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SOME PROPERTIES OF BOOLEAN ORDERED SETS
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(Received October 19, 1993)

The aim of this paper is to generalize some results known for boolean algebras to
the case of boolean ordered sets. First of all, let us recall some basic notions. Let
(S, <) be an ordered set. For X C S let us denote by

UX)={ye S;y=>zforalzeX}
the so called upper cone of X in S and, dually
LX)={yeS;y<aforallx € X}

the so called lower cone of X in S.

Instead of L(U(X)) or U(L(X)) we shall write briefly LU(X) or UL(X). An
ordered set S is called distributive (see [3]) if for all a,b,c € S the equation
L(U(a,b),c) = LU(L(a,c),L(b,c)) holds. Complemented ordered sets were in-
troduced in [4]: an ordered set is called complemented if for all x € S there exists
a' € S such that UL(z,2") = LU(z,2") = S holds. Then the element 2’ is called a
complement of z in S and vice versa. A distributive and complemented set is called
boolean.

Let us remark that a complemented set need not necessarily have the greatest and
the least elements.

An element a € S is called an atom if

(i) a > 0, if 0 is the least element of S (> is a cover relation),

(ii) a is a minimal element of S if S has no least element.

The set S is called atomic if for all z € S, x # 0, there exists an atom a € S such
that x > a. The set of all atoms of S will be denoted by At(S) and for a € S let
At(a) = At(S) N L(a).

There are differences between some properties of complemented lattices and com-
plemented ordered sets which are not lattices, namely, in [2] it is shown that a
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uniquely complemented atomic set need not be distributive. But conversely, it is
true that a distributive complemented set has to be uniquely complemented.
For an ordered set S let N(S) be Dedekind-Mac Neill’s completion of S.

Theorem 1. If S is a boolean ordered set then N(S) is a boolean algebra.

Proof. Let us denote A’ = {a’; a € A} for A C S. The proof is based on the
following five claims:

Claim 1: VA C S: UL(A") = (LU(A))".

If x € UL(A’), then z > y for every y € L(A’). Further, y < a’ for every a € A
which is equivalent to y' > a for every a € A. Hence z' < y' for every y' € U(A),
a' € LU(A), so x € (LU(A))". The converse inclusion can be estabilished similarly.

Claim 2. If s < y and y € LU(A), then z € LU(A).

The proof of this claim is obvious.

Claim 3. If A € N(S), then U(A)N A" =U(S).

Ifz € U(A)N A’ then & > a for every a € A and 2’ € A, henceforth x > z'.

This gives LU (z,2') = L(z) = S, i.e. U(z) = U(S) and = € U(S).

Claim 4. If A € N(S), then ANL(A") = L(S).

Ifx € A, z < a for every a € A, then ¢’ > a for every a € A and 2’ > x. Then
UL(z,2') =U(x) = S and LU(z) = L(z) = L(S),z € L(S). The converse inclusion
is obvious.

Claim 5. If A € N(S), then L(A’) is a unique complement of A in N(S).

By Claim 4, AN L(A’) = L(S). Let us compute the join in N(S): AV L(4") =
LU(A,L(A")) = L(U(A)NUL(A’)). Now, by Claim 1, UL(A") = (LU(A))’, thus
L(U(A)NUL(A") = L(U(A) N (LU(A))"). Since A € N(S), LU(A) = A and the
righthand side of last equality can be simplified to L(U(A)NA’). Finally, by Claim 3
this is equal to LU(S) = S.

Let us prove the uniqueness of a complement. Let B € N(S) be a complement
of A. Then ANB =S, LU(A,B) = S and U(A,B) = U(S). Let b € B. Then for
every a € A, L(a,b) C AN B = L(S) holds due to Claim 2, so L(a,b) = L(S). But
then using distributivity we can derive

L(b) = L(b) N LU(a,a') = L(b,U(a,a")) = LU(L(a,b), L(b,a"))
= LU(L(S), L(b,a")) = L(b,d’),

henceforth b < ', b € L(A’) and B C L(A’). Conversely, let v € L(A"), i.e. v < d
for every a € A. Then 2’ > a for every a € A and so 2’ € U(A). Let y € U(B).
We have U(z',y) C U(A)NU(B) = U(A,B) = U(S), hence LU(2",y) = S. But
then L(z) = L(z) N LU(2',y) = LU(L(z,z'), L(x,y)) = L(x,y), so we have x < y
and z € LU(B) = B (since B € N(S)). Finally, L(A") C B and the uniqueness of a
complement is proved.
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Further, let A, B € N(S) and let us compute the join and intersection of L(A’) and
L(B') in N(S): L(A") v L(B") = LU(L(A"),L(B")) = L(UL(A") N UL(B")); using
Claim 1, this is equal to L((LU(A))' N (LU(B))') = L(A")n L(B') = L((An B)")
(we used the fact that A, B € N(S)); analogously, the intersection: L(A')NL(B’) =
LUL(A'UB') = LUL((AUB)"); using Claim 1, we have LUL((AUB)') = L((LU (AU
B))") = L((AV B)").

Now, if we denote by the symbol A* the complement of A € N(S), the last
equalities can be rewritten to

(6) (ANB)* = A*V B* and (AV B)* = A* n B".

It is well-known that a uniquely complemented lattice satisfying the condition (6) is
a boolean algebra. O

The next question concerning the boolean sets is what is the number of noniso-
morphic finite boolean sets having a given number of elements. The key to a partial
solution of this problem is

Theorem 2. If B is an atomic boolean set, then U(a) = U(At(a)) holds for every
a € B.

Proof. Evidently, U(a) C U(At(a)). Let z € U(At(a)) and let At(a) = {¢3;
a € A}. Then z' < (¢) for every ¢ € At(a). Henceforth L(2',a) C L(a, {(¢3)";
«a € A}). Let us suppose that

L(a,{(q3)"; a € A}) # L(B).

Then there exists an atom q € L(a, {(¢%)"; a € A}). But since ¢ € At(a) then ¢ < ¢,
a contradiction. We proved that L(a,z2') = L(B), i.e. UL(a,z') = B. Then we can
derive U(z) = U(z,L(a,2")) = UL({U(a,2),U(z,2")) = U(a,z), so z 2 a. Finally,
U(At(a)) € U(a). O

Corollary 1. If B is an atomic boolean set, then for every a,b € B, At(a) = At()
implies a = b.

Corollary 2. If B is a boolean set with k atoms, then N(B) = 2*.

Theorem 3. For every even natural number n there exists an n-element boolean
set. Moreover, there exist non-isomorphic n-element boolean sets for n > 8.

Proof. Let 281 < n < 2* for some natural number &. Then by Corollary
2 B has k atoms and is isomorphic to ({At(a); a € B},C). Now we can give an
algorithm for finding n-element boolean sets.
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First, we take a 2F-element boolean algebra. It has just & atoms and k coatoms.
There remain just 2% — 2k elements and 25! — k pairs of complemented elements.
By deleting of such a pair we obtain an ordered set 2* \ {a,a’} which will be still
isomorphic to ({At(b); b € 2%\ {a,a'}},C). This set has to be distributive and
complemented. Further, we can repeat this procedure (28~! — k)-times. a

However, if S) or S, are two n-element boolean sets created by deleting the set of
pairs of complemented elements Iy or I{5([(; # K3), respectively, from the boolean
algebra 2k the sets S; and S, need not be isomorphic. Hence, the problem of finding
the number of nonisomorphic n-element boolean sets is complicated.

Example 1. An ordered set visualized in Fig. 1 is an 8-element boolean set
non-isomorphic to 23.

dl cl bl al
a b c d
Fig. 1

Example 2. The set depicted in Fig. 2 is a 10-element boolean set. A non-
isomorphic one is obtained by adding to the set of Fig. 1 the greatest and least

elements.
d' c b’ a'
a b c d
Fig. 2

It is well-known that boolean algebras are A and V-continuous lattices.
We shall show that boolean sets satisfy modified identities. Let us introduce the

=
following useful notation. If B;, i € I, are subsets of an ordered set S, let U(B;)
be U(By,Ba,...,Bi,...), U(B1,By,...,Bi,...) = U(U{Bi; i € I}) and let T] be a
“vector” of elements of S indexed by I.

Definition. An ordered set S is called U-continuous if
Va,7 €S: Lz, U(z!)) = LU(L(z,2;))

holds for every index set I # §. If it satisfies the dual identity it will be called
L-continuous.
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Theorem 4. Every boolean ordered set is both U- and L-continuous.
Proof. If we take I # 0, evidently L(z,2;) C L(z) and L(zx,z;) C LU(Z7)
holds for every i € I. Then we have L(z,U(z?)) D L(x,x;) for every i € I, so

L(z,U(z})) 2 U{L(z,z;); i € I}.

Apply an operator LU to the last inclusion we obtain
LU(L(z,U(x}))) = L(z,U(z)) 2 LU(L(m,IJ).

Conversely, let u € U(L(z, z;)), so U(u) C UL(x,x;), L(u) 2 L(z,z;) for every i € I.
Let = € L(z,U(z})), i.e. L(z) C L(z,U(z})). Further L(z;) = L(z;,U(x,2')) =
LU(L(x,x;), L(z;,x")) and since L(x,x;) C L(u),L(z;,a") C L(z'), we obtain the
inclusion L(x;) € LU(u,z') for every i € I. But then U(z;) 2 U(u,2’) and so
U(Z;) 2 Ulu,2'), LU(Z;) C LU(u,a'). Finally, we can derive the following sys-
tem of inclusions: L(z) C L(z U(Z;) C L(z,U(u,2")) = LU(L(z,u), L(z,2")) =

L(v,u) C L(u),so z <uand z € LU((z,x; )) The proof of the dual identity can be
done similarly. ]

Moreover, for atomic boolean algebras it can be shown that they satisfy the general
distributive law. The next theorem gives a similiar result for atomic boolean sets.

Definition. A boolean ordered set B is said to be generally distributive if the
following identity holds:

V Bi,...,Ba C B: LW(By),...,U(Ba)) = LU(L(b1, ... ba}),

where b; € By,...,by € B, and « is an element of an arbitrary non-empty index
set A.

Theorem 5. Every atomic boolean set B is generally distributive.

Proof. If At(B) is the set of all atoms of B, then by Theorem 2, B is isomorphic
to a subset of A = 2A%B)_ Let A,,..., A3 be some elements of B C A. First, let us
show that

(1) LBUB(Al,...,AIg)=LA(A1U...UAg)ﬁB
where the subscript denotes the cone in B or A, respectively. It suffices to show that

(2) LAUB(Al,...,Ag)=LAUA(A1,‘..,AL~)).
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To this end, let Z € A,Z C W for every W € B such that W D A4;,..., As. Let
Xp = {z} be the set of all coatoms of A for which 27, D Ag. But by the construction
of the boolean atomic sets we have acg € B for every 3 and v. So we can prove that
Z C NXpg and therefore Z € LaUxs(A1,...,Ap). The converse inclusion is trivial.
Now, the claim (1) is an easy consequence of (2).

So, let By = {BY"; 8,},....By = {B5; B4} be the elements of B. Then the left
hand side of the general distributive law is equal to (using identity (1))

LB(UB(Bl), .. -,UB(Ba)) = LBUB(BI) n...N LBUB(BO()
= La(U{BY; i NBN...0La(U{BS; fa}) N B
=La(U{B; i) N...0nLa(U{B% ; B}) N B.

Analogously, UBLB(B{?‘,...,BQ") = UA(Blﬁl N...N BP) N B for every choice of
B’ e B,,...,B% ¢ B,.

Let Qe B,Q 2 Bf‘n. ..N BB for all possible choices ofol € B,,...,B% ¢ B,.
Further, let Z € B, Z C U{Bfil B}y, U{BP; Bo}. Then it is evident that

Z C(ULBY; B N0 (ULBE 5 Ba)).

Now, using a general distributive law for sets, we have

Z | B n...0BE; By, Ba)

Further, by the choice of Q we have Q D U{Bfl N...N BB B,...,B.},80 ZCQ

and since Z, Q were arbitrary, LgUg(B1,...,Bs) € LgUp(Lg(b1,...,bs)). The
converse inclusion is trivial to prove. O
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