Matematicky casopis

Zdena RiecCanova
A Note on Absolutely Measurable Sets

Matematicky c¢asopis, Vol. 18 (1968), No. 4, 339--345

Persistent URL: http://dml.cz/dmlcz/126869

Terms of use:

© Mathematical Institute of the Slovak Academy of Sciences, 1968

Institute of Mathematics of the Academy of Sciences of the Czech Republic provides access to
digitized documents strictly for personal use. Each copy of any part of this document must contain
these Terms of use.

This paper has been digitized, optimized for electronic delivery and stamped
with digital signature within the project DML-CZ: The Czech Digital Mathematics
Library http://project.dml.cz


http://dml.cz/dmlcz/126869
http://project.dml.cz

Matematicky &asopis 18 (1968), No. 4

A NOTE ON ABSOLUTELY MEASURABLE SETS

ZDENA RIECANOVA, Bratislava

On a non-empty set X there are given two systems C and U of subsets of X
fulfilling a certain system cf axioms. Let us take all outer measures y defined
on the smallest hereditary o-ring H(C) over C such that all sets of C are y-
measurable. The sets of H(C) that are y-measurable for all such outer measures
y are called absolutely measurable. We show (Theorem 2, Theorem 4 and
Theorem 5) athat every absolutely measurable set £ can be approximated
(according to any examined outer measure) by sets of C from within and by
sets of U from outside, under the assumption that either y is finite on C, or

there exist Uy € U such that |J U, 2 E, y(Un) < 00,7 =1,2, ...
n=1
From this result we can get particularly the regularity of absolutely measur-

able sets according to all Carathéodory outer measures in a metric space
([2], Theorem 12, p. 11) and the regularity of absolutely measurable sets
according to all Carathéodory outer measures in a locally compact Hausdorff
topological space ([3], p- 203).

If X is a non-empty set of elements and A is an arbitrary system of subsets
of X, then we denote by R(A) the smallest ring, by S(A) the smallest o-ring,
by H(A) the smallest hereditary o-ring containing the system A. We shall
use according to [1] the notions ring, o-ring, hereditary o-ring, as well as
measure and outer measure. If X is a topological space and A = X, then by 4
we denote the smallest closed set containing the set A.

Let X be any non-empty set of elements. Let C and U be any systems of
subsets of X fulfilling the following conditions:

Vi.0eC, deU.

Ve. If UyeUfori=1,2, ..., then | UieU.
i=1

V3. If C;, C>eC, then O, U Cs e C.

V4. For any two sets U and C such that U e U, C e C we have U — C e U,
C —-UeC.

V5. For any set C € C there exist sets U € U, C; € Csuch that C < U < (.

Ve. U = S(C).
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V7. For any set C € C there exist sets U; e U (2 = 1, 2, ...) such that C =

=N U.

i=1

By » we shall denote in the present paper an outer measure defined on
H(C). In agreement with [1] we shall call a set F € H(C) y-measurable if
Y(4) =y(A N E) + y(A — E) for any 4 € H(C).

Definition 1. Put o/1 = {y: all sets of C are y-measurable}, oZs = {y: all sets
of C are y-measurable and y is finite on C}.

Note 1. The following assertions can be easily proved:

1. H(C) = H(U), S(C) = S(U)..

2. y e &1 if and only if each set U € U is y-measurable.

3. y e o1 if and ouly if (4 U.B) = p(4) + y(B) for any pair of sets 4,
B e H(C) for which there exists C'e C such taht B < C and 4 N C = 0.

4. ye o/ if and only if y(4 U B) = y(4) + y(B) for any pair of sets 4,
B e H(C) for which there exists U € U such that B < U and 4 n U = @.

Example 1. If X is a metric space, C the system of all closed subsets of X
and U the system of all open subsets of X, then &/ is the set of all Carathéodory
outer measures in X.

We easily find out that the systemé‘ C and U fulfil the conditions V; — V5
and the system H(C) coincides with the system of all subsets of X. An outer
measure in X is Carathéodory (i. e. y(4 U B) = p(4) + y(B) forany 4, B < X
such that o(4, B) > 0) if and only if every closed subset of X is y-emasurable.
The proof of this assertion see e. g. in [6].

Example 2. If X is a locally compact Hausdorff topological space, C the
system of all compact G5 subsets of X and U the system of all open sets be-
longing to §(C), then .o7; is the set of all Carathéodory outer measures defined
on the smallest hereditary o-ring over the system of all compact subsets of X.

We easily find out that the systems C and U fulfil the conditions V;—V7.
If C; is the system of all compact subsets of X, then H(C;) = H(C). An outer
measure on H(C;) is Carathéodory (i. e. (4 U B) = y(4) + y(B) for any
A, BeH(C;) such that there exist open U, V such that A< U, BcV,
U NV = @) if and only if each set of C is y-measurable.

The proof of the assertion that each set of C is measurable according to any
Carathéodory outer measure see in [4]. On the contrary we shall show that
if y is an outer measure on H(C;) such that each set of C is y-measurable, then
y is a Carathéodory outer measure on H(Ci).

Let 4, Be H(Cy) be such sets, that there are open sets U, V for which
A< U, B<V,UNnV =40. The set 4 is evidently o-bounded, i. e. there
exist compaot sets Kn (7’1, =1, 2, ) such that 4 < U K,. We have AN

n=1
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N K, < A < U for any n. Because X is a locally compact Hausdorff topolo-
gical space there are open sets U, e S(C) such that AN K, < U, < U.
Put 0 = U U,. Clearly O € S(C) i. e. O is y- measura,ble and hence

n=1
y(4 U B) = y[(4 U B) n 0] + y[(4 U B) — 0] = y(4) + y(B).

Definition 2. Let y be an outer measure on H(C), a set E € H(C) is called:

a. outer regular according to y, if y(B) = inf {y(U): E = U e U};

b. tnner regular according to vy, if y(E) = sup {»(C): E > CeC};

c. regular according to y, if it is at the same time outer regular and inner regular
according to y.

Definition 3. Put ‘
B, = {E: E € H(C), E is y-measurable according to each y € &1},
B; = {E: E € H(C), E is y-measurable according to each y € s/2}.

Theorem 1. B; = B;.

Proof. Clearly B; < B;. Let E ¢ B;. Then there exists y € &71 such that &
is not y-measurable. It means that there is a set 4 € H(C) such that y(4) <
<94 NE)+ y(4 — E). Put p*(B) = y(B N A) for any B e H(C). Clearly
y* e 2. We have

y*(E) = y(E N A4) <y(d) —y(4 — E) = y*4) — y*(4 — B),
hence
r¥d4) <y*(EB) + y*(4 — E) = y*(E N 4) + y*(4 — B).
It means that the set E is not y*measurable, i. e. E ¢ B;. Therefore By = Bs.
Definition 4. 4 set E € H(C) is called absolutely measurable, if £ € By = B,.

Theorem 2. Every absolutely measurable set is regular according to each outer
measure y € Aa.
First we shall prove a few lemmas.

Lemma 1. If Uy, Us €U and there is a set'C € C such that Uz < C, then
U nUsel.

Proof. Ur N Uz = Uz — (C — U,). According to V4 we have C — U e C
and Uz, Uz — (C — U1) € U. Hence Uy N UzE u.

Lemma 2. If E € H(C), then there are sets Crne C (n =1, 2, ...) suck that
E < U Cr.

Proof. Let B={4:4 <O Cue C, n=1, 2, ...}. B is evidently

n=1
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a hereditary system, closed under countable unions, hence B is a hereditary
g-ring. Further C < B. Hence H(C) < B.

Lemma 3. If y € o2, then all sets of C are outer regular according to y.
Proof. Let y e /5 and C e C. According to Vs there exist sets U e U,
D e C such that C < U < D. According to V7 there are sets Uy e U(n =1,

...) such that C = ('\ U,. Hence C = ﬁ (Un 0 U). According to Lemma 1

=1 n=1
we have U, N UeU for n=1, 2, ... Further (Un N U) £ y(D) < ©
(n = 1, 2, ...). Put Vn = Un N U, I‘n - n Vn Thell IIvﬂ € Uy Wn = IV”+1’
k=1
y(Wa) <oo,mn=1,2,...and C =N W,.
n=1

Because the restriction of the function y on §(C) is a measure on S(C) and
by Ve we have U < §(C), then

8

lim p(Wy) = (N Wy) = y(0) < 0.

n-> 00 1

Choose an arbitrary ¢ > 0. Then there is a positive integer ny such that
P(Wa,) < p(C) + &. Thus we showed that y(C) = inf{y(U) : C < U e U}.

Lemma 4. If y € o2, then all sets of S(C) are regular according to y.

Proof. Let y € o75. Let 7 be the function defined for 4 € §(C) by the equali-
ty 7(4) = y(A). Clearly 7 is a measure on §(C), #(C) < oo for € € C and ac-
cording to Lemma 3, all sets of C are outer regular according to 7. By theorem
8, [5] all sets of S(C) are regular according to 7 and hence according to y.

Lemma 5. Let y € os. For any A € H(C) put

yo(d) = inf {y(U): 4 < U < U}.
Then yo € A>. '
Proof. Let y € &72. Then the function 7 defined for 4 € §(C) by the equality
7#(A4) = y(A4) is a measure on $(C). Let y* be the outer measure induced by 7
on H(S(C)) = H(C). For K € H(C) we have

y*(B) = inf {y(F): E < F € S(C)}.

Let us show that yo(E) = y*(E) for any E € H(C). U = S(C) by Ve and hence
yo(E) = y*(E). By the help of the regulartiy (with respect to y) of the sets
of S(C) of a finite measure, we easily prove that y*(E) = yo(E).

We showed that yp is the outer measure induced by a measure on S(C).
Hence all sets of S(C) are yo-measurable, therefore yo € .o/1. If C € C, then
»0(C) = y*(C) = y(C) < o0, 1. e. yo€ As.
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Lemma 6. Let y € o/s. Let for A € H(C)
yo(A) = inf {y(U): 4 < U e U}.

Then, if E is yo-measurable and yo(E) << oo, E is outer regular according to v.

Proof. According to Lemma 5, yo € &72. Let E be yo-measurable and yo(F) <
< 00. Choose an arbitrary ¢ > 0. Then from the definition of y it follows
that there is U € U such that U > E and

ro(B) + & > y(U) = po(U) = yo(U N E) + yo(U — E) 2 po(B) +

i. e. ¢ > »(U — E) and the assertion is evident.
Proof of Theorem 2. Let y € %72 and let E € H(C) be any absolutely
measurable set. First we show that ¥ is outer regular according to y.
According to Lemma 2, there are sets C, € C (n =1, 2, ...) such that

E < U Co. PutE, =EnNC, (n=1,2,...). Then B, are absolutely measur-
n=1 )
able sets for » =1, 2, ... and we have £ = | E,.

n=1

Let po be the outer measure on H(C) defined for 4 € H(C) by the equality
yo(d) = inf {p(U): A = U e U}. According to Lemma 5 we have yg€ o/
and hence E, is yo-measurable. Futher we have yo(#,) < yo(Cn) < o for
n =1, 2, ... According to Lemma 6 the set E, is outer regular according to

o)

y and hence £ = |J E, is outer regular according to y.
m=1
Let us show now that ¥ is also inner regular according to y, If there is C € C

such that £ < C, then C — FE is absolutely measurable set and according to
the first part of proof, C — E is outer regular according to y. Choose an arbi-
trary ¢ > 0. Then there is Ue U, U > C — E such that y(C — E) 4+ ¢ >
> y(U). Thus y(U) — y(C — E) < e. Further we have C — U < E and ac-
cording to V4 we have € — U e C. We get

Y(E) —y(0 —U)=y[E —(C—-U)] 2y[U—(C—E)]=
—y(U) —9(C —B) <.
Now let E be any absolutely measurable set. According to Lemma 2 and

V3 there are sets C, € C, Cp, < Cpy1 (=1, 2, ...) such that £ < U C,.

n=1
Hence we have y(E) = lim y(& N Cy). If ¢ < p(&), then there is no such that
¢ < y(E N Cy,) and by the previous the set £ N (4, is inner regular. Hence
there exists a set CeC such C <« EnN Oy, = F and ¢ < y(C). Hence E is

inner regular according to y.
Note 2. As a corollary we get from Theorem 2 the theorem on regularity
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of absolutely measurable sets according to any Carathéodory outer measure
in a locally compact Huasdorff topological space ([3], p. 203).

Theorem 3. Every absolutely measurable set in a metric space X is regular
according to any Carathéodory outer measure in X that is finite on the system of
all bounded closed sets.

Proof. Let X be a metric space. Let C be the system of all closed bounded
subsets of X. Let U be the system of all open subsets of X. The systems C
and U clearly fulfil the conditions V1—V3, V7. If A4 is any closed set, then

-}
A = (4 N Cn?), where Cn? = {y : o2, y) < n}, and x is an arbitrary but

n=1
fixed element of X. Hence 4 € §(C) and also every open set belongs to $(C).
Hence V¢ is proved. The assertion of Theorem 3 follows from Theorem 2.

Theorem 4. Every absolutely measurable set o is inner regular according to
each y € /1 for which y(Eo) < 0.

Proof. Put y*(E) = y(E N Ey) for E € H(C). Then clearly y* € <75, hence
Ey is regular according to y*. Further

y(Bo) = y*(Ho) = sup {y*(C): Bo > C & €} — sup {y(C): Bo > C e €}
i. e. Hy is regular according to y.

Note 3. From Theorem 4 the theorem on the inner regularity of absolutely
measurable sets in metric space follows ([2], theorem 12, p. 11). That is why
we choose only in Theorem 4 a metric space for X, the system of all closed
subsets of X for C and the system of all open subsets of X for U. See also
Example 1.

Note 4. The assertion does not hold that every absolutely measurable set
Ey is outer regular according to each y € &/1 such that y(Eo) << co.

Let X = (—oo, o) be the metric space with usual topology. For £ < X
we define y(E) as the number of elements of the set E if Z is finite and y(E) =
= oo if E is infinite. Let C be the system of all closed subsets of X, U be the
system of all open subsets of X. Then evidently C and U fulfill the conditions

Vi—Vq. It is easy to show that y € /1. Clearly no finite subset is outer re-
gular according to y.

Theorem 5. Every absolutely measurable set E is outer regular with respect
to each y € & such that there is U e U, U D E and y(U) < oo.

Proof. Let E € B,. Let y € &/1 be such that there is Ue U, U o E, y(U) <
< 00. For A € H(C) define

ro(4) = y(4 N V).

Clearly yo € /2. According to Theorem 2 the set E is regular according to
yo and hence also according to y.
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Theorem 6. Every absolutely measurable set is regular according to any outer
measure y € £/1 such that for any C € C there is a sequence of sets Up € U, y(Uy) <
o
<w((rn=1,2 ...)and C < U U,.

n=1

Proof. Let y € &7/ have the mentioned property. Let & € B;. Then there
is an ascedent sequence of sets U, € U such that y(Un) < 0 (n =1, 2, ...)

and £ < U U,. According to Theorem 4 and Theorem 5 the sets £ N Uy,

n=1
are regular according to y for n =1, 2, ... Clearly £ = u (Z N Uy) and
y(B) = lim y(& N Uy,). The regularity of the set & follows lmmedlately from
n-> 0
this fact.
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