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Matematicky &asopis 23 (1973), No. 3

A NOTE ON THE COMPLETENESS OF L,

OLGA VAVROVA, Kogice

There is a connection between the completeness of L, and the completeness
of the metric space of all sets of finite measure (see [1]). It has been shown in
[2] that the completeness of the measure space can be formulated and proved
by means of some properties of the families of sets of “‘small measure. We use
a similar method in the present paper to prove a generalization of an L,-
-completeness theorem.

First we introduce a sequence {(,}, , of sets of extended real valued me-
asurable functions defined on a set S and satisfying some axioms. An example
of such a sequence is the following. Let (S, >, u) be a finite measurable algebra,
Gy = {f-measurable, fslf]qd,u < o, Gy — {f, f € Go, fsifl“d,u <2

The operations f -+ g, of etc. are defined as usually, only we put
0 4 (— ) = (— ) -} () = 0, 0. co = 0. Hence we list the axioms:

L
I1.

111.
1v.

V.

VI.

VIL

IffEGn, then ]fl Ean, n = O, J, 2, ..

If f ey, g is a measurable function such that |g| < f on S, then also
gely.

Iffelu,geCGu,thenf+gely, f+ gelyforf gely.

If faeGo, n=1,2, 38, ..., fa [ far1 — fu €Gy, then also fe Gy
(o 7 fif fu(@) £ fara(x) and lim f,(x) = f(2) for every x € S).

N—>0

If {oru ), is a sequence of real valued constant functions and lim o, = 0,
N->00
then to any n there is m such that the constant function f(x) = ay,

x €8S, belongs to Gy.

For every real nonzero constant 4 and positive integer n there exists
an index m such that f € G,,, implies Af € G, ((Af) (x) = Af(x) for every
zel).

If fu—f (i. e. for every 2 €8 lim fu(x) = f(x)), fu € Gp1 for n =
n—>0
=0,1,2, ..., then fe Gs.
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VIIL If feGo, M = {x:|f(x)] < 0} and ¢ measurable, g .yy € G, then
ge@,.

Theorem. Let g =1, A = {feGo, |fleecb}, U= {(f.9):|f — gl2eCy}
m=0,1,2, ...)and Z = {Uyn}y o. Then (4, &) is a complete uniform pseudo-
melrizable space. Furthermore, there is a translation invariant pseudometric d
on A such that & and A generale the same uniformity on A, and ). € R {f.};
in 4, d(fu, 0) = 0 imply d(Afy, 0) - 0.

Proof. Let ¢ > 1.

We prove the completeness of (4, #). The base & of A is countable. Hence
A is complete if every Cauchy sequence is convergent (see [3]). Let f, %
denote the convergence in (4, Z). It means: f € 4 and to every k there exists
Ny such that (fy, f) € Uy for n = No. A sequence {f,,}; , is Cauchy in (4, Z)
if for each k there exists N such that (fy, fu) € Ug for n, m = N.

Let {fu}n.1 be a Cauchy sequence in (4, #) and let ¢ = 1 be given. By V
there is 4 > 0 such that

1 q
(1) -A?-1 € G441, where p = —-!“

» g1
By VI there is m; such that
(2) (ZQ) 1071% Glis1.
Since {fy ), is Cauchy, there exists k; such that
(3) (fus fm) € Um; for all m, m = k;.
From (2) and (3) it follows that
(4) (A9)7 |fn — fml? € Gy for all n, m = k;.
The inequality

a®  be
s b= | @b=0
P q
implies (@ = 4, b — |ful@) — ful@)}, € 8):
‘ - 1 ,
(5) :fn — fml < (Ag)? ;fn ”"fmlq + Al (mmz k@)
»

But (1), (4), (5), 111 and II imply
(6) Jo—fmneGiforall n,m = k;.
Let {k}2, be a stnctly increasing sequenco of integers such that k; = k
(for example, k; — max {k;, ..., k;} + 1). Then (6) implies fi;,, — fi; € @
(¢ 2 1), since kyyy > ks = k).
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Put now g, _ g . n @
W ho = |fi kz::]j,mlmfki!, t=1, 2, .... Then > h; 7 > I,
n-1 =0 =0

n
=S}, &
s %k' - go hi € G, hence ZO h;i € Gy according to IV. Finally define

=

1) = fu@) + 3 (Fren@® — fislo)),

=1

if > hi(x) converges and
-0
fl@) =0
in the opposite case. Then f is a measurable function, for which [f| < > ki € Go,
i=0

hence f € Gy according to I1. Put M = {x: > hi(x) < o). Evidently fi; . yar —
i=0

—f . xm. According to VII and to VIII fi; % f. Now it is not difficult to prove
that [f|2 € Gy and also fu L f.

The base Z gives on A a base of neighbourhoods of 0, which form a topology
on A; the discrete product of these neighbourhoods forms a topology on 4 x
X A = {(x,y):x €4,y e A}. Since the function f(v,y) =« + y from 4 X 4
into 4 is a continuous function (I1I) and the function ¢(«, ) = ax from
A x A = {(«, x), a-real number, x € A} into 4 is a continuous function too,
A is a linear topological space. One can easily define on 4 a translation in-
variant pseudometric d, such that d generates the same uniformity on 4 as %,
and the following holds true: for every sequence {fx}, , of elements of 4,
if d(fyn, 0) — 0, then d(Afs, 0) = 0 for every real number 1 ([4,5]).

In a case ¢ = 1 the proof is simple.

Let us remark that the space 4 needs not be separated.
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