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MODULI SPACES OF LIE ALGEBROID CONNECTIONS

LiBor KRIZKA

ABSTRACT. We shall prove that the moduli space of irreducible Lie algebroid
connections over a connected compact manifold has a natural structure of a
locally Hausdorff Hilbert manifold. This generalizes some known results for
the moduli space of simple semi-connections on a complex vector bundle over
a compact complex manifold.

INTRODUCTION

Moduli spaces have many applications in mathematics and physics. In geo-
metry, they make it possible to construct invariants of manifolds, for example,
Seiberg-Witten invariants, Gromow-Witten invariants and others, they are closely
related to the subject of deformation theory. In particular, they form an indispen-
sable tool in the study of four-manifolds (Donaldson theory, see [2]), Yang-Mills
theory in physics, etc.

A basic motivation for the study of moduli spaces of flat Lie algebroid connections
over a compact manifold is a description of the well known results for some
moduli spaces of this type in a unified treatment. Two cornerstones of this general
construction consist of the moduli space of holomorphic structures on a complex
vector bundle over a compact complex manifold (more about this and the related
Hitchin-Kobayashi correspondence can be found in [12], [II] and [I3]) and the
moduli space of Higgs bundles on a compact Riemann surface, see [9].

More recent examples of this phenomenon involve the moduli space of complex
B-branes and the moduli space of symplectic A-branes, based on generalized
complex geometry. They play a very important role in mirror symmetry and
geometric Langlands program, see [10], [g].

In the paper, we study the space of Lie algebroid connections on a vector bundle
on a compact manifold M and the action of the gauge group on this space. The
purpose of the paper is to demonstrate that certain moduli spaces of Lie algebroid
connections on real or complex vector bundles over compact manifolds carry natural
structure of a locally Hausdorff Hilbert manifold.

Let L be a real or complex transitive Lie algebroid over a compact manifold M
and F be a real or complex vector bundle over M. Let A(E, L) denote the space of
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irreducible L-connections and Gau(E), resp. Gau(FE)*, the gauge group, resp. the
reduced gauge group with natural left or right (according to conventions) action on
A(E, L). If we consider Sobolev completions A(E, L);, Gau(E)¢y1 and Gau(E)j,

of the corresponding spaces for ¢ > % dim M, we show that

B(E,L); = A(E’L)E/Gau(E)gH

is a locally Hausdorff Hilbert manifold and p: fl(E, L)y — @(E,L) ¢ a principal
Gau(E), ,-bundle. It is a generalization of results in [12], [I3] and [IT] to the case
of L-connections for a transitive Lie algebroid.

1. LIE ALGEBROIDS AND L-CONNECTIONS

In this section, we introduce notation for Lie algebroids and Lie algebroid
connections. More about Lie algebroids and related generalized complex structures
can be found in [7], [6].

Remark. We will use notation K for the field R of real or the field C of complex
numbers.

Definition 1. A real (complex) Lie algebroid (L £ M, [-,-],a) is a real (complex)
vector bundle p: L — M together with a Lie bracket [-,-] on the space of sections
['(M, L) and a homomorphism of vector bundles a: L — TM (a: L — T Mc¢) called
the anchor map making the diagrams

L4G>TM L*G>TMC

M—sM resp. M-——->M

id s idm

commutative. Moreover, the anchor map fulfills
i) a(ler, e2)) = [a(es), a(ez)] resp. afer, es]) = [a(ey), alez)]e,
ii) [e1, fea] = fler,ea] + (a(er)f)ez

for all e7,eq € T'(M, L) and f € C*°(M,K).

Example.
(1) Every Lie algebra is a Lie algebroid over a point, M = {pt}.

(2) The tangent bundle TM of a manifold M is a Lie algebroid for the Lie
bracket of vector fields and the identity of TM as an anchor map.

(3) Every integrable subbundle of the tangent bundle — that is one whose
sections are closed under the Lie bracket — also defines a Lie algebroid.

(4) Every bundle of Lie algebras over a manifold defines a Lie algebroid, where
the Lie bracket is defined pointwise and the anchor map is equal to zero.
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The space of sections I'(M, A*L*) = @, T'(M, A*L*) has a structure of a graded
commutative algebra with respect to the exterior product

(1) (A&, Erre)
1
= Z sigho - ©(€o(1)s - -+ Eo (i) Y(Eohr1)s - - - s Eo(hrn))

for p € T(M,A*L*), ¢ € T(M,A*L*) and &, ..., e € T(M, L). It is possible to
define a graded derivation dj, of degree 1 on I'(M, A®L*), which is a generalization
of the de Rham differential on ordinary forms,

k

2) (dee)(o,--- &) = > _(—Da(&)p(,- . & &)

=0

+Z 1+J 57,75]] 507"'3@7"'75}7"'7576)7

1<J

where ¢ € T'(M,A¥L*) and &, ..., &, € T'(M, L). One can easily verify that d2 = 0.
By an analogy with ordinary differential forms, we can introduce the insertion
operator and the Lie derivative for a Lie algebroid The Lie derivative is given by

(3)  (LER)(Err &) = al©)plEns- -, &) Zm,.. (€6l 60),

where p € T'(M,A*L*), €,&1,...,& € T'(M, L), and the insertion operator for a
section £ € T'(M, L) is defined by

(4) (Zé/(p)(glw"agk—l):¢(€7£17"'7£k—1)3

where ¢ € T(M,A*L*) and &,...,& 1 € ['(M, L). Note that if, resp. Lf, is a
graded derivation of I'(M, A®*L*) of degree —1, resp. 0.

Remark. For the sake of simplicity and to follow an analogy with ordinary
differential forms, the space of sections T'(M, A¥ L*) will be denoted by Q¥ (M) and
the graded commutative algebra I'(M, A®L*) by Q% (M). Furthermore, the space
of sections I'(M, L) will be denoted by X, (M).

Definition 2. Let L % TM (L % TMc) be a real (complex) Lie algebroid and E
a real (complex) vector bundle. We denote the space of sections I'(M, A* L* ® E) by
QF (M, E). Their sections will be called Lie algebroid k-forms, or simply k-forms,
with values in E. A linear L-connection on E is a K-linear map

(5) Vi QU(M, E) — QL (M, E)

satisfying Leibniz rule: V(fs) = dpf ® s + fVs for any f € C*°(M,K) and
s € QY (M, E). Such V is called a generalized connection or Lie algebroid connection.
Remark. For any £ € X1 (M), we have the covariant derivative Ves = iEL(Vs) €
Q9 (M, E) of s in the direction ¢ and with the following property

(6) Ve(fs) = (LEf)s+ fVes.
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The map Vg: Q% (M, E) — Q% (M, E) is K-linear for any £ € X, (M).
Lemma 1. Any L-connection V on E has a natural extension to an operator
(7) d¥: Q3 (M, E) — Q1 (M, E)
uniquely determined by:

(1) d¥(Qk(M,E)) c Q5T (M, E),

(2) @00 (amr,p) =V,

(3) the graded Leibniz rule: d¥ (o Aw) = dra Aw + (—1)Fa AdYw for all

a € Q8 (M) and w € Q% (M, E).

The operator d¥ (called the covariant exterior derivative) is given by the following
formula

k

(de)(g()vfla"'vgk Z VE, gO»"'aéiw"vgk)
=0

(8) -
+Z l+]w glvfj] 507"’aé\i7"'7£j7"‘7£k)
1<j

for&o, ... & € 3€L(M)

Proof. The proof goes along the same line as the proof of Lemma [I] for an affine
connection. 0

Lemma 2. Denote by A(E, L) the set of all L-connections on a vector bundle E.
Then A(E, L) is an affine space modeled on the vector space Q} (M, End(E)).

Proof. We first prove that A(F, L) is non-empty. To see this, consider a vector
bundle atlas (Uy, %0 )aca and take a smooth partition of unity (gq)ae.4 subordinate
to (Ux)aca.t If V denotes the trivial L-connection on the trivial vector bundle
Var = M xV, where V is the standard fiber of E, given by Vs = V(f®v) = drf®wv,
where f € C®(M,K),ve V and s = f @ v € I'(M, Var).

Furthermore, observe that for every a € A and s € Q% (M, E) the section g,s
has its support in Uy, hence 9o ((9a5),) € I'(Ua, Var) has the support in U,,
as well. If we extend dJQ((gas)wa) by 0 outside U,, we obtain smooth section
Vq ((gaS)IUQ) € I'(M, Vir). Using locality of the operator V, i.e. supp Vu C supp u
for all u € T'(M, V)s), we have

supp (idg- ®yat) o (@(1/@((go,s)wu)))Wu cu,.

Therefore we can extend this section to a global section of L* ® E. A natural

definition
Vs= Y (idp, ®v5") o (V(¥a((ga®)w.))) 0.
acA

LWe do not require compact support of go, hence we can find a smooth partition of unity
subordinated to (Ua)acA-
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yields an L-connection on E, because for given f € C*(M,K), we get

V(fs) =Y (e, @ 9") o (V($a((9af5)10.))) 0,

acA

=3 (idp-,, @v3") o (@(f%((gaS)wu)))\Ua

acA

= > (iderp, @05 0 (dif © ba((gas)v.) + IV (Ya((9a8)0.))) 1.

acA

= Z drf @ gas + f(idL*\Ua ® 1/};1) ° (@(wa((gafs)\Ua)))wa

acA
=drf®s+ fVs.

The rest of the proof is very simple. We need to verify that if V1 and V are
two L-connections, then V; — V is a tensor. We have (V1 — Vo)(fs) =dpf @ s+
[Vis—drf®s— fVos= f(Vi—Vp)s, hence Vi — Vg € QL (M,End(E)). O

Thus, if we fix some Vg in A(E, L), we may write
9) A(E,L) ={Vo+a; a € Q;(M,End(E))}.

This description will permit us to define various Sobolev completions of A(F, L).

Tensorial operations on vector bundles may be extended naturally to vector
bundles with L-connections. More precisely, if F; and F, are two bundles with
L-connections VF1 and V2, then there is a naturally induced connection VF1®F2
on Fy, ® Es uniquely determined by the formula

(10) VEIOE2 (5 @ 55) = Vs @ 50 + 51 @ VE2sy

Cousider a vector bundle F with an L-connection VZ. Then the dual bundle E*
of E has a natural connection VZ" defined by the identity

(11) LE(s,t) = (VEs,t) + (s, VET)

for all € € X (M), s € Q2(M,E) and t € QY (M, E*), where (-,-): Q% (M, E) x
Q% (M, E*) — C°°(M,K) is the natural pairing. In particular, any L-connection
V¥ on a vector bundle F induces a connection V**4(E) on End(E) = E* @ E by
the rule

(12) (VEMEIT) s = VE(Ts) — T(VEs) = [VE, T)s
for all T € Q% (M,End(E)) and s € QY (M, E).

The graded vector spaces Q% (M, End(F)) has a natural structure of a graded
associative algebra via

(13) (WAT)(&, - 7§p+q)

p' 1 Z Slgn 50(1)7 cee 760(17)) T(é-g(p-&-l)u e afo’(p-&-q))



408 L. KRIZKA

and a natural structure of a graded Lie algebra via

(14) [w> T](fla s 7€p+q)
p| I Z Slgn 50 (1)s--- 7€a(p))7 T(&o’(erl)v s 7€a(p+q))] )

where w € QY (M,End(E)), 7 € Q1 (M,End(E)) and &1,...,&+q € X(M). In

fact, the graded vector space Q3 (M,End(E)) is a differential graded Lie algebra?

with the bracket [-,-] and with the differential dV" " since

(15) dVEnd(E> [w,T] _ l:dVEnd(E)w7T} i (_1)deg(w) [w,dvEnd(E)T] .

2. GEOMETRY OF L-CONNECTIONS

Consider a real or complex vector bundle E 2 M. Then a vector bundle
endomorphism of E is a vector bundle morphism ¢: F — E, i.e. a smooth mapping
¢: E — E such that there exists a (smooth) mapping ¢: M — M, the diagram

©

E E
p p
M—F—M

commutes and for each z € M the mapping v, = ¢\, : Ez — Ew(r) is K-linear.
In fact, the vector bundle endomorphism can be written as a pair (¢, ). We say
that ¢ covers (. B

A composition of vector bundle endomorphisms is defined in the obvious manner
and a vector bundle endomorphism with an inverse vector bundle endomorphism is
called a vector bundle automorphism. The set of all vector bundle automorphisms of
E forms a group with a multiplication given by (1, 1) (©2, p2) = (©10¢02, p1092)
denoted by Aut(FE). The subgroup Gau(E) of all vector bundle automorphisms
of E covering identity on M is called gauge group, its elements are called gauge
transformations.

Denote by Diff(M) the group of all diffeomorphisms of M (a multiplication in
the group is given by f1 - fo = f1 o f2), then we obtain an exact sequence

(16) {e} — Gau(E) > Aut(E) L Diff(M)

of groups, where i: Gau(FE) — Aut(F) is an inclusion map only and p: Aut(E) —
Diff (M) is a projection map, i.e. p((@,¥)) = ¢.

Consider now the natural left action of the gauge group Gau(FE) on the space
A(E, L) of L-connections defined by

(17) (0, V)= - V=V =(id- ®p) o Voyp™,

QSometimes, in different contexts, it is called a differential graded Lie superalgebra. The
notation is not unified.
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or equivalently

(18) (9, Ve) = (¢ V)e = (V¥)e = po Veoyp!
for the covariant derivative, where ¢ € X (M). Obviously, V¥: Q% (M, E) —
QL (M, E) is a K-linear and satisfies

Ve (fs) = (idr- ® ) o V(e (fs)) = (idr- ® ) o V(f'(s))
= (id- ® @) o (drf ® ¢ (s) + [V~ (5))
=dpf@s+ flide- @ p) o Ve (s)
—dif @ s+ [V¥s
for every f € C°(M,K) and s € Q% (M, E), hence it is an L-connection.

Now we take up the question of reducible connections. Given an L-connection
V € A(E, L), we shall consider the isotropy subgroup

(19) Gau(E)v = {p € Gau(E); ¢-V =V}
of V. Every such subgroup contains the subgroup K*-idg of Gau(FE).

Definition 3. An L-connection V is called irreducible or simple, if Gau(E)y =
K*-idg, otherwise V is called reducible. We will denote the set of all irreducible
L-connections by A(E, L).

Lemma 3. Let V be an L-connection on a vector bundle E over a compact manifold
M. Then the following are equivalent:

(1) Gau(E)v =K*. idE,

(2) ker VEME) = K - idp.

Proof. Counsider ¢ € Gau(E). Then the relation ¢-V = V means that (idp« ® ¢)o
Vo™ =V, and this is equivalent to (id- ®¢)oV = Vo, or even V() p = 0.
Therefore ¢ € Gau(E)y if and only if VF"4(F)p = 0 and ¢ € Gau(E).

Suppose that ¢ € Gau(E)y. Then V), = 0 and, provided that ker V()=
K-idg, we get ¢ = ¢-idg for some ¢ € K*. Hence we obtain Gau(E)y C K*-idg
and because the converse inclusion is trivial, we have proved (2) = (1).

To prove the opposite implication, we use the compactness of the manifold M.
Suppose that ¢ € ker VE"4(E) Because M is compact, there exists ¢ € K (with |c|
sufficiently large) so that ¢ -idg + ¢ € Gau(E). Moreover, VE*(E) (¢c.idg 4 ¢) = 0
and from the previous considerations, it follows that ¢-idg+¢ € Gau(E)vy. Besides,
if we suppose Gau(E)y = K* - idg, we obtain ker V#*4(P) ¢ K .idg. The converse
is trivial so the proof is finished. O

Remark. A trivial observation Gau(E)ye = ¢-Gau(E)y -~ for all p € Gau(E)
and V € A(E, L) implies immediately that A(FE, L) is invariant under the action
of the gauge group Gau(FE).

With these preliminaries, we can introduce the object of real interest for us. The
moduli space

(20) B(E,L) = A(E’L)/Gau(E)
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of L-connections on FE is the set of all gauge equivalence classes of elements of
A(E, L) modulo the action of Gau(E). Similarly, the orbit space of A(E, L) under
the action Gau(FE) is the moduli space
(21) B(E, L) = AE, L)/Gau(E)
of irreducible L-connections on E.

Given ¢ € Gau(FE), the transformed L-connection V¥ can be clearly written as
(22) V=V + (idr ® p) o VE“d(E)cpfl =V - VE“d(E)ap op1,

where the last equality follows by differentiating the identity ¢ o ™! = idg.
Similarly, for the covariant derivative we get

(23) (V9)e = Ve 90 Vo™ = Ve = v P po o7t

where £ € X (M). More generally, if we fix some L-connection V( and express
another L-connection V as V = Vj + «, then

(24) V¥ =Vo+(idp ®9) o Vi P 1 (idp- @) oaopT!,
hence, writing V¥ = Vg + a¥, we have
(25) a? = (idp- ® ) o Ve o=l 4 (idp- @ ) oot

Remark. If we define the reduced gauge group Gau(E)" by

(26) Gau(E)" = Gau(E) /e iq,.,

then the left action of Gau(F) on A(FE, L) factors trough an action of the reduced
gauge group Gau(E)", since K*- idg acts trivially on A(FE, L). The set A(E, L) of
all irreducible L-connections is the maximal subset of A(FE, L) with the property
that the reduced gauge group Gau(E)" acts on it freely. Moreover, we can write

(27) B(E, L) = AE, L)/Gau(E)r
for the moduli space of L-connections and
(28) B(E, L) = A(E, L)/Gau(E)r

for the moduli space of irreducible L-connections.

3. MODULI SPACES

The moduli spaces B(E, L) and B(E, L) introduced in the previous section were
only sets of gauge equivalence classes of L-connections. We would like to define the
structure of a smooth manifold on these sets.

From now on, we will assume that M is a connected compact manifold. To
construct the space of gauge equivalence classes of L-connections it is the most
convenient, and standard practice, to work within the framework of Sobolev spaces.

Let F be a real or complex vector bundle over a compact manifold M, L a real or
complex Lie algebroid over M, g a Riemannian metric on M and hg, respectively
hr, an Euclidean, or a Hermitian metric, on E, respectively L. These metrics
induce metrics on E*, End(E) 2 E* ® E and furthermore on A¥L* ® End(FE). The



MODULI SPACES OF LIE ALGEBROID CONNECTIONS 411

metric g on M defines the density vol(g) of the Riemannian metric and the density
vol(g) even induces a (regular) Borel measure p, on M.

Then for each nonnegative integer ¢, we denote by L?(M, E) the vector space of
equivalence classes of Borel measurable sections (a section v is Borel measurable, if
¥ ~1(U) is Borel measurable for any open subset U C E) whose weak derivatives of
order < ¢ are square integrable. Thus, LZ(M, E) are the Hilbert space completions
of I'(M, E) with respect to the scalar product

L

(29) W)=Y (VI V),

=0

where (V71), VIp) is computed using the scalar product on T*M®/ @ E. The Hilbert
space L7(M,A"L* @ End(E)) will be denoted by Qf (M, End(E)),.
The space Q% (M , End(E)) can be endowed with a scalar product given by

(30) (f1>f2)=/Mt1"(f10f2*)ng

for all fi, fo € Q9 (M, End(E)), where * denotes the adjoint with respect to hg. If
we define the space Q9 (M, End(E))0 of traceless endomorphisms by

(31) Q9 (M, End(E))O = {f € Q) (M,End(E)); / tr(f) duy = 0},
M
then obviously
(32) QY (M, End(E)) = Q2 (M, End(E))’ © K -idg
and the decomposition is L?-orthogonal with respect to the scalar product .

The orthogonal projection p, of Q9 (M, End(E)) onto QY (M, End(E))O is defined
by the following formula

1 .
(33) pe(f) = [ - n~vol(]\4)(/Mtr(f) dﬂg) “idp,
where n = rk F and vol(M) is the volume of the manifold M.

For a fixed L-connection Vg in A(E, L), we define Sobolev completions of the
space of L-connections, using @, as
(34) A(E, L) = {Vo+a; a € Qp (M,End(E)), }
for £ € Ny. Thus A(E, L), is an affine Hilbert space and therefore a Hilbert manifold
whose tangent space at V is
(35) TyA(E,L); = Qp(M,End(E)), .

Sobolev completions of the gauge group Gau(F) take a bit more work since it can not
be identified with the space of sections of a vector bundle, nevertheless Gau(E) C

Q9 (M,End(E)). For £ > 1 dim M, the Sobolev space Q9 (M, End(E))“_1 consists

of continuous sections® and using the Sobolev multiplication theorem, we get that

3Note that this is still true for £+ 1 > % dim M.
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the product ¢ - ¢ = @ ot in QF (M, End(E)) can be extended to a continuous
bilinear map

(36)  Q7(M,End(E)),,, x Q7 (M,End(E)),, , — Q(M,End(E)),

making Q9 (M, End(E))é_s_1
all invertible elements forms an open subset. Accordingly, we define Gau(E)y+1 by

into a Banach algebra with unit idg and the subset of

(37)  Gau(E)e41 =
{¢ € QL (M,End(E)),, ; 3¢ € O (M, End(E)),, , - =1 ¢ =idg}.

Because Gau(E)y1; is an open subset in the Hilbert space, Q% (M7 End(E))uv
Gau(E)gy1 is a Hilbert manifold. In fact, one can show that Gau(E)e4q is a
Hilbert-Lie group with Lie algebra

(38) gau(E)ry1 = Q7 (M, End(E)) ;-

The Lie bracket is given by an extension of the Lie bracket on Q9 (M , End(E))
to a continuous map

(39) Q) (M,End(E)),,, x Q) (M,End(E)),,, — Q% (M,End(E))

+1 141 £+1

(with the help of Sobolev multiplication theorem in the range ¢ > 3 dim M).
This Lie bracket agrees with the commutator bracket of the Banach algebra
Qf (M, End(E))g+1.

As it follows from the formula (24)), the action of Gau(E) on A(E, L) extends
to an action of Gau(E),11 on A(E, L), via

(40) V=9 - (Vo+ta)=Vo+op-(dp ) +p-a ¢!,

where a € Qf (M,End(E)),, dVo: QF (M, End(E))e+1 — Q} (M,End(E)), is a
continuous extension of the linear operator dV° defined on Q9 (M, End(E)) and the
multiplication - is an extension of to a continuous map QY (M , End(E))
Qp (M,End(E)), — Q} (M, End(E)),, respectively Q) (M, End(E)),x

Q} (M, End(E)),,, — Qp(M,End(E)),, in the range £ > 1 dim M. In this range
for £, Q} (M,End(E)), is a topological Qf (M, End(E))ZH—bimodule.

It is easy to see that this action is a smooth map of Hilbert manifolds because, if
we expres the action in local charts, we obtain (¢, a) — @-(dVop ™) +p-a-p!
and this is a composition of smooth maps (the multiplication - and the mapping
dV° are smooth, because they are continuous linear maps). If V € A(FE, L), is fixed,
the map of Gau(E)p41 to A(FE, L), given by ¢ — ¢ -V has a tangent map at idg
equal to

(41) —dv: Q) (M,End(E))

l+1 X

= Q} (M,End(E)),,
where dV is defined as

(42) dVy =dVoy + [a, 7]
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and [-,-]: Qf (M, End(E)), x Q) (M,End(E)),,, — Q(M,End(E)), is a conti-
nuous extension of by means of Sobolev multiplication theorem in the range
(> 3 dim M.

Analogously to the smooth case, we define the notion of irreducibility of
L-connection. A stabilizer Gau(E)y, ; of any Sobolev L-connection V contains the
subgroup K*-idg of Gau(E)s1. When Gau(E)y,; = K*-idg, we will say that the
connection V is irreducible; otherwise, V is reducible. We can prove the following
characterization of irreducibility.

Lemma 4. Let V € A(E, L), be a Sobolev L-connection. Then the following are
equivalent:

(1) Gau(E)y,, = K*-idg,

(2) kerd¥ =K -idg.

Proof. The proof goes along the same line as in Lemma |3} so we shall skip it. O

We will denote by A(E, L), the subset of A(E, L), consisting of irreducible
L-connections. It follows from Gau(E)er1 = ¢ - Gau(E)),, - ¢! that notion of
irreducibility of a connection is invariant under gauge transformations.

Following an analogy with and , we define the moduli space

(43) B(E, L) = A(E, L)E/Gau(E)g_H
of L-connections on E, and similarly the moduli space
(44) @(Ea L), = A(E, L)E/Gau(E)g_H

of irreducible L-connections on E. Each of these is assumed to have the quotient
topology and in the following, we shall show that if L is a transitive Lie algebroid
on M, then 'B(E,L)g is open in B(E, L),.

We use notation

(45) p: A(E,L); — B(E,L)¢ vesp. p: A(E,L)e — B(E, L),
for the canonical projections.

Remark. From now on we will assume that L is a transitive Lie algebroid, i.e.
a: L —TM, resp. a: L — T Mc is surjective.

For o € Q} (M,End(E)), the zero order operator ad(a)*: Qj (M,End(E)) —
Q9 (M,End(E)), defined as a formal adjoint of ad(a): Q9 (M, End(E)) —
QL (M,End(E)), ad(a)(¢) = [a,¢], with respect to the Hermitian metric on
End(E) given by (fi,f2) — tr(fi o f3), yields a map m: Q} (M,End(E)) x
Q} (M,End(E)) — QY (M,End(E)), (a,?) — ad(a)*(¢), which is C*> (M, K)-ses-
quilinear. This mapping can be extended by the Sobolev multiplication theorem to
a continuous sesquilinear-linear map

Q1 (M,End(E)), x Q' (M,End(E)), — Qf (M,End(E)),

hence the map ad(a)*: Qf (M,End(E)), — Q% (M,End(E)), for every o €
Q} (M,End(E)), is continuous.
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Then we may write d¥ = dV° + ad(a) o i, where i: Q9 (M, End(E))H_1 —
0o (M , End(E)) , is a compact embedding. Furthermore, we define
(dV)*: Qp(M,End(E)), — Q% (M,End(E)),_,
as (dV)* = (dV°)* +ioad(a)*, where i: Qf (M,End(E)), — Q°(M,End(E)),_,
is a compact embedding and (dV°)* is a continuous extension of formal adjoint of
dVo with respect to the Hermitian metric on End(E).

For any connection V = Vg + «, we will denote by d, the covariant derivative
dV and d}, the operator (dV)*.

Lemma 5. For any V € A(FE, L)y, the operator

(46) (@V) odv: Q) (M,End(E)), , — Q% (M,End(E)),_

(+1 1

is a Fredholm operator for all £ > %dim M.

Proof. For V =V + a, we may write A, = d od, = (d§ + i 0ad(a)*) o (do +
ad(«) o 4). Because ad(«) o i and i o ad(a)* are compact operators, i o ad(a)* o
do + d§ o ad(a) o i + i o ad(a)* o ad(a) o i is compact operator, as well. So we
need only to show that dj o dp is a Fredholm operator. It is enough to show that
dj o do: QY (M,End(E)) — Q9 (M,End(E)) is an elliptic operator, i.e. that the
principal symbol oo(d 0 dg)(&;): End(E), — End(FE), is an isomorphism for all
x € M and & € T;M \ {0}. Obviously, o(dj o do)(&:) = o1(df) (&) © 01(do) (&)
and this is an isomorphism if and only if o;(dp)(&;) is an isomorphism. But
01(do)(&z) = a*(&;) ®, i.e. the symbol is the tensor multiplication by a*(&;), hence
it is an isomorphism, if a*(€;) # 0. Thus o2(d§ o do) is an isomorphism for all
x € M and &, € TiM \ {0} if a* is injective, or equivalently if a is surjective. This
is true because L is a transitive Lie algebroid. [

Lemma 6. For any V € A(E, L),, we have an L?-orthogonal decomposition
(47) Q} (M,End(E)), = imd" & ker (dV )
for all £ > %dimM.

Proof. Since A, is a Fredholm operator, dimker A, < 400 and im A, is a
closed subspace in QY (M, End(E))Zil. Therefore Q9 (M, End(E))£+1 =ker A, ®
(ker Ag)™ is an L2-orthogonal (not L7, ;) decomposition into closed subspaces in
Q) (M, End(E)),, .
(ker A,)t — im A, is a bijective continuous linear operator between Banach
spaces and, using the Banach’s Open Mapping Theorem, it follows that G, =
(Aq|(ker o)) is a continuous linear operator. Further, if X € Q} (M, End(E))Z
denotes the closed subspace given by X = (d%)~*(im A, ), then idy — daGady x
is a continuous linear operator and moreover imd,, = ker(idx — daGad;’;‘ ). Hence
im d, is a closed subspace in Q} (M, End(E)),.

For that reason we can write Qf (M, End(E))e = imd, @ (imd,)* and this
decomposition is L?-orthogonal. On the other hand, for ¢ € QY (M,End(E))

Moreover, im A,, is a closed subspace, thus Aq|ker A, )L :

£+1
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and v € Q} (M, End(E))Z, we have (dop,?) = (p,d5), and it follows that
(imd,)* = kerd,. O

Lemma 7. A(E, L), is an open subset in A(E, L), for all £ > 1 dim M.

Proof. It follows from Lemma [5] that A, is a Fredholm operator. Moreover, the
map
A(E,L); — F(Q) (M, End(E))e41, Q% (M, End(E))¢—1)
VO +a— Aa )

where F(Q9 (M, End(E))¢11, Q) (M, End(E)),—1) denotes the set of all Fredholm
operators between corresponding Hilbert spaces, is a continuous family of Fredholm
operators. Hence the map

Vo + a— dimker A,
is an upper semicontinuous from A(F, L), to R, see [I]. Because kerd, = ker A,

and dimkerd, > 1, the upper semicontinuity implies that fl(E, L)y is an open
subset. (]

Remark. We have just proved that A(E, L), is an open subset in A(E, L),. Because
B(E, L), is assumed to have the quotient topology and p~*(B(E, L),) = A(E, L)y,
we get that B(E, L), is open.

Now, for each V € A(FE, L), and for each € > 0, let us consider the Hilbert
submanifold
(48) Ov,.={V+a;acQ(MEnE)), (d¥)a=0,|af <c}
of the Hilbert manifold A(E, L),. It clearly satisfies
(49) Ty (Oy.c) = ker(dV)*.
First note that if V € A(E, L)y, we may take € small enough to ensure Oy . C
A(E, L);, because A(E, L), is open in A(E, L),. Next, we define the reduced gauge
group Gau(E)j,, by
(50) Gau(E)},; = Gau(E)ey1 /s . iq,,.

Because K*-idg is a normal Hilbert-Lie subgroup of Gau(E)y41, Theorem 1| below
implies that the reduced gauge group is a Hilbert—Lie group with Lie algebra

r 0
(51) gau(E)Z-i-l = Q% (M7 End(E))ngl )

where the Lie bracket descends from the one on gau(E)¢41. Moreover, if
(52) q: Gau(E)e11 — Gau(E)y,, = Gau(E)gH/K* Cidg

denotes the canonical projection, then ¢ is a smooth Gau(FE).1-equivariant map
and any map f: Gau(E)jy, ; — X is smooth if and only if foq: Gau(E)e1 — X
is smooth, where X is a smooth Banach manifold.
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Theorem 1. Let G be a Banach—Lie group over K with Lie algebra g and suppose
that N is a normal Banach—Lie subgroup over K of G with Lie algebra n. Then
G/N is a Banach—Lie group with Lie algebra g/n in a unique way such that the
quotient map q: G — G/N is a smooth map. Moreover, for any Banach manifold
X amap f: G/N — X is smooth if and only if f o q is smooth.

Proof. See [5], [] and [3]. O
Theorem 2. B(E, L), is a locally Hausdorff Hilbert manifold and p: A(E, L), —

A

B(E, L), is a principal Gau(E)}_ , -bundle for ¢ > & dim M.

Proof. Consider the smooth map of Hilbert manifolds

(53) Uy Gau(E)h,, x Oy . — A(E, L),

(54) Uy(p,V+a)=¢-(V+a),

then the tangent map at (idg, V) equals to

(55) Tiap,v) Py O (M, End(E)),, | ®ker(d¥)* — Q} (M,End(E)),,

(56) (Tiap.v)¥v) (7, B) = —dVy + B.

It follows from the Lemma [6| that T4, v)¥v is surjective. Moreover, because V is
assumed to be irreducible, T(;q, v)Vv is injective. Hence by the Banach’s Open
Mapping Theorem T{;q,,v)¥v is an isomorphism. Therefore the inverse function
theorem for Banach manifolds implies that Wy is a local diffeomorphism near
(idg, V). Consequently, there is an open neighborhood Uy of V in fl(E, L), and
an open neighborhood Njq,, of idg in Gau(E)j,, such that

(57) \vai MdE X OV,s — Z/lv

is a diffeomorphism for sufficiently small € > 0.

Next we show that, for € small enough, the map py . = pjoy, .: Ove — @(E, L),
is injective. We have to show that if for two elements V + 1,V + a2 € Oy . there
exists a gauge transformation ¢ € Gau(E)g41 such that

(58) - (V4+a1)=V+a,

then oy = a. First observe that is equivalent to

(59) dNp=p-on—az-p.

Next, because QY (M, End(E))IH_1 = kerdY @ (kerdV)* is an L2-orthogonal de-

composition, we can write ¢ = c-idg + @, where ¢ € K and ¢o € (kerdV)*.
Furthermore, imdV is a closed subspace in Q} (M, End(E’))e7 hence we get by the
Banach’s Open Mapping Theorem that

(60) dV: (kerdV)* — imdY

is an isomorphism of Hilbert spaces. It means that it is a lower bounded operator,
i.e. there exists a positive constant ¢; such that

(61) la¥%lle > crll¥lless
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for all ¢ € (kerdY)*. Thus we may write

(62) cillpolless < [|dY wolle =
¥ elle =l o1 —az-@lle <2& - (c| - lideller1 + llpolles) ,

where we used the fact |9 - aller1 < €+ ||¥]ler1l|e]|e, Tespectively ||l - ]ler1 <

e llallell@lless, for all g € Q) (M, End(E)),, , and a € Q} (M, End(E)),. It implies

+1
that
(63) loolless < 22719°€ g
— ||1
SOO l+1_01—25~5 E|l¢+1

for e < 5. If ¢ = 0, then we obtain immediately [¢ol[¢4+1 = 0, thus ¢ = 0 and this
is a contradiction. Because ¢ # 0, we get

2¢-¢€

_ . 1 .
(64) e @ —idplles1 = Idl lleoller1 < lidellet1

Cc1 — 2¢-¢
hence for e small enough is ¢ near idg in Gau(E)j, , i.e. ¢ € Nig,. And if we use
that Uy is injective, we obtain a; = as.

Let Uy = pv,e(Ov,c), then Uy . is open in @(E,L)g. It is easy to see that
pUs.) = NGau(E) 1 x Oy ), where \: Gau(E), x A(E, L), — A(E, L),
is the left action, is an open subset in A(E, L);. The map
(65) Uy: Gau(E)j, x Ov. — py.Uv.c),

(66) Uo(p,V+a)=¢-(V+a)
is surjective because p~!(Uy ) = A(Gau(E)r41 x Ov.c), the injectivity follows
from the previous considerations and from the fact that the action of Gau(E)j,

on A(E, L), is free. We will show that it is in fact a diffeomorphism of Hilbert
manifolds.
For any ¢ € Gau(E)j,,, we find an open neighborhood W of ¢ such that

‘I’V|L¢,1(W)x0v,g is a diffeomorphism, where L, -1 is the left translation by ¢!

in Gau(E)j, . In particular, we can take W = L,(Nq,,). Further, if A, denotes
the left multiplication by ¢ in fl(E, L)y, then we have

67)  Uypwxoy. = Ae 0 Vo in,, x0g. © (L1 X145 1)) W0y .
which is a diffeomorphism.
Now to show that p: A(E, L), — B(E, L), is a principal Gau(E)j, ,-bundle over

a Hilbert manifold, we only need to glue together the local charts ov: Uy . — Oy e,
oy = pg’ls. Consider the smooth map

(68) gy = pro \I/§1: p%?g(uv’g) — Gau(E)p,,,
where pr: Gau(E)),, x Ov . — Gau(E)},, is the projection. Then for any V' €

A

A(E, L), with p(V’) € Uy . we have
(69) ov (p(V")) = (9w (V)

VA
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Hence it is easy to see that we obtain

(70)

oy oo V' +a) = oy (p(V' +a)) = (9v(V' + ) - (V +a)

over oy (Uyr e NUy ), and this is clearly smooth in a. [l

In this paper we have considered the spaces of irreducible Lie algebroid connec-
tions for a transitive Lie algebroid over a connected compact manifold. The next
step would be to investigate the moduli spaces of flat L-connections in the sub-
sequent work. These moduli spaces are more interesting from the viewpoint of
applications in physics, especially in mirror symmetry, as was already mentioned
in the introduction.
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