12(en) = fIRHA ) = fE o) = e )
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(4.2) if there are distinct elements ey, ...,e, € B; such that f(e,) = en_y,...,
fle2) = e1 = f(er), then f=(""D(ez) # 0.

Let I, = {i € I:01(i),...,0,(2) are not distinct}, I, = I — I;. If I = @, then
b2(7) = by (i) for each i € I, thus bs = by, which is a contradiction. Thus I, # 0. Let
i € I. Then (4.1) is not valid for (B, f), hence (4.2) holds and f~(»=1) (b, (7)) # 0.
Take t; € f~("=1(by(i)). Let 2 € B be such that

. b2(j) ifj€q,
a(j) = o
t]' lfJ € 12.
We obtain

(f”_l('lt))(j) = b1(j) = bz(]) it j €I,
(FH@NG) = £ ) = ba()) i) € I,

ie,x € f~(™1(b,). Since M is a retract of (B, f), this is a contradiction in view
of 2.1. O

2.4. Proposition. Let the relations a,b € A, f(a) = f(b) imply that either
a=borcé€ {a,b}. Then (A, f) is retract irreducible.

Proof. If A is finite, then (A, f) is retract irreducible in view of 2.3. Let A be
infinite. Suppose that (B, f) = [] (B, f) for connected monounary algebras (B;. f),

i€l
i € I, where (A, f) € R( I1 (B,-,f)). Then there are distinct elements b, € B for
i€l
k € N such that
(1) f(by) = by, f(by) =br—; foreach k€N, k> 1.
Let 1 € I. By (1),
(2) f(b1(2)) = b1 (3),
3) f(bi(i)) = br—1(¢) foreach h €N, k> 1,
therefore either
(4.1) bi(i) = by(i) for each h € N
or
(4.2) there is n € N such that the elements 0y (i),k € N, k > n
are mutually distinct and by (i) = 02(i) = ... = b,(4).
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If (4.1) holds for each i € I, then by = by, which is a contradiction. Thus (4.2) is
valid for some i € I. Let us denote M = {bx(¢): k € N,k > n}. We have

(5) (M, f) = (A, )

Let y € f~Y(M). Then f(y) = bx(i) for some k € N, k > n. Put z = by4;(7). We
obtain

(6) f(z) =0k(i) = f(y), s5(2) = s5(bk41(i)) = 00 > s¢(y).

According to 1.2, M is a retract of (B;, f) and (5) implies that (A, f) € R(B;, f).
Hence (A, f) is retract irreducible. O

3. ConDITION (C3)

In 3.1-3.6 suppose that the following condition is satisfied:
(C3) (4, f) contains a cycle {c} and there are a,b € A — {c} with a # b and
fla) = f(b) =c.

3.1. Construction. Let {a;: i € I} be the set of all elements z € A — {c} with
f(x) = c (assume a; # a; for i # j). According to (C3), cardl > 1. For i € I put

A; = {c}u{z € f*(a;): ke NU{0}}.
Then (A;, f) is a subalgebra of (A4, f). Let

(B, /) = T(4i /).

i€l
3.2. Lemma. Ifi € I, then (A, f) ¢ R(A;, f).

Proof. Suppose that (A, f) € R(A;. f) for some i € I. Then (A, f) is isomor-
phic to a subalgebra of (A;, f). Since

card{v € A - {c}: f(z) =¢} > 2,
card{z € 4; — {c}: f(x) = ¢} = card{a;} =1,

we arrive at a contradiction. O



3.3. Notation. If 7 € I, then denote
T; ={be B: b(j) =cforeach j € I —{i},b(i) € A;}.

Further put,

T:UTi.

iel
Define a mapping v: T — A as follows. If b € T; for some ¢ € I, then v(b) = b(7).

Notice that b € T; N T; for i # j iff b(k) = c for each k € I and then v(b) =
b(i) = b(j), thus the mapping v is defined correctly.

C =

3.4. Lemma. (T, f) is a monounary algebra and v is an isomorphism of (T, f)
onto (A, f).

Proof. Suppose that b,t € T, v(b) = v(t). Then thereis i € I with {b,t} C T;.
We obtain b(j) = t(j) = c for each j € I — {i}, b(i) = v(b) = v(t) = (i), thus the
mapping v is injective.

If x € A, then z € A; for some i € I and then z = v(b), where b(i) = z,b(j) = ¢
for each j € I — {i}. The mapping v is surjective.

Let b € T. Then there is i € I such that b € T; and f(b) € T;. Thus

(w(f(0)) = (f(6))(@) = F(b(i)) = f(v(D))-

Therefore v is an isomorphism, (A4, f) = (T, f). |

3.5. Lemma. Ify € f~!(T), then there is z € T such that f(y) = f(z) and
sf(y) < sf(2).

Proof. Letye f~YT), f(y) =t € T;. Then (i) € A; and t(j) = c for each
j € I —{i}. Take z € B such that z(z) = y(i), 2(j) = ¢ for each j € I — {i}. We get

(1) z€T;and f(z) =t = f(y).
Further,
sy(z() = sy (y(0),
s7(2(j)) = 00 > s(y(j)) for each j € I — {i},

which implies that s;(2) > s;(v). O

3.6. Lemma. T is a retract of (B, f).

Proof. (a)of 1.3 is valid in view of 3.5. Further, (T, f) contains a one-element
cycle by 3.4, thus 1.3(b1) and 1.3(b2) are satisfied. Hence T is a retract of (A, f).
0O
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3.7. Proposition. If (A, f) satisfies (C3), then (A, f) is retract reducible.
Proof. We get the assertion by virtue of 3.1, 3.2, 3.4 and 3.6. O

4. CONDITION (C4)

In 4.1-4.7 suppose that the following condition is satisfied:

(C4) (A, f) contains a cycle {c}, (C3) is not valid, there are a,b € A with a # b,
f(a) = f(b) # c and ss(x) = oo for each z € A.
Hence, A is infinite.

4.1. Construction. Let I be an index set, card] = A = card A and let (N, f)

be a monounary algebra with f(n) =n —1 for each n € N, n > 1, f(1) = 1. For
i € I put

(B, f) = (N, f),
(B, f) = [1(B:, /).
i€l

4.2. Lemma. Ifi€ I, then (A, f) ¢ R(B;, f).

Proof. The assertion is obvious, (A4, f) is not isomorphic to any subalgebra of

(N, ). O

4.3. Lemma. Let R={x € B: {i € I: z(i) # 1} is finite}. Then

(i) R contains a one-element cycle {r}, where (i) = 1 for each i € I;
(i1) (R, f) is a connected subalgebra of (B, f);
(i) sf(z) = oo for each z € R;
(iv) card f~1(z) > X for each v € R.

Proof. (i) It is obvious that r € R and that f(r) = r.
(i) Let x € R. The set {i € I: (i) # 1} is finite, thus there is m =max{z(i):
x(7) # 1}. Then, for j € I,

(")) = fM(x() =1 =r(),
ie., f™(z) =r and (ii) is valid.

(iii) Let x € R. If © = r, then sf(z) = oo. Let « # r. For k € NU {0} define an
element y; € R as follows:

' {x(i)+k if 2(i) # 1,
yk(i) =

1 otherwise.
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It is easy to see that y, € R for each £ € NU {0}. Further, yr # y, for k,1 € NU {0}.
k # 1 and if k£ € N, then

(1) + k= 1if (i) # 1,
(Fw)) = Flunli)) = {“(” tn s } = (i),
1 otherwise
ie., f(yx) = yr—1. Clearly yo = x. Hence sf(z) = cc.
(iv) Let x € R, y € f~1(x). If 2(i) # 1, then y(i) = «(i) + 1. If 2(i) = 1, then

y(i) € {1,2}. The assumption of the lemma implies
card{i € I: z(i) = 1} = A,

therefore card f~1(z) = 2*. O

4.4. Construction. Let us define a mapping v: A — R as follows. Consider
x € A. There is a unique n(x) € NU {0} such that f"(*)(x) = ¢ and if m € NU {0}.
m < n(z), then f™(z) # c.

The relation n(z) = 0 implies * = ¢; put v(c) = r.

Let n € N, n > 0. Suppose that if y € A, n(y) < n, then v(y) is defined, and that

y1 # y2, n(y1) = n(y2) < n yield v(y1) # v(y2). Let n(x) = n. Put y = f(x). Then
n(y) =n—1<nand v(y) =y € R. In view of 4.3(iv) we get

card f 71 (y) < card A = )\,
card f7H(y') > A,

therefore there is an injective mapping v of f~!(y) into f~!'(y'). Thus, v(r) is
defined.

Let us have z1,z9 € A, x; # 22, n(z1) < n, n(x2) < n. Put y1 = f(a1), y2 =
f(x2), yi = v(y1), yb = v(y2). Then n(y1) < n, n(y2) < n. If y; # yo, the induction
hypothesis implies that v(y,) # v(yz). This entails that f='(y]) N f~1(ys) = 0
and the conditions v(x;) € f~'(y}), v(xa) € f'(yh) imply v(zy) # v(xa). If
Y1 = Y2, then the injectivity of the mapping v of f~'(y;) into f~1(y}) implies that
v(z1) # v(zz). Thus, v(x) is defined for any 2 € A with n(v) <n+1 and 2, # @y,
n(xy) <n+1, n(ze) <n+1yield v(zy) # v(xs).

4.5. Lemma. v is an isomorphism of (A, f) into (R, f).
Proof. By 4.4, v is an injective mapping and a homomorphism. ]
4.6. Lemma. IfT =v(A)andy € f~1(T), then thereis = € T with f(y) = f(=)

and sy(y) < s5(2).

Proof. Let T = v(A), y € f~YT). There is t € T with f(y) = t. Since
(T, f) = (A4, f) by 4.5 and s;(r) = oo for each @ € 4, we obtain s¢(t) = oo. Then
there is z € T with f(z) =t and s;(z) = 00 2 s7(y). a
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4.7. Lemma. v(A) is a retract of (B, f).

Proof. We get the assertion by virtue of 1.3. In fact, (a) of 1.3 is valid in view
of 4.6. Further, if K is a connected component of (B, f) with K NT = @, then (b1)
and (b2) are satisfied, because there is a cycle {r} = {v(c)} € T, s5(r) = . O

4.8. Proposition. If (A, f) satisfies (C4), then (A, f) is retract reducible.

Proof. It follows from 4.1, 4.2, 4.5 and 4.7. O

5. CoNDITION (C5)

In 5.1-5.6 suppose that the following condition is satisfied:
(C5) (A, f) contains a cycle {c}, there are a,b € A such that a # b and f(a) =
f(b) # c and (A, f) fulfils neither (C3) nor (C4).

5.0. Lemma. If(A, f) is a connected monounary algebra, M C A, x € M such
that f~1(x) #0 and f~!(x) N M = B,then M is not a retract of (A, f).

Proof. Suppose that M is a retract of (A, f) and let the assumption hold.
Then there is y € f~1(2) and, by 1.1, there exists = € M with f(z) = f(y). Hence
z € f~Ya) N M, which is a contradiction. O

5.1. Construction. (A, f) does not satisfy (C4), thus the set L = {a € A:
f~'(a) = 0} is nonempty. By (C5), for a € L we have
{keN: card f71(f*(a)) > 1} # 0;
put
k(a) = min {k € N: card f ' (f¥(a)) > 1}.
Further let,
m = min {k(a): a € L},

J={a€ L: k(a) =m},
V={f"a): ae J}.

Since (C3) is not valid, ¢ ¢ V. For each v € V such that f~™(v) C J we choose a
fixed element of the set f~"(v) and denote it by 7. Then we define

I={a€J: f™(f™@) ¢ JYU{a€ J: f(f™(@) C Joa# (@)
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If a € I, then put
Ao =A{a, f(a),..., f""H(a)},

B, = A, U{c},
flz) ifzed,—{f"Ya)},
g(x) = , _
c ifze{c,fm"a)}.
Denote
By=A-— U A,.
a€l

If x € By, then f(z) € By, because in the opposite case f(x) € {a, f(a),..., f™ a)}
for some a € I and then

x € {a, f(a),... f"%(a)} C A..
Thus (Bo, f) is a subalgebra of (4, f). Put

(B07g):(B07f)a
(B,g)= [ (Baro)

aclu{0}

5.2. Lemma. Ifa € [U{0}, then (A, f) ¢ R(B.,q).

Proof. Leta € I. In (B,,g) there are no distinct elements z,y with g(v) =
g(y) # ¢, thus (A, f) is not isomorphic to any subalgebra of (B,,g) and hence

(A, f) ¢ R(Ba,9).

Suppose that (A, f) € R(By,g). Then there is an isomorphism ¢ of (A4, f) onto a
subalgebra (M, g) of (By, g), where M is a retract of (By, g); let h be the correspond-
ing retraction endomorphism. Take a € I, b = e(a). First suppose that g=1(b) # 0.
According to 5.0, there is z € g~!(b)N M. This implies that = = ¢(d) for some d € A.
We have

e(f(d)) = g(e(d)) = g(2) = b = 2(a),
thus f(d) = a, which is a contradiction, since f~'(a) = . Therefore g=1(b) = 0.
Then f=1(b) = 0, since b € L — I by 5.1. We have two possibilities:

(1.1) be L—J,
(1.2) beJ—1,ie.,b=70for somev eV

If (1.1) is valid, then k(b) > i and the definition of A(b) implies
card f7H(f™(D)) =1

a contradiction, since card f~'(f™(a)) > 1. Hence (1.2) holds. In this case
9" g™ (@) = {g™ ()}, which is a contradiction to card f~1(f™(a)) > 1 as well.
]
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5.3. Lemma. Ifa € I, then there exists an endomorphism ¢, of (A, f) such
that p.(z) # x iff v € A, and p,(A.) C Bo.

Proof. Put p.(z) =z for each z € A — A,.
First suppose that f=™(f™(a)) C J. Denote v = f(a) and put

(1) Pa(a) =T, 0a(f(a)) = f(@),...,0a(f"" (@) = F"71 (D).
Then a # v and we obtain

(2) po(z) #2x iff 2 € A,
(3) Wa(Ad) g BO-

If 2 € A, — {f™!(a)}, then (1) implies
(4) wa(f(2)) = fpa(z))-

If 2 € A—- A,, then (4) is valid, too. Let = f™~!(a). Then f(z) € A — A,, thus
we have

(5) ea(f(@)) = f(x) = f™(a) =v = ") = flp.(2)).
Therefore
(6) paq is an endomorphism of (A, f).

According to (2), (3) and (6), ¢, has the desired properties.
Now suppose that f~™(f™(«)) € J. Then there exists y € f~™(f™(a)) N By and
we can proceed analogously, only with y instead of v. O

5.4. Notation. Denote
To={b€ B: 1(0) € By, b(a) =c for each a € I}
and if a € I, then

T,={b€ B:b(a) € Ay, b(i) =c foreachiel-{a},
b(0) = @a(b(a))}-

Let

T = U T.,.

a€lu{0}



Consider b€ T',i.e.,, b e T,, a € I U{0}.

a) If a = 0, then 0(0) € By. b(i) = c for each i € I, thus (g(b))(0) = g(b(0)) =

f(b(0)) € Bp and (g(b))(i) = ¢(b(i)) = g(c) = ¢, which implies g(b) € Tp.

b) Let a € I. We obtain that f(a) € A,, b(i) = ¢ for each i € I — {a},0(0) =
@a(b(a)). This yields that (g(b))(a) = g(b(a)) € A, U {c}. Further, if i € I — {a},
then (g(b))(7) = g(b(z)) = g(¢) = c and, by 5.3, (¢(b) (0 = g(0(0)) = g(a(b(a))) =
va(9(b(a))) = wa((g(b))(a)). Thus either g(b(a)) € A,, which implies g(b) € T,,. or
g(b(a)) = ¢, which implies g(b) € Tp.

Therefore the set T is closed under g.

Define a mapping v: T'— A as follows: if t € T,,, a € I U {0}, then v(¢) = t(a).

5.5. Lemma. (7,g) is a monounary algebra and v is an isomorphism of (T, g)

onto (4, f).
Proof. Suppose that b,t € T, v(b) = v(t) = a. If « € By, then {b,t} C Tp and

b(0) = v(b) = o = v(t) = t(0),
b(a) =c=t(a) foreachae€ I.

If v € By, a € 1, then {b,t} C T, and we have

b(a) = v(b) =2 =v(t) = t(a).
b(i) =c=t(i) foreachiel—{a},
l)(O) ‘?9(1( ( )) = 90(1( ) Wrt(t((")) = t(O).

Thus v is an injective mapping.
Let x € A. If x € By, then x = v(b), where 0(0) = «, b(a) = ¢ for each a € I,
beTy. Let x € A— By. Then there is a € I such that x € 4, and then x = v(b),

where b € T,
T if 1 = a,

b(i) =< ¢ ifiel—{a},
pa(z) ifi=0.

Hence the mapping v is surjective.
Let be T. If b € T, then ¢g(b) € Ty and

v(g(b)) = (9(b))(0) = g(b(0)) = f(b(0)) = f(v(b)).
IfbeT,, a€landg() € T,. then b(a) # c and

v(g(b)) = (9(1)(a) = g(b(a)) = f(b(a)) = f(r(D)).
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IfbeT,, aeland g(b) ¢ T,. then (g(b))(a) = ¢, g(b) € Ty and by 5.3 we obtain
v(g(0)) = (9(0))(0) = g(b(0)) = g(wa(b(a))) = f(va(bla))) = ¢a(f(b(a)))

Since g(b(a)) = ¢, we get f(b(a)) € Bo, thus ¢, (f(b(a))) = f(b(a)) = f(v(b)).
Therefore v is an isomorphism and (7', ¢g) = (4, f). a
5.6. Lemma. T is a retract of (B,g).

Proof. We will prove the assertion by means of 1.2. Let y € ¢~'(T). Then
there is b € T with g(y) = b. If b € Ty, then 0(0) € By and b(a) = ¢ for each a € I.

Put
y(0) ifi=0,
c ifiel.

Then = € To, g(2) = g(y). Further, s4(2(0)) = s4(y(0)) and s4(z(i)) = 00 2> s4(y(i))
for each i € I, thus s4(2) 2 s4(y).
Suppose that b € T,,, a € I. Then

9(y(a)) if i = q,
0(i) =< ¢ ifiel—{a},
ealg(y(a))) ifi=0.
Take z € T, such that
y(a) ifi =a,
z(i)=1 ¢ ifi e I - {a},
¢a(y(a)) ifi=0.
Then ¢(z) = ¢(y) by 5.3. Further, since ¢, is a homomorphism,
sg(2(a)) = s4(y(a)),
5¢(2(4)) = 00 2 s4(y(i)) for each i € I — {a},
$54(2(0)) = sy (¢a(y(a))) = s,(y(a)),

hence s4(2) 2 s4(y).
Therefore we have proved that T is a retract of (B, g). g

5.7. Proposition. If (A, f) satisfies (C5), then (A, f) is retract reducible.

Proof. Itisa consequence of 5.1, 5.2, 5.5 and 5.6. 0O
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6. Proor of (R)

We conclude by proving Theorem (R) above.

Suppose that (4, f) is a connected monounary algebra with a cycle {c}. Then
(A, f) satisfies one of the following conditions:

(1) Ifa,b € A, f(a) = f(b), then either a = b or ¢ € {a,b}.

(2) There are a,b € A — {c} such that a # b and f(a) = f(b) = c.

(3) The condition (2) is not fulfilled, there are a,b € A with a # b, f(a) = f(b) # ¢
and s¢(x) = oo for each z € A.

(4) The conditions (2) and (3) are not fulfilled and there are a,b € A such that
a#b, f(a) = f(b) #c.

If (1) is satisfied, then (A, f) is retract irreducible by 2.4. If (2), (3) or (4) holds,
then 3.7, 4.8 and 5.7 imply that (A4, f) is retract reducible.
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