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CONNECTIVITY OF REGULAR GRAPHS
AND THE EXISTENCE OF 1-FACTORS

JAN PLESNIK,

Bratislava

The notions and denotations not defined here can be found in [3]. A graph G
(always finite and loopless) will be denoted by (V,H) where V and H are
the sets of its points and lines, respectively. If M = V, then G(M) denotes
the induced subgraph of G on the points of M. By a u-v path we mean a path
from the point u to the point v. An r-regular graph is a regular graph of degree r.
AM@) and x%(G) denote the line-conmectivity and the point-connectivity of G,
respectively. G is k-line-connected if A(@) > k (where k is a non-negative
integer).

The problem of the existence of factors is very old. For example, J. Peter-
sen [5] has shown that every bridgeless cubic graph has a 1-factor.

Further, T. Schonberger (see [4], p. 192) in 1934 has proved that every
bridgeless cubic graph has a l-factor not containing two arbitrarily prescribed
lines.

F. Baebler [1] has observed that there is some relationship between the
connectivity and the factorisation of graphs, namely:

If G is a (2m + 1)-regular graph with A(G) > 2n (where m and n are positive
integers ), then G has a 2n-factor; particularly, if A(G) = 2m, then G has a 2m
-factor and therefore also a 1-factor.

C. Berge ([2], Chapter 18, Theorems 6 and 7) ‘n the two following results
has generalized Petersen’s result and Baebler’s one (as for the existence of
a 1-factor):

Every r-regular graph G (where r > 0) with an even number of points and
with MG) > r — 1 has a 1-factor.

Every (2m + 1)-regular graph G with AMG) = 2m has a l-factor containing
an arbitrarily prescribed line.

A. Kotzig (oral communication) has conjectured the following generali-
zation of the abovementioned results of Schonberger and Berge:

Every r-regular graph G with an even number of points and with A(G) >
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> r — 1 (which holds e. g. if %(G) > r — 1) has a l-factor not containing
r — 1 arbitrarily prescribed lines.

In this paper this conjecture is proved and moreover it is shown that for
#(@) < r — 1 the assertion does not hold in general.

Lemma 1. (Tutte [6].) 4 graph G = (V,H) has a 1-factor if and only if
| V| is even and there is no set S of points such that the number of odd components
of the induced subgraph G (V — 8) exceeds |S|. (By an odd component of &
we mean that with an odd number of points.)

Theorem 1. Let G = (V,H) be an (r — 1)-line-connected regular graph of
degree r > 0, with an even |V| and let H' = H be an arbitrary set of r — 1 lines.
Then the graph G' = (V,H — H') has a 1-factor.

Proof. Let us suppose the graph G’ has no 1-factor. Then by Lemma 1
there is a set § < ¥V such that the induced subgraph G'(V — 8) has n odd
components G, G,, ..., ,, where n> |S|. Let V; denotes the point set
of the graph @; for ¢ == 1,2, ..., n. The number of all lines of @ incoming
to V; from S, or from V — 8 — V; will be denoted by s;, or by ¢;, respectively.
Since @ is (r — 1)-line-connected and for every i = 1,2, ...,n we have
|Vi| = 1 (mod 2), thus denoting by o; the sum of degrees of points in G(V;),
we have 0 = g; = 7|Vi| — (s; + &) < r\Vi|] —(r —1)=7r(|Ve|] —1)+1 =1
(mod 2). It follows that » — 1 <s; + ¢, or

r< s+ . (1)

n

n .
From 8§ exactly > s; lines income to |J V;. Since G is r-regular, thus
=1 i=1

M

s < 7|8S]. (2)

=1

Further, the condition |H'| = r — 1 gives

n

S 6< 20— 1) (3)

=1

Using (1), (2) and (3) we obtain

r(|8| +2—n) —2 > 0. (4)

Since [S| 4+ n = |V| =0 (mod 2), thus from the inequality |S| <= it
follows that |S| + 2 < », which combined with (4) gives a contradiction.
This completes the proof.

Theorem 1 is best possible in the sense that no less connectivity will suffice
as it can be seen from the following result.
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Theorem 2. Let k and r be integers with 0 < k < r — 2. Then there is an
r-regular graph G = (V,H) with |V| = 0 (mod 2), with no I-factor and such
that

(a) (@) = k;
k4 1,if ris even and k s odd;
(b) X(@) = {Ic, otherwise.

Note that if » =0, £ =1 (mod 2), then obviously no r-regular graph ¢
with A(@) =k can exist.

We will find it convenient to use the following lemmas in the proof of
Theorem 2.

Lemma 2. Fof any graph G, »(G) < AG).
(For the proof see e. g. [3], p. 43.)

Lemma 3. Let Gy = (V,H) be a graph. Let {v1,v2, ..., vn} < V with m >
> %(G1) and let v ¢ V. Then for the graph G = (V U {v}, H U {v1v, vz 0, ...,
vnv}) we have %(G) = %(Gh).

Proof. If »(G1) = 0, then the assertion is clear and therefore let »(G1) > 1.
Let the deleting of some %(G1) — 1 points from @ give a graph G'. We will
show that G' is connected. Let x, ¥ be any two points of G'. If z, y € V, then
there is an x — y path in @' by our assumption. If x € V, y = v, then the.e
is at least one point « € V adjacent with v (since less than m points have been
deleted). By the preceding considerations, in G" there is an  — u path and
hence also an z — v path. The lemma is proved.

Lemma 4. Let any integer ¢ > 0 be given and let Gy = (Vi, Hy), 1 ==1,2,
be two point-disjoint graphs with »(G;) > c. Let {ui, uz, ..., un} S V1 and
{v1,v2, ..., vm} S Va2 be two point sets with m > c. Then for the graph G =
= (ViU Ve, HHUH U {uvy, uzw2, ..., Unvn}) we have x(G) > c.

Proof. In the case of ¢ = 0 the lemma is trivial and therefore let ¢ > 1.
Let the deleting of some ¢ — 1 points of G result in a graph G’. To show that
G’ is connected, let any two points z, y of G be taken. If z, y € Vior x, y € Vs,
then there is an # — y path by the assumption. Now, let 2 € V; and y € Vs.
Since m > ¢ — 1, thus at least one line u;v; exists for some 7. But by the just
proved, there are x — u; and v; — y paths in @’ and hence there is an  — y
path, too. The lemma is proved.

Lemma 5. Let any integers m. n, ¢ with m, n > ¢ > 0 be given. Let U =
= {u1, U2, ..., un} be a set of m points and let Gy = V1, H1), G2 = (Va, H),
vors G = (Va,Hyn) be graphs with »(G) > ¢, VinV;=V,nU =@ for
,j=12,...,m; & #j.
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F Qiven sets Uy = {uir, iz, .., wim} S Vi for i =1,2, ..., n, then the graph
G=UOuTivuVeu...UV,, HHUHU ... UH, U{wuylt=1,2, ...,
n; j=1,2,...,m}) has »(Q) > c.

Proof. We have a trivial case if ¢ = 0, therefore let ¢ > 1. Let a set of
¢ — 1 points be deleted from ¢ giving a graph G'. To prove that ¢’ is connected,
let two points x, y of G’ be considered. If z, y € V; for some %, then there is
an & — y path by the assumption about G;. If x € V; and y € Vj;, ¢ 5% j, then
there is at least one path wjuruy for some & (since m > ¢ — 1, such point
— disjoint paths from V; to ¥; in the graph G exist). But then using the just
proved we have an * — wu; path and an uj; — y one and hence also an x — y
path. Let x € V; and y = w; € U. The degree of u; in @ is greater than ¢ — 1,
hence in G’ there is a line u,uy; for some j. Since the existence of some x — uy;,
path follows by the preceding thus there is an x — y path. Finally let z =
=wu; €U and y=1wu;€U, i % j. Since n> ¢ — 1 and %(Gs) > 1 for all s
thus there is a ug; — uz; path Pr (in Gy N @) for some k. The path u Pru;
is an z — y path in G'. This completes the proof.

Lemma 6. Let any integers m, m, ¢ with m, n > ¢ > 0 be given. Then the
complete bigraph Kp,n has x(Kpm,n) > c.

The proof is easy and can be made analogously to the preceding proof.

The following two lemmas can be found in [3], (p. 89).

Lemma 7. The complete graph Kani- ts a sum of n spanning cycles.

Lemma 8. The complete graph Kan is 1-factorable.

Proof of Theorem 2. If k = 0, we can take for G any graph with two
components, both isomorphic to the same connected r-regular graph with
no 1-factor. Therefore we can suppose that & > 1 so that r > 3.

We shall give examples of the required graphs. A few cases will be consi-
dered.

(1) r = k (mod 2). Let us consider the graph ¢ = (V, H) sketched in Fig. 1.

In this graph V = {u1,ue, ..., w} U U (4: U By U Cy), where 4; = {au,
i=1

g, ..., Wiy, Bi=={bi1, bz, ..., bir-1}, Cy = {cis,Ci2, ..., Cirx} and H =
r

= |J Hi where H; = {wjay|j = 1,2, ...,k} U {aylte B;, ye A,V C;} U
=1

U {cinciz, CisCia, - . ., Ciyr—k—1Ci.r—k -

Thus it can be seen that the subgraphs G1, Gs, ..., Gy sketched in Fig. 1.
are mutually iscmorphic and therefore we have drawn out only Gy.G is
obviouslyobviously r-regular. Further, each subgraph G; has 2r — 1 =1
(mod 2) points. Thus the number of pointsin Gisequal tor'2r — 1) + k = 272 —
— (r — k) = 0 (mod 2). According to Lemma 1 G has no 1-factor because
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if we put 8 = {u1, us, ..., w}, then G1, Gs, ..., G, will be the odd compo-
nents of G(V — S) and k < r. To show that »(Q) = A(Q) = k, we start from
the induced subgraph G(4; U B;) which is in fact the complete bigraph
Kir-1. Using Lemma 6 we have »(G'(4; U B;)) > k. Now, if the points of
C; are successively added, then we result in the graph G; and by Lemma 3
%(Gy) > k. If Lemma 5 is used, we see that »(G) > k. Since deleting the edges
w1011, Uz, - . ., updiy results in a disconnected graph, thus A(G) < k. Now,
according to Lemma 2 the required equality /(@) = »(G@) = k follows.

Note that in the following two cases ((2) and (3)) the graph of Fig. 2 will
be used and therefore we denote for the next: U = {ua, us, ..., g1}, 4; =

- en - - = - )
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= {ail, @i2s - ..y ai,k+1} and L; = {ulatl, U2, - -+, ulc+1az,7c+1}, t=1,2,
cas T
(2)r 1,k =0 (mod 2).
(a) If 2k + 1 < r, then denote by G' the graph sketched in Fig. 2, with
r

each G; equal to the graph of Fig. 3. Thus @ = (V,H) V=UuU | (4 v
=1
UBUCUD;UE;), where B, = {bil, biz, ..., b, "‘—1}, C; = {6111, Ci2, ..

+ (r-2k-4  4-factors on B; )

+(r-k  4-factors on Ej )

Ci,vc}, D; = {d“, dig, ..., d[k}, E; = {ei] , €12, o .., ei,r_l} and with H =: U (Ly L
i=1

UHi), where H; = {xy]x € Bi, Yy e Ay L 0,} V) {Cudn, Crzdiz, ey Cikdz]c} |V
U {ay|x € Dy, y € B} WH} U H;. Here H} consists of the lines of r — 2k — 1
1-factors on B; (as denoted in Fig. 3). (By Lemma 8 the complete graph with
r — 1 vertices of B; can be decomposed into r — 2 1-factors. Now, we take
r — 2k — 1 of these 1-factors and we delete the other ones. Thus the induced
subgraph G(B;) is a sum of its » — 2k — 1 1-factors.) Similarly, H? consists
of r — k 1-factors on E;. It can be easily verified that @ is r-regular with
[V 0 (mod 2). Using Lemma 1, where we put S = U, the graph G appears
with no 1-fa~tor. To show x(G;) > k it is sufficient to consider H; without
H}! U H?. Then the induced subraphs on 4; U B; U C;and D; U E; are Kog41,r-1,
or Kj , 1, respectively. If the Lemmas 6 and 4 are used, then we have »(G;) >
> k and by Lemma 5 also x»(¢) > k.

If the k lines from C; to D; are deleted, then we have a disconnected graph
and A@) < k. Thus AG) = »(G) = k follows.
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(b) If 2k 4+ 1 > r, then we take the graph G = (V,H) of Fig 2 with G;
from Fig. 4. We have: V=U v Lrj (4; Y B; U C; U D;), where B; = {bi1,
bis, -y bk Ci = {oit, 0iay -y o}y Di — {dit, dizy -, dip—s} and H —
= Ul (L; U H;), where H, = {xylx € A;, y € B} U {endu, ciodiz, ..., cadu} U

U {xy|x € C;, y € D;} U H} U H? U H?. Here, the set H} consists of (r—k — 1)/2
spanning cycles on A; which can be taken from the k/2 spanning cycles of
K1 (considered on A;) as Lemma 7 provides. The sets H? and H? consist
of r — k — 2 l-factors on B;, or r — k 1-factors on D;, respectively (see
Lemma 8). Now, it can be seen that G is r-regular with |V| = 0 (mod 2).

+ ( l'éz'-‘ﬂ 3panaing eyclee on A; )

+(r-k-2  1-factors on B; )

+ (r-k  t-factors on D; )

I |

{ +( '-zzk &panning cycles on B;)
( 1 1-factor on B‘--{bh} )

+ (L:_'_' apanning cycles on E;)

"
!
I
!
!
!
I
!
I
|
I
!
1
|
I
1
|
!
!
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Analogously as before it can be shown that G has no 1-factor and A(G) =
= %(G) = k.
3)r =0,k =1 (mod 2).
(a) If 2k 4+ 1 < r, then we take for @ = (V, H) the graph of Fig 2, where
for G; the graph of Fig. 5. have been substituted.
r

Thus V=UuU U (Ai U B; UC; U D; UEi), where B; = {bil,big, N
=1
bi,r—1}, Ci = {ca1, Ci2, ..., cx}, Di = {dir, diz2, ..., di;x1}, Ei = {en, €2, ...,
eir—yand H = |J (Ls U H;), where H; = ({xylx € 4: U Ci, y € B;} — {bucu}) Y
=1

U {Cudu, ci1diz, ciodi3, Ciadia, ... , cikdi,k+l} U {xylx € .Di, Yy EEz} v H:‘ \JH,2
Here, H} consists of the lines of (r—2k)/2 spanning cycles on B; (see Lemma 7)
without the lines of one 1l-factor of one of these cycles on B; — {bu}. (This
can be done; since r — 2k > 0, thus at least one spanning cycle has been
added, then the 1-factor as a subgraph of the spanning cycle can be formed.
H? consists of the lines of (r—k — 1)/2 spanning cycles on E; (see Lemma 7).
Analogously as before we can verify that G is r-regular with no 1-factor and
with |V| = 0 (mod 2). Also analogously using Lemmas 6, 3, 4 and 5 we find
out that »(@) > k. However, the graph G(V — ;) is disconnected for any <.
This yields k = |C;| > (@) and hence »(G) = k. By Lemma 2 we have A(G) >
> k. But a regular graph of an even degree r cannot have an odd A(G) = k.
Therefore (@) > k + 1. As removing k -+ 1 edges wiai1, wsthiz, . .., U101,k +1
disconnects @, we have A(G) =k + 1.

(b) If 2k 4+ 1> r, then we take the graph @ = (V,H) of Fig. 2 again,
where for each G; the graph of Fig. 6. has been substituted. Here V = U U

v U (Ai UBuUCU Di), where B; = {bil, b{z, . -:'bik}; C; = {01;1, Ci2y -« o

i=1
T T e e, e, e, e e e, ——— -
| |
| Qi k. !
| it 4+ (Pok=y 1-factors on A; ) !
| |
: ) + ( ,._:_3 spanning cycles on B; ) :
» b; t
H k {4- (1 a-factor on B;-{b,}) :

|
: PCikes + (r-k-2  1-factors on C; ) ,‘
| |
[ |
! dipo  + (r-k-1  1-factorc on D; ) |
! :
: G |
L e e e o — — ——  ——— —— —_—_—_—_— —_— ——_—_— e — - —
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r
Ci,k+1},011={d1;1, diz,. . ., dt,lc+1} andH= U (L@ UH');), where H; = {xy]x EAt,
i=1
Yy GB;} v {bnct; s bn_c;z, bi20i3, ey bihci,kﬂ} v {xy]x € Ci, Y ED@} v Hll v
U H? U H? UH}. Here H!, H?, or H} cortespond to the adding of »r — k& — 1
1-factors on 4;, r — k — 2 1-factors on C;, or r — k — 1 1-factors on D;,
respectively (see Lemma 8). According to Lemma 7 if the complete graph
K is considered on B;, then it can be decomposed into (k—1)/2 spanning
cycles. Now, we take into H; (r—k — 3)/2 from these cycles and then another
spanning cycle is considered from which its 1-factor on B; — {b;1} is taken into
H (this can be done since (k — 1) — (r —k —8) = (2k + 1) —r + 1> 1).
Analogously as before we can find out again: @ is r-regular with no 1-factos,
with |V] = 0 (mod 2), with »(G) =k and A(G) =k + 1.

Now, we have considered all cases and Theorem 2 is proved.

Remark. We note that our results hold also in the case when multi-
graphs or pseudographs are admitted. Especially, Theorem 1 then follows
from the validity of Tutte‘s theorem (Lemma 1) (since our proof is based
on it) also for pseudographs.
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