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ON SOME RELATIONS IN BOOLEAN ALGEBRAS

MILOS FRANEK
1. Introduction and definitions

We shall consider the formulas constructed in the ‘“permitted way” (Defi-
nition 2) from the Boolean variables and constants, from the symbols =, <,
U,N, =, 71, V¥, A, -, = and parentheses, also the relations which are their
realizations. We call them BP-formulas, BP-relations, respectively.

Section 2 contains some remarks and auxiliary results which concern the
formulas without the propositional operators. In section 3 the question is
solved, under what conditions a given BP-formula is a ‘“BP-tautology’
(Theorem 1). In section 4 the equivalence of the BP-formulas is studied and
a simple system of representants of classes of the equivalence is presented.
Every class is uniquely characterized by a set system (Theorem 2). In section 5
the BP-relations, their properties (Theorems 4, 6, 7, 8) and their number
in connection with the number of elements of the corresponding Boolean
algebra (Theorem 5) are studied.

Notations:

B always denotes a non-degenerate Boolean algebra containing at least.
two elements; 0, 1, < denote the smallest element, the largest element and
the partial ordering in B, respectively; D = {0, 1}; z; ({ = 1, 2, ...) are meta-
symbols for the denotation of the free individual variables from a fixed well-
-ordered set X and x denotes the n-tuple (x1,...,%,) of pairwise different
variables. (V B, b) means ‘“‘for every non-degenerate Boolean algebra B and
for every n-tuple b = (b1, ..., by) € B»”’ (the exponent at a symbol of a set
or an algebraic structure always means the cartesian power). The terms (except-
the variables) and the formulas will be denoted by bold ‘“basic letters”, their
realizations (in a given B) by the same ordinary letters (only 0 and 1 are
considered as terms and, at the same time, as elements in a certain B). The
sign = expresses the equality of terms or the equality of formulas as words..
F(x), Ru(x) ete. will be formulas in which no other variables occur than
21, ..., Zn. If Flx) = G(y), x = (1, .-+, %n), Yy = (X1, ..., Tn, -.., Tm), then the
relation F is n-ary and @ is m-ary. The quantifiers and the symbols =, <>
are used only outside the studied formulas.



Definition 1. a) Thz symbols 0, 1 and the variables from X are B-terms.
b) If Ay, A2 are B-terms, then Ay, (A1 VU Az), (A1 N Az) (or A1d2 in the
abbreviated form) are B-terms.

Definition 2. o) If A, As are B-terms, then (A1 = As), (A1 £ A2) are both
B-formulas and BP-formulas.

b) If Fi, F> are BP-formulas, then 1 F, (F1\V Fs), (FIA\ F2), (F1 > F),
(F1 = F>) are BP-formulas.

In dealing with B-terms, B- and BP-formulas we shall omit the “outer
parentheses” and also the parentheses “‘superfluous because of the associative
law”. Therefore we admit also the notations with the symbols \/,A, U, N
for disjunctions, conjunctions, joins and meets (of a finite number of formulas
or terms), respectively. For the sake of uniqueness we assume that the terms
in these expressions are lexicographically ordered. If 4., A; are B-terms,
we put

0 0
(1) Uda=U4i=0, Nda=Ai=1
i=1 71

e aEd
and, similarly, for the “empty” join and meet of the elements of B (in this
case we write = instead of ==). The “empty” conjunction (or disjunction)
of propositions, of propositional formulas, of BP-formulas mcans a fixed true
proposition, a fixed tautology, the BP-formula I = I (likewise a false pro-
position, -a propositional contradiction, the BP-formula ~]( I= I)), respec-

tively. .

If F(z) is a BP-formula and 4, A(x) are B-terms, then we put
(2) Fo(x) = 71 F(x), F'(x)= F(x),
(3) A'=d, A%z) = A(z), A' = A, A\(z)= A(2)

and similarly for A(b) and F(b) (b € Br).

- Definition 3. By a B-relation (BP-relation) we call the realization F of « B-
formula (BP-formula) F(x) in a Boolean algebra B.

- Remark. From the definition of BP-formulas it follows that the system S
of all the BP-relations in a given B is closed with respect to the set union,
the set intersection and the complementation, so that S, considered with the
.mentioned operations, forms a Boolean algebra (a subalgebra of the Boolean
algebra of all the n-ary relations in B). In the case of the B-relations the
situation is changed: neither the complement nor the union of two B-relations
need to be necessarily B-relations. It is easy to find out that in the two-element
B there are no other BP-relations besides the B-relations; later we shall see
that in every B containing more than two elements there exist much more
BP-relations than B-relations.
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Definition 4. We say that the BP-formulas Fi(x), Fa(x) are equivalent and
we write Fi(zx) ~ Fa(x), if

(V B, b)(F1(b) < F2(D)).

If Fi(x) ~ Fe(x), then F1, Fy are equal as m-ary BP-relations in any B.
(For a “sufficiently large” B also the contrary holds: if ¥ = @ in B, then
F(x) ~ G(x) — see the assertion bs) of Theorem 4.)

Two arbitrary BP-formulas can be considered as formulas with the same
free individual variables (see the agreement before Definition 1), and thus,
Definition 4 introduces an equivalence relation on the set of all the BP-
formulas. It is evident that the relation ~ from Definition 4 is a congruence
with respect to the propositional operations (used for formulas).

2. Characteristic sets of B-formulas and of n-tuples

For arbitrary B-terms A4:, 4,

(4) (A1 < o) ~ (MU A =1),
(5) (AL = A2) ~ ((A1U 42) N (A1U A) = 1)
holds. Further it is known that to every B-term A(x) there exists a B-term
(6) Tu@ = 2} (MCDrr=(n,...,7))
reM j=1

{the analogy of the complete disjunctive normal form of a Boolean function —
see [2], Theorem 5.4, p.215) such that (V¥ B, b)(A(b) = Tm(b)). Hence, to
every B-formula F(z), there exists a B-formula Ra(x) = (Tam(x) = I) (where
M C D) equivalent to F(x). It is easy to show that, given a B-formula
F(x), the set M C D» is determined uniquely.

Definition 5. The B-formula Ru(x) = (Tu(x) = 1), where M C D» and
Tr(z) is defined by (6), equivalent to a B-formula F(x) is called the normal form
of the formula F(x) and the set M is called the characteristic set of the formula
F(x) (both with respect to the variables x1, ..., xn tn this order). M will also
be called the characteristic set of the B-relation F or Ry in an arbitrary B.

If we denote a B-formula by a notation of type F(zx) (see the text before
Definition 1), it implicitly means that its normal form and its characteristic
set are considered with respect to the variables «1, ..., x5 in this order.

The vector of the values of the characteristic function yar : D* — D (ym(r) =
= 1 < r e M) of the characteristic set M(C D») of a B-formula F(x) can
easily be obtained by a 0-1-method if we consider F(x) as the notation of the
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Boolean function of the variables z1, ..., x,, where we replace U, N, =, <

by the symbols of disjunction, conjunction, negation, implication and equi-
valence, respectively.

Lemma 1. For the normal forms of B-formulas Ra(x), Rn(x), Ra(z) (1 =
=1, ...,m), where M, N, M; C Dn», there holds

(7) (VB,b) (Ru(b) = Rw(b), if MCN,

(8) | Ru(z)A Rx(z) ~ Ryyoy(®),

(9) /\ R, () ~ Ru(x), if M = n M;.
=1 =1

0

(9) holds also for m = 0, if we put (| M;= D" (=1 in the Boolean algebra
i=1

2", u, N, 7)) — ¢f. (1)).

Proof. The assertion (7) is evident. Let us suppose that Ry (), Ry(b) hold

for some b € B*. Then, for r = (r1, ..., "), $ = (81, ..., 8x), 7, § € D7,
n n
E,=N0b7, Es=[)b,
j=1 j=1

there holds B, N Es = 0 if r £ s, and E, N\ E; = E, if r = s. Therefore

n

U Ney= U E=UEnUE=1n1=1.

reMNN j=1 reM NN reM seN
Thus R,;~x(b) is valid. The converse implication in the proof of (8) follows
from (7). Finally, (9) can be verified by induction.
Now we introduce an auxiliary notion and we prove some lemmas. In a
fixed B we choose some b € B* and we consider the system of all the sets
M; CD® (v =1, ..., m) for which R, (b) holds. According to (9), also Ra(b)

m
holds, where M = n M;. Hence we can formulate the following definition
-1
(the set My introduced in the definition always exists).

Definition 6. If b € B, then the smallest (in the sense of the set inclusion)
set M C D» for which Ry (b) holds ts called the characteristic set of the n-tuple b
(in the given B) and is denoted by My.

Remark. In any B, every set M} is evidently non-empty.
Using relation (7) we get the following

Lemma 2. a) Let M C D" and My be the characteristic set of b € B". Then
(a) M = My iff Ru(b)A (Vt € M) 71 Ry (b)),

(b) Ru(b) iff M, C M.
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Lemma 3. Let My be the characteristic set of b € B*, M = {s € D*| "|Rp._(b)}
My={seDr| (b} #0,s=(s1,...,5)} Then My =M = M.
i=1

Proof. Note that Ej.(b) holds for any b € B». Since
(Vs € M) 71 Ry_5(b)
is valid, then, using (7), we get

From Rp. (4(b) which, according to the definition of the set M, holds for
every s € D» — M, from the equality
M= (N (Dr—{s}
seDn-M

and according to (9), we obtain also R(b). Therefore, according to (a) from
Lemma 2, M, = M holds. The equality M = M, follows from

a #1<a #0 (foreveryaeB).

Definition 7. "4 set K C Dn is called solvable (unsolvable) in B if there exists
(if there does not exist) an n-tuple b € B such that My = K.

Remark. According to the remark following Definition 6 the solvable sets
are non-empty. '

We describe another way for the determination of the characteristic set
of the n-tuple b = (b1, ..., by) of the elements of the 2¥ element B (k is a posi-
tive integer). Every such B is isomorphic to the Boolean algebra (D%, U, N, ~)
with the operations ‘“‘componentwise’” defined, where 0 U0 =0, 0U 1 =
=1U0=1uU1=1 and similarly the meet and the complement. Further
(cf. (3)):00 =0=11=1,10=1 =0 = 0,i.e.foru,v € D?,u = (u1, ..., Un),
v = (v1, ..., vy) there holds '

s

(10) w'=1 < wu=u0.

=1

Let ¢: B— D¥ be a fixed isomorphism which we extend to the n-tupleé
by the equality by = (big, ..., bup), where we put byp = (bi, ..., bix) (€ D¥).

for ¢ =1, ..., n. Let App be a matrix of the type » X k with the row vectors*
bip ¢t =1,...,n) and the column vectors s, = (bin, ..., bun) (A =1, ..., k).,
Schematically :

O - © RN

* Here and in the following we use the description row vector or column veeton:ohly
for placing them in a particular matrix. We do not distinguish them otherwise. , .

1.15;
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81 ... 8

oo

b1 ... bix < b](p
Apg={ .o..... .
bnl bnk < bn(p
Let us denote Npp = {81, ..., sk} (sn evidently need not be pairwise different

for h =1, ..., k).

Lemma 4. Under the notation just introduced the following holds in every 2¢
element algebra B (k = 1):

a) My = Npg, that is My is the set of all the column vectors of the matriz Apy.

b) A set K C Dn is solvable in B if and only if K # 0 and card K < k.

Proof. Since ¢ is an isomorphism, then My = My,. Thus, it is sufficient
to show that Mpp = Npp. Let s € Npg, i.€. s = sp = (b1n, ..., bua) for some
h = k. Then

n

N G = (.., OB, ...)=(..,1,...) %0,

i=1 i=1
i.e., according to Lemma 3, s € Myy. If t = (t1,...,¢n) ¢ Ny, then ¢ +# s
(h=1,...,k) and

n

Nb=0Gk=1,..,k), N (bip)* = 0.
i=1 i=1
Hence, according to Lemma 3, ¢ ¢ Mp,.

b) The assertion follows from a) if we recall the following : For every K con-
sisting of m column vectors there exists a & column matrix 45, which contains
all of them (and contains no others) if and only if m < k.

Remark. The solutions of the equation Mp = K in a 2% element B, where
K = {s1,...,8} CDnis given (r < k), are thus exactly those n-tuples b for
which the matrix 4, contains all the column vectors sy, ..., s; and no others.

Lemma 5. In a Boolean algebra B with at least 2" elements every non-empty
set N C Dn is solvable.

Proof. For a finite B with 2% elements, where k = 27, the assertion follows
from b) of the last lemma. In the case of B being infinite, it is sufficient to recall
that, for every positive integer p, B contains a finite subalgebra having at
least p elements.

3. BP-tautologies

Definition 8. 4 BP-formula F(x) is said to be a BP-tautology if (VB, b)F(b).
Our next aim is to determine a necessary and sufficient condition for a BP-
formula to be a BP-tautology.

116



Let p1, p2, ... be propositional variables, p = (p1, ..., p») and ~ be an
equivalence between propositional formulas defined by 4 ~ B if and only
if (4 = B) is a propositional tautology. To every propositional formula A(p)
(containing no other variables than pi, ..., pm) there exists an equivalent
formula of the form

AV oY, where M CDm s=(s,...,5m)

seM i=1
(the analogy of the complete conjunctive normal form of a Boolean function —
see [2], p. 215). It is clear from Definition 2 that every BP-formula arises
from some propositional formula by substituting the propositional variables
by B-formulas. The equivalence ~ of propositional formulas yields the
equivalence ~ (Definition 4) of BP-formulas obtained after the substitution
(see [1], 2.1, p. 283). Hence (see also Definition 5 and the text preceding it),
every BP-formula F(x) is equivalent to a BP-formula of the form

(11) * /\V RM.

8eM i=1
where M CDm, s = (81,...,8m), My CD*» (1 =1,...,m).

Theorem 1. Let (11) be a formula equivalent to the BP-formula F(x). Then
F(z) is a BP-tautology if and only if, for arbitrary s = (s1, ..., sm) € M, there holds

Wa=..=m=1 = @sm =D
b= == = [)M=0;

c) if there are i, j < msuch tkat 8i =0, 85 =1, then
(12) @jsm(sy=1, (M CM).

8i=0

Proof. According to definitions 4, 8, F(x) is a BP-tautology if and only
if also formula (11) is a BP-tautology, i. e. iff

(13) (Vs € M) (VB, b) \”} R} (b)

i=1
where b = (b, ..., b,) € B~.
Let us suppose that (13) holds and choose s = (s1, ..., sn) € M.

a) Let s; = ... = s, = 1, i. e. we can omit the exponents in (13). In virtue
of Lemma 5, in an algebra B of 2*" elements there exists an n-tuple b of its
elements such that M, = D». Following (13), there is a j < m such that
Ry, (b) holds, i.e. M, C M;, according to Lemma 2. Hence D* = M, C M;
(C D”) M j = Dn,
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b) Let sy = ... = sy = 0. Let us denote N = [} M; (C D) and suppose
i-1
that IV £ 0. Consider again the mentioned B and an #n-tuple b € B» such that
My = N. Then M, CM;, Ry (b) 4 =1, ..., m). Thus, we get

ARMi(b), j\/l IR, (B), TV Ry, (b)

which is a contradiction to the assumption (13).
c¢) If there are 7, j < m such that s; =0, s; = l let us suppose that, for
P= M, ‘

8i=0
(14) =1 = P—DM;#0 (1=j=m).
To the set N = |J (P — M;) # 0, again according to Lemma 5, there exists
8;=1
an n-tuple b € B” such that M, = N. Following (14), for every j < m, where
s; = 1, there is an element b; e P — M; C N = My, that is b; € My, by € M;.
Therefore, according to Lemma 2, ~] Rj; (b) for s; = 1. Moreover, for s; = 0,
we have My =N CP CM;, Ry (b), ~1 Ry, (b). This is a contradiction

o (13).

Let us suppose that our criterion holds. The disjunctions in (11), where
S1=...=8p=1o0rs = ... = sy = 0, are evidently BP-tautologies (in the
second case we use (9)). For an m-tuple s € M with different components
and for b € B, according to ¢), either (3¢ < m) (s; = 0, 7] B,.,(b)) (i-e. (13)
holds) or, for every ¢ < m, where s; = 0, there holds R, (b) (i.e. My C M;).
Then My C () M; CM;, Ruy(b) for some j, where s; = 1. Therefore (13)

8i=0
holds.

Remarks. 1. Since, according to definitions 4 and 8, the BP-formulas
Fy(x), F5(x) are equivalent if and only if the formula Fi(z) = F2(x) is a BP-tau-
‘tology, it is possible to verify the equivalence of the given BP-formulas with
help of Theorem 1.

2. Theorem 1 can be used also for the generalization of the form (11), where

m, n, x = (%1, ..., y) depend on s (but not on ¢) and M; also depends on s:
m(s)
(15) AV Bip
seM i=1
where M CDIUD2U ..., Mys) CD»o (1 214 < m(s)),
8 =(81-++, Sm(s), x(S) = (@1(8), .-+ Xu(s)(8))»
e{xl,...,xn} for seM, 1 =1 < n(s),

i obz?(s) #xj(s) for ¢ +£7j, se M.
The form (15) is more complicated than (11) but in the case of a particular
given BP-formula it is usually shorter than (11) and the conditions a), b), c)
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from Theorem 1 can be verified easier than from (11). (In order to save the
unity of notation it is necessary to put M;(s), Ms(s), m(s), n(s) instead of
My, My, m, n, respectively.)

3. We shall describe the 0—1-method for testing of the criterion from
Theorem 1. First we find out (by the method described previous to Lemma 1)
the characteristic sets of B-formulas from F(x) (with respect to the variables
21, ..., %s). Then we substitute for the B-formulas propositional variables
(instead of formulas with the same characteristic set we substitute the same
variable). The obtained propositional formula can be performed, e.g., to
the minimal conjunctive normal form. The disjunctions of the formula can
be ordered in such a way that the negations precede the other terms. Finally,
we obtain the form (15) if, instead of propositional variables, we substitute
the normal forms of the corresponding B-formulas with respect to the minimal
number of Boolean variables but in such a way that in the same disjunction
there are only normal forms with respect to the same variables in the same
order.

For every s = (s1,...,5m) € M we write s as an ‘“‘exponents column” and
in the corresponding rows the vectors of the values of the characteristic
functions y,,, of the characteristic sets M; of the B-formulas. We obtain
a “B-formulas matrix’’ B; of the type m X 2" (where every column corresponds
to a certain n-tuple r € D). In the exponents column zeros (if they exist
there) precede the units. Thus, Bs can be devided into a submatrix with
0-exponents‘‘ By and a ,,submatrix with 1-exponents‘ By;. Theorem 1 implies
that a BP-formula is a BP-tautology if and only if, for any s € M, there holds:

a) If the exponents column contains only units, then B; contains a row
with only units.

b) If the exponents column contains only zeros, then Bs contains no column
with units only. '

c¢) If s contains both components, then Bs; contains a row with a unit-in
any column whose part in By consists of units only.

4. Equivalence of the BP-formulas

In the entire section 4 we put m = 2% and the domain of the variable 3
will be 2P". Further we shall choose a fixed (e.g. -lexicographical) order
My, ..., M, of all the sets M C D=,

If, for s = (83,5 - .- 8y,) € D™, we put
(16) Esx) =V Rj(x)
MCDr



(we omit the indices of M), then every BP-formula F(z) is equivalent to some
formula of the type
(17) AE(x) (N CDm)

seN
(which is a particular case of (11) for m = 2°"). First we find out which of the
formulas Es(x) are not BP-tautologies.

Let K CD». We put sy(K) =0 for K CM; sy(K) =1 for K ¢ M and
$(K) = (831,(K), ..., 83, (K)). We note that for Ky # K, also s(K1) # s(Ko).
Thus, for Ex(z) = Esxk)(x) there holds
(18) Ek(z) = \ Ry®(x), where sy(K)=10 < K C M.

MCDr

Lemma 6. In the notation just introduced there holds : Ex(x) is not a BP-tautology
if and only if there exists a non-empty K C D such that s = s(K), i. e. Es(x) =

Proof. Let s = s(K), § = K CD». Then (0,...,0) #%s % (1,...,1) and,
according to c) from Theorem 1, Es(x) is not a BP-tautology because there
isno M;H K= [{M|K CM}= N{M |su(K) = 0} such thats,, (K) = 1.

Conversely, assume that Eg(x) is not a BP-tautology. Since M = D» for
some M and n2D" = 0, according to Theorem 1, neither s; = ... = s, =1
nor sy = ... = 8 = 0 can be valid. Thus, only the case ¢) remains. We put

Then K C M for sy = 0, but for no M such that sy =1, K C M is valid,
because, according to Theorem 1, Es(x) would be a BP-tautology (thus, K = 0
is also impossible because then K C M would hold for every M ). Therefore,
in all cases sy = 0 < K C M so that (V M)(syr = su(K)), s = s(K).

In the following lemma we find to the formula Eg(r) (§ = K C D») an
equivalent but shorter formula.

Lemma 7. Let
Qx(@) = T1Rk(@)VV (Nay=0 (¥ #K CDn).
scK  j=1
Then Qk(x) ~ Eg(x).
Proof. According to (18) we have
(19) Ex(x) ~ 'V TIRu(z)V V Ru(x).

MDOK K+eM

According to de Morgan’s rule, following (9) and using the equality K =
= {M|M CK}, we have \V TIRu(x) ~ ~] Rg(x). Thus, it is sufficient

MYK
to show that
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(20) V R}w b) n bSJ — 0
K+ M seK j=1
for every n-tuple b € B~.

Let\/ Ry(b). Then there exists aset M C D»and an n-tuple 8= (81,...,81) €
K+¢M

€ K — M such that Ru(b), Ry {s}(b) hold (because M = M — {s}). Thus,
Rp._gy(b)(by (7)) n b = 0, which glves the right-hand side of (20) (because

Jj=1
s € K). Conversely, let the right-hand side be valid. Then for some s e K,
M = D» — {s} (p K) we have Rm(b), which gives the left-hand side of the

cquivalence (20).

Lemma 8. Let Ex(x) (where K C D*) be defined by (18), W = 22" — {0}
and Sl, Sy CW. Then
(V¥ B, b)( VEK < A Ex() < A Ex());

KeS1 KeS2 KeS) =+ Sa
/\ EK /\ EK iff S1 Sz .
KeS KeSg

Proof. Weput 7 = Dm — {s(K) | Ke W}, T; = {s(K) | K € 8:}, T: =
={s(K)|KeW —8;} (¢=1,2). Then

i) TUT,T;=Dn, TNTi=TnT;=TinTi=0 (=12).
Forevery K € W, K € S;iff s(K) € T4 (¢ = 1, 2) and, it is easy to see, K € Sy —-
= 8, iff s(K) €Ty —T2. Thus, we have to show that, for any B and b € B,
(i) AEs®) <= AB(b)

seT' 8eT's

holds iff A Es(b). Instead of 7] A Es(b), according to Lemma 6, we can
8€T1~Ts 8eT:
write 71 A Es(b) and this, according to (i), holdsiff A Es(b) (i = 1, 2). There-

8eTUT, $€T1
fore (ii) is equivalent to

(iii) ( AEs®V AE:®)A ( AEs()V A Es(b))

seTs seTa seTy 8eT's
Using the distributive law and the fact that E, (b)\ E,(b) holds for s; # s»
we see that (iii) holds iff

A EBA A Esb)

seT1NTa seT1NTa

that is A Es(b)

8eTy1 Ty

The assertion b) follows from a), according to Lemma 6, if we recall that
Sl—i-Szzg < 81 = 8.
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Theorem 2. For every BP-formula F(x) there exists exactly one system Sp C
C S(n) = 2°" — (B} such that

Fx) ~ A Ex(),

KeSr
where Eg(x) is deﬁned by (18). Moreover
Qo F@) ~ G(2) < S = Se

holds. Finally, F(z) is a BP-tautology if and only if Sy —= 0.
Proof. F(x) is equivalent to a formula of the type (17). If we omit all the

‘factors from the conjunction A Es(x) which are BP-tautologies, we obtain
an equivalent formula /\Es(x)se\i/vhich, according to Lemma 6, can be written
in the form A EK(x‘.)s,EN\!vhere Sr C S(n) (according to the agreement made
after relationgc?F) there can also Niy = Sp = 0 hold). The uniqueness of Sp

and the equivalence (i) follow now from b) in Lemma 8; the assertion giving
a condition for F(x) to be a BP-tautology follows from Lemma 6.

Remarks. The formulas /\EK ) form a ’natural” system of representa-

tives of the classes of equlvalence of the BP-formulas — they arise from the
complete conjunctive normal forms (see [2], p. 215) with the propositional
variables p1, ..., pm (m = 2%") if we replace p; by the normal form R, (x)
(¢t =1, ..., m). Due to Lemma 7, Ex(x) can be replaced by Qx(x). The formulas
/\QK form some reduced system of representatives — they are substan-

tlally shorter: Qx(x) is approximately twofold but Ex(x) 2" — fold longer
than Rg(z).

For a one element set K C D» instead of Qxk(x) it is possible to use an
equivalent but shorter formula 7] Rx(z). Moreover

Qx(x) ~ 7] Unx"—O\/\/ nxs’~

séK j=1 seK j=1

where, for card K < 271, the formula on the right-hand side is shorter than
Qx(z) (if we consider Z; as one symbol).

Definition 9. The system Sg from Theorem 2 is called the characteristic system
of the BP-formula F(x) (with respect to the variables x1, ..., xy in this order).

For the variables for which we determine Sy a similar remark as the one
following Definition 5 holds. Sz depends on the order 1, ..., z, but, according
to b) from Lemma 8, it does not depend on the order My, ..., My of the sets
M C D (because another order changes Eg(x) from (18) only in the order
of its terms).
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Lemma 9. The characteristic system Sp of a BP-formula F(x) equivalent
to the formula

k
(21) V Rj(x) (N;CDr;j=1,....k

j=1
contains a non-empty set K C D if and only if
(22) K CNj < 8=0 (j=1,...,k).
Proof. It is sufficient to consider pairwise different N;. Hence, if
(23) Ni=N; => 81 =9 (¢i=1,...,k),

then we can omit the terms of the disjunction (21) corresponding to the
“repeated” N; and in (22) leave out the corresponding ¢, j; if (23) is false,
then F(z) is a BP-tautology, Sr = § and (22) holds for no K. Thus we suppose
further that N; are pairwise different and that N; = M, (j =1, ..., k), where
My, ..., My (K £ m=2%) is the order mentioned in the introduction to
section 4. We put

m

E(x) =V Ryf),  H@ = \E),
where ¢ runs over the m-tuples (i1, ..., {n) € D™ such that (Y5 < k)(¢;, = ;).
Using the well-known theorems of the propositional calculus we have H(x) ~
~ F(x). If we omit the terms of H(x), which are BP-tautologies (see Lemma 6),
then, with respect to the uniqueness of the characteristic system, it is sufficient
to prove that from the disjunctions Ex(r) (see (18)), where 7+ K C Dn,
there belong to the terms of H(x) exactly those which satisfy (22). But,
according to (18), this follows from the fact that (22) is equivalent to the
condition (Yj < k)(sy,(K) = ).

Theorem 3. @) Let F(z) be the BP-formula from Lemma 9 and S(n) = 2" —
— {0}. Then

Sr=(N2"—-PHnSm—-U2" (

8;=0 8=1

b) If S; is the characteristic system of the BP-formula Fi(z) (¢t =1, ..., k),
k k

IA
IIA

Jj= k).

then the characteristic system of the formula A Fi(x) is S = |J 8.
i=1 =1
Proof. a) is a consequence of Lemma 9 and b) follows from Theorem 2.
Remark. Since every; BP-formula F(x) is equivalent.to a conjunction -of
BP-formulas of the type (21) (cf. (11)), Theorem 3 gives an effective method
for the determination of the system Sr to a given F(z). (The determination
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of Sp by the method from the proof of Theorem 2 is, for particular formulas,
very slow: conjunctions (17) of disjunctions (16) with 22" terms are used.)

5. BP-relations in a given Boolean algebra

In this section we present some theorems concerning the BP relations.

Lemma 10. Let 0 £ K C D®. Then (V B, b)(@k(b) < M, # K).
Proof. Choose B,b e B® and K C Dn. According to (18) and Lemma 7,

(24) Qk() <=V RBud)VV T1Rub),

K+M M>K

where the index M runs over 22", Further, according to Lemma 2,

(25) V Ru(b) < (IM CD"\(K & M, M, C M),
K¢M
(26) V T1Ru() < 1 A Rud) < T1Rk(d) < M, ¢ K,
MD>K MDOK

where the second equivalence in (26) follows from (9) and from the equality
N{M|K CM CDr} =K.

Now suppose @k (b). If My ¢ K, then M, # K. If M, C K, then, according
to (24)—(26), K & M, M, C M for some M C D». Thus, My # K.

Let M, # K. If My ¢ K, then, according to (26), (24), @x(b) holds. If
My C K, then, for M =' My, there is M, CM, M CK and K ¢ M (in the
other case K = M = M, # K). By (25), (24), K ¢ M, My C M imply Qx(b).

Remark. According to Lemma 9 and the remark following Lemma 4, it
is possible, for small n, to find all the n-tuples b € B* (if card B = 2*) for
which T1Qxk(b) (i.e. My = K), where the set K = {s1,...,s} C D is given
(r £ k). It is sufficient to choose ¢ : B — D*¥ preceding Lemma 4 and then
gradually construct from the column vectors sy, ..., s, all the matrices 4y,
and with it the n-tuples bp and also b. If we know the characteristic system
of the BP-formula F(z), according to Theorem 3 the above construction gives
a constructive method for the determination of all the n-tuples b belonging
to the BP-relation ¥ in a finite B.

According to Lemmas 10 and 4, we get the following

Lemma 11. Let Qx be the realization of a BP-formula Qk(x) (see Lemma 7)
in a 2% element B. Then Qg = B* if and only if card K > k.

Theorem 4. Let k be a positive integer and Si(n) (or S(n)) the system of all
the non-empty and at most k element (or of all the non-empty) subsets of the set
Dn. Let F(x), G(x) be BP-formulas with characteristic systems S, Sg¢ and let
F, G( C Bn) be the realizations of these formulas tn a given B. Then there holds:
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If B has exactly 2% elements, then
a1) F = B if and only if Sp N Sp(n) = 0;

as) F = @ if and only if Sp N Si(n) = Se¢ N Sk(n);
as) (to a given F) there exists a system S = Sgr C Si(n) such that
F =@
KeS
The system Sigp is determined uniquely, that is

F:G@SkFZSkG-

If B has at least 2%" elements (thus, it can also be infinite ), then
b)) F = B» if and only if Sp = 0, 1. e. off F(x) is a BP-tautology;
b2) F = G if and only if Sr = Sq, 1. e. iff F(x) ~ G(x).

Proof. Let card B = 2k,

a1) According to Lemma 11,

(27) F=Kn k= @k,

eSr KeSrNSk(n)

i.e. F = Bniff Sp N Si(n) =0 ([ @k = B» =1 in (B», U, N,~) — cf. (1)).
Kez
az) Let us denote S; = Sr N Sk(n), S2 = S¢ N Sk(n). In virtue of (27)

and an analogous equality for G, F = @ if and only if, for every b € Bn,

A @k() <= A @x(b). According to Lemma 8, the last condition is equivalent
Ke$i KeS

to (Vb e Br) A Qx(b),i.e. (VK € 81— S2)(Qx = Bn). This holds iff S; =
KeS1+- 53

=82 =0 (see (Lemma 11), i.e. iff S8; = S,.

ag) According to (27), 8 = Sr N Si(n). The uniqueness of the system S
can be obtained in the same way as 81 = Sz in as).

Let card B = 2%,

b1), by). If k = 27, card B = 2%, then both assertions are special cases
of a1), ag) (because Sp N Si(n) = Sp and similarly S¢). If B is infinite, it
contains a 2% element Boolean subalgebra By, where k = 2. Then Fy =
= F N B} is the realization of F(z) in By. Thus, the condition F' = B" implies
Fo = By, Sp = 0. Similarly, if F = @, then, for Fo = F N By, Go = G N By,
we have Fo = Gy, Sr = S¢. The converse implications in bi), be) are trivial.

As a consequence of Theorem 4 we have

Theorem 5. The number of all the n-ary BP-relations in a 2% element B is

24 where
2
on
te(n) = Z ( .
?

1=1
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The number of all the n-ary BP-irelations in an at least 2% element B is 222"-1
(i. e. the non-equivalent BP-formulas have different realizations).

Theorem 6. Let S(n), Si(n) be the systems from Theorem 4 and let Sr be the
characteristic system of the BP-formula F(x) with the realization F in an at
least 2% element (or an exactly 2% element) B. Then F is a B-relation if and only
if the eqality Sp = S(n) — 2M (or Sp N Sk(n) = Sk(n) — 2M) holds for some
M C Dn. (If the condition holds, then F' = Ry.)

Proof. According to Theorem 3, S(n) — 2™ is the characteristic system
of the B-formula Ry (x) (M C D»). Now we use bg) and ag) from Theorem 4.

Remark. In B = (D, U, N, ") there holds Ry = M for every M C D».
Thus, every n-dry relation (i. e. also every n-ary BP-relation)in a 2 element B
is a B-relation.

The last two theorems concern the inclusions between two BP-relations.

Theorem 7. Let Sp, S be the characteristic systems of the BP-formulas F(x),
G(x) with the realizations Fg, Gp in a given 2% element B, respectively, and let
Si(n) has the same medning as in Theorem 4. Then Fz C Gg holds of and only

Proof. The realization of the BP-formula F(x) A G(x) with the characteristic
system Sy ,o = Sr U S¢ (see Theorem 3) in B is Fp N Gp. Thus, Fp CGp
(i. e. FgN.Gp ZFB) holds iff (SF U SG) N Sk(n) =8rN Sk(n) (see ag) from
Theorem 4), i.e. iff Sp N Sp(n) > Se¢ N Sk(n).

Theorem 8. In the notation from Theorem 7 the following assertions are equi-
valent '

(a) Fp CGp for every B;

(b) Fgp CGg for some at least 2°" element B;

(¢) Sr D8ec.

Proof. (a) = (b) is trivial. Suppose (b). Then, according to Theorem 7,
SN 8n) DSeg N S(n) (because Si(n) = S(n) for k = 2n), i.e. (¢) holds.
Finally, (¢) = (a) follows directly from the definitions.

Finally we shall apply the last theory to the case » = 2. According to
Theorems 2, 4 (we keep the notation), we shall determine all the binary BP-
relations in an arbitrary B. (Instead of (0,1) we shall write only 01 etc.)
There holds » .

S(2) = 2" — {¥} = {{00}, {01}, {10}, {11}, {00, 01}, {00, 10}, {00, 11}, {01, 10},
{01, 11}, {10, 11}, {00, 01, 10}, {00, 01, 11}, {00, 10, 11}, {01, 10, 11}, D2}.

(The first four elements form the system S1(2), the first 10 form S2(2); S3(2)
is composed of the first 14 elements and, ultimately, Si(2) = 8(2) for k = 4.)
Now for the fifteen K € S(2) in the given order we can determine the formulas
Qx(x) and, according to the remarks following Theorem 2, also the equivalent
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shorter formulas Fi(2), ..., Fis5(x), where = (21, 22) (instead of ~1(... = ...}
we write only (... 7% ...) and we omit the sign of meet):

Q@) ~ Fi(x) = @&z # 1), ..., Quooy(a) ~ Fs(x) = ((TaZ2 U 1122 7 v
V @& = 0)V Tz = 0)), ..., Quuiuy®) ~ Fu(@) = (@2 # 0)V
V (@ = 0)V (@@ = OV (22 = 0)), Qu(z) ~ Fis(x) = (@ = 0)V
V (Bixe = 0)V (1% = 0)\ (vixz = 0)).

All the binary BP-relations in a 2, 4, 8, at least 16 element B are given by all
the conjuctions which can be constructed of the first four, ten, fourteen, all

the formulas Fi(x), ..., Fis(x), respectively. The obtained relations are pairwise
different.
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