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A DECOMPOSITION OF A FUNCTIONAL
AS A DIFFERENCE OF TWO POSITIVE FUNCTIONALS

JAN SIPOS, Bratislava

The present paper deals with a generalization of the theorem concerning
the decomposition of a generalized measure as a difference of two measuies
and of the theorem concerning the decomposition of Daniell integrals. Functions
on lattices of a certain type are examined. A special selection of lattices gives
the theorem about the decomposition of the measure and of the integral.
A similar method was used in papers [2] and [4].

Let us introduce some notation first. v y, A y — will denote lattice
operamons xn A % (2 ) will be written iff x4 £ 211 (Xn11 £ @a) for every »
and \/ =z (A = 2).

n=1 n=1

Let S be a distributive lattice with the operations 4, —. We shall use
the following conditions:

(21) There is an element 0 € S such that x — = 0 for every x € S.

(a2) If «, y,ueSand0§x§y<v then 0 s y—x <v—2a 2.

If 2,y veSandv =2 =y 0thenv=u—JSx—J§0

(a3) If @, x, xzp €S and x, 7 x(xn N\ z), then 2y Aa 7z A e and ¢ — 2,
Nad—z@mVeaeN2xzVaeand ¢ —ax, T a— ).

() b=a+ b —a)if0=asborifb=zac=d.

(as) f u < vand a £ b, then a +u < b + o.

Let I be such a function on S that, for every a € S, the set
{H@x))an0=2x=Zav 0}
?'s either upper or lower bounded. We shall use the following conditions:
(b1) I(a) 4 1(b) = I(a v b) 4~ I(a A D)

for every a,b e S.

(b2) 1(0) = 0.

(bs) f0 <cx<a=b0Ly=<b—aorifb<zac=zz
then

IIA

0,b —a

IIA
<
lIA
>

I+ y) = I(x) + 1(y) .
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(ba) If an 7 @ or a, N a, and |I(a,)] < oo, for every n, then
lim I(ay) = I(a).
Definition. For a € S we define

Ii(a) =sup{I(z) /0 £« £ a}, Ix(a) =inf{I(x) /0 <z < a} if @« 2 0, and

I3(a) sup{l(z)/a = a =0}, Iy(a) =inf{Il(x)a <2 =<0} if a §_0.

IIA 1A

Proposition 1. Let S satisfy (a1) and I satisfy (bz). Then the following assertions
hold : :
(i) 11(0) = Ix(0) = I3(0) = I4(0) = 0,
(ii) I and I3 are non-negative, ia and I are non-positive,
(i) If 0 £ a £ b, then Ii(a) < I1(b) and Iy(a) = Is(b),
If a £b <0, then I3(a) = I3(b) and Is(a) < I4(b).

Proposition 2. Let S satisfy (a1), (az), (as) and I satisfy (bs) and (bs).
If 0 sv=asu ¢>0, Ii(u) < oo La(v) > —w0) and [(w) £ I(x) 4 ¢
(L2(u) = I(x) —¢), then —e = I(w) (Iw) Z¢). If ux=v=0, ¢>0,
I3(u) < oo (La(u) > —oo) and Is(u) = L(x) + ¢ (La(u) = I(x) — &), then —& <
< I(0) (I(v) < o).

Proof. We shall prove the assertion only for I;. The proofs for Iz, I3 and I,
are analogous.

IIAHIA
IATIA

Let 0 s v a2 u e>0, 1(n) <<ooand [i(u) < L(x) + ¢ and let I(v) <
—e. Since ) £ v £ , it follows from (bs) and (az) that
(1) Ix) =I1I(w) + L(x —v), 0fSax—v=u
and

L) + I(x — v) < L(u) + I(v) < Li(u) —¢.
From this and from (1) it follows
I(x) < Iy(u) — ¢,
which contradicts the assumption. Hence I(v) = —e.

Proposition 3. Let S satisfy (a1), (a2) and (a1), and let I satisfy (by), (b2)
and (bz). Then
(2) Ij(a) 4 £;(b) = Ij(a v b) 4 Ij(@ A D)
Jor j — 1,2, 3, 4 wherea,b = 0incasej=1,2, and a,b < 01in case j — 3, 4.
Proof. The proposition will be proved only for j = 1. The proof forj = 2, 3, 4

is analogous.
Let a,b = 0, and let Ii(a v b) — oco. Let ¢ be such that

0§;t§a\/ba



then (since S is distributive)
t=(@nt)Vv (DAL.
From the definition of I; and from (b1), (bs), (as) and (az) we obtain
Iy=1ItAa)+IENDYy—I(tNaND) =
=ItAa)+I((EAND)— (EAaAnD))

and
0sbAty—(@AbAE)=D.

Since 0 £t A a £ a, we have

I(t) £ LLi(a) + I(b) .
Further,
oo =1Ii(avb)=sup{I(t)/0 =t = avb} =< Lia)-+ L),

hence (2) holds.
Now if Ii(e v b) < oo, then also Ii(a), T1(b), Ii(a A b) < . Let a,b € S,
a,b 2 0 and let ¢ be any positive number. Choose z, y € S with

L) £ l(z) +¢2 O<z<a,
Lk) = Iy)+¢2 O0=sy=sb,
then using (b;) we obtain
I(a) + Li(d) = I(x) + I(y) + e =L@ Vvy) + I Ay) + ¢,

where

0sxzvy=savhb, 0sxNy=aAnbd.
Therefore

Iy(a) + I1(b) £ Ii(a v b) + Li(a A D) + €.

The inequality holds for every & > 0, hence

4) Iy(a) + I1(b) < I1(a v b) + Ii(a A D).
Now we prove the opposite inequality. Let ¢ > 0. Choose z € 8 with
(5) Iiavd) 2 I(x)+e, O0Zx=ZavVvhd,
then
(6) Ii(a v b)+ Ii(a Ab) < I(x) + Ii(@ A D) + €.

Clearly ® = (x A a) V (x A b) (since S is distributive). This gives
(7) I@) + Iianb)+e=I((xAa)V (@ Ab)+ Ti(and)+¢.
From (6), (7) and from (b;) we have
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Lavd)+Tiand) £ I@na)+ I(xAb)—I(xAanbd) +
+I;(a/\b)—|—s,

where 0 £ xAa L a, 0 £ xAb b, therefore
(8) Diavb)+ Dianb) < @) + hia A b) — 1@ A a A D) + Lib) +e.

Choose y € S with
Land) = I(y)+e, 0sy=anb,
ther

Li@anbd) —I(xAandb) <Iy)—LxAaAbd)+¢.
Owing to (b;) we have
Land) —Hznand) = Ixvy) +Ixny) — I@x) — I(xhaAnb)+e,
where 0 < xVy = a Vb, therefore
La@Ab) —IxAand) £Iiavd) —Ix)— TxAard)—I(xAy)) +¢.
From (5) and from the condition (bs) it follows that
(9) Iiand) —IxhnaAndb) £2e—IxAhanb—zAY),
where 0 £ x Ay = 2 A a Ab. Then from (as) it follows
O02xhnaANb—xAy=x=avh.
If in Proposition 2 we put

u=aVb and v=a2AaAb—2xAY,
we can see that

(10) —IxAarnb—aAYy) Se.
From (8), (9) and (10) we have

Ii(a v b) + Ii(a A b) £ [1(a) + I1(b) + 4,
and so

() Ii(a v b) + 1y(a A b) = Ii(a) + 11(b) .
From (4) and (11) it follows
Ii(a v b) + Ii(a A b) = Ii(a) + T1(b) .

Proposition 4. Let S satisfy (a1), (az), (a1), (as) and I satisfy (b1), (b2), (b3).
Then

I;(0) = Ii(a) 4 I;(b — a)
Jorj=1,2if0<a<b, and for j=3,4ifb<a=0.
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Proof. Tet 0 < a £ b, e > 0, I1(b) < 0. Chocse x € S with
Iib) = [(x) +¢ and 0=x<D.
It follows from the last inequality, (b;1) and (bs) that
(12) L) s J@ha)+I@va)—I@) +e=1IxAa)d+I(xVa—a)t:.

Since 0 £ a £ xV a £ b, from (ag) it follows that 0 S xve —u <b— 1,
and so from (12) we obtain

I(b) = Ii(a) 4 I1i(b — a) 4 =
Therefore

(13) 1) = Ix(e) + 1a(b — a).
If 71(b) = oo, then the proof of (13) is similar but we must use the fact that

) /anO0 2w Zav 0}
is lower bounded.

Now we prove the opposite inequality. Choose , y € S with

Ii(a) £ I(x) + ¢/2 0sx=ua
and

[i(b — a) £ + ¢/2 0<y=<b—a.

Then from (az), (bs), (as) and it follows that

I(y)
(as)
Ia) + Li(b — a) = I(x) + I(y) + e = I(x + y) + ¢

and

0<=x+ysa+(b-—-a)=D>.
Hence
(14) L(a) + Nb —a) S 1.(b) + ¢

From (13) and (14) we have
Iy(a) + Li(b — @) = I.(b) .

The proofs for 72, /3 and I are analogous.

Proposition 5. Let S satisfy (a1), (az), (a3), (a4), (as), I satisfy (b1), (b2
(ba). If @, xn = 0 and xy 7 a(xy \ a), then Ii(xp) ~ Ii(a) and ]2(.’1111)
({1(zn)  T1(a) and Is(zp) o Io(a)). If a,xn < 0 and x, 7 a(x, \( @
I3(xa) \ Is(a) and La(xa) 7 La(a ) (Is(xn) A Is(@) and Iy(xn) g Is(a)).

Proof. Let a, 7 a, x4, @ = 0, then for every n

(15) I@r) = Ii(a) .

), (l);
N (!I)
)s

then

Let I1(a) < «c, then for every ¢ > 0 there is £ € S such that
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(16) Ii(@) £ It) +¢ and O0=<t=<a

From (ag) we have x, At 7 a A=t
Since 0 < 2, At £ 2y, on grounds of (bs) we have

(17) I(t) = lim I(xn A t) £ lim Iy(xy,) .
From (16) and (17) we obtain
(18) Ii(a@) = lim Ii(zn) + ¢ .

The proof follows from (15) and (18).
Let now Ii(a) == oo, then for every N there is an element £ e .S such that

0 £t <aand N < I(f). Similarly we can easily see that
N £ I(¢) £ lim Iy(zy)
for every N, therefore
lim [1(zy) = co.
Let now x, N\ @. From (ag) it follows that
X1— & Jx1—a and 0 —xp, x5 —a=0.
From the first part of the proposition it follows that
Ii(xs — wp) A Li(21 — a) .
According to Proposition 4 we obtain
Ii(z1) = In(xn) + Di(2r — ay) .
Hence
Iy(wr) = lim In(zn) + lim Iy(2y — 2p) = lim I1(xs) + Li(21 — a)
and so
Ii(x1) — In(eer — @) = lim Iy(x,) ,
therefore from Proposition 4 it follows that
(@) = lim Ii(zy) .

The proofs for I, Is and I, are analogous.

Proposition 6. Let S satisfy (a1), (az), let I satisfy (bs), (bs). If a = 0, then

(19) I(a) = Ii(a) + 12(a) ,
if a £ 0, then
(20) I(a) = I3(a) + Is(a) .
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Proof. Let a = 0, then I(a) = oo (I(a) = —oo) if and only if I;j(a) =

= OO (Iz(a) = —OO)
That means, if /(«), Ii(a) or Iz(a) is co or —oo, then (19) holds.
Let now I(a), I:(a), Iz(a) be finite. Let ¢ > 0. Choose z € § with

Ii(a) £ I(zx) +¢ and 0 =Lz 2 a,
then 0 < a — x £ a and hence
I(a — z) = Ja(a).

Therefore it follows from (bs), that for every ¢ > 0,

IIA

(@) + Ifa) < I(@) — I(a — @) 4 ¢ + Ls(a)

< I+ lla—2z)—fla—2z)+¢ec=Ia) +e.
Hence
(21) Ii(a) + Is(a) = L(a).
Let now ¢ > 0 and « be such that

I(z) £ Is(a) +¢ and 0 =22 £ a.
Then 0 £ a — z £ a and from (b3) we obtain
I(a) = I(z) + I(a — x) = I(x) + Ii(a) < Is(a) + Ii(a) + ¢

It follows from the last inequality that
(22) I(a) £ Ii(a) + Ia(a).

The obtained inequalites (21) and (22) complete the proof. The proof for
@ £ 0 is analogous.

Definition. We denote
It(a) = Ii(a v 0) + Iy(a A 0), [(a)= —Is(a v 0) — Is(a A 0).

Then the following theorem holds:
Theorem. Let S satisfy (ai1), (az), (as), (aa), (as) and I satisfy (b1), (bs),

(bs), (ba). Then
(i) I+(0) = I-(0) = 0,
(ii) If @ < b, then It(a) < It(b) and I-(a) < [-(D),
(ii)) If @ A @ (20 \ @), then I*(xa) A [H(@) (I+(za) s T+(a)) and T~(x,)
A I(a) (I=(zn) \ I (a)),
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(iv) For every a,be S we have
It(a) + I*(b) == I*(a V b) + I*(a A D)
and
I-(@) 4+ I=(b) = I-(@ vV b) + I~(a A b).
(v) It(d) = It(a) + It(b — a) and I~(b) = I-(a)+ I-(b — a)
f0<asborifb=zacsl.
(vi) For cvery a €S we have
I(a) = It(a) — I(a).

Proof. The statements (i), (ii), (iii), (iv), (v) follow from Propositions 1, 3, 4, 5.
We prove (vi). Let a € S. From (b;) and (bg) it follows that

I(a) =I(¢v 0) + L(a A 0O).
However a v 0 = 0 and a A 0 < 0, hence from proposition 6 we have
I(a) = Ii(a v 0) + Is(a Vv 0) - Is@ A 0) + L4(a A 0) = I (a) — I (a).

It is a natural question whether the decomposition of I is unique. If, e. g.
I*(a) is finite, then

I(a) = 2I'*(e) — (I*(a) + I~(a))

and this decomposition is a different: one. Yet the following proposition is true:
Proposition 7. Let S satisfy (a1), (a2), (a3), (as) and (as), I satisfy (by), (bz), (bs)
and (bs). Let |I(a)] < oo and I = J+ — J—, where J+, J— satisfy (i), (ii), (v)
and (vi). Then It(a) < J*(a), I-(a) = J—(a).
Proof. Let first « = 0. Then

It(a) = [i(a) and I—(a) = —I3(a).
Since |I(a)] << oo, for every ¢ > 0 there is w € S such that
Iie) £ I(u) +¢ and 0 = u =< a.

It follows from the last inequality and from Proposition 2 that 0 < x < u
implies I(x) = —e, therefore Iz2(u) = —e and hence
(23) Ii(u) £ Ii(a) = I(u) + ¢, Ix(u) =2 —¢.
Further, according to (bs) and (23),
I(e — u) = I(a) — I(u) = Li(a) + Is(a) — I(u) £ Iz(a) + &

Ii@a —u) =I(@ — u) — Ig(@ —u) = I(a — u) — I2a) < ¢.
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Hence

(24) I(a —u) £ I(a —u) < Iz(a) +e, Iilea—u) < e.

Since I+(b) — I=(b) = J*(b) — J—(b), for every be S we have
It(u) — I-(uw) = JH(u) — J—(u) .

Thus,

It(u) = JH(u) — J~(u) + I-(u) .
However, I-(u) = —Is(u), —J—(u) < 0, hence according to (23)
(25) It(u) £ JHu) +¢.

Similarly from the relations
I~(a—u)=J (@ —u) — JHa — u) + [t(a — u),
It —u)=Ii{e — u), —JHa—u) 0
and from (24) we obtain
(26) I~ —u) 2 J (e —u)+¢.
Using (26) and
Ite —u) = Jia —u) + I (@ — u) — J-(a — w)
we have
(27) Ita —u) 2 JH e —u) +¢.
From (23), (27) and from the property (v) (Theorem) for /1 and J+ we have
It(a) = It (u) + IH(a@ — u) = JH(u) + JH(@ — ) L 26 = J~(a) + 2e,
for every ¢ > 0, hence
It(a) £ J*(a).
Further
I-(a) = I(a) — J (@) + J~(a) < J~(a).
Hence we obtained
Ita) £ J*a) and I (a) = J(a).
For ¢ < 0, the proof is similar.
Let @ be an arbitrary element from S. From the validity of (i) and (iv)
for I+ and I~ we obtain

Ita)= It av 0) +1Ita A 0) = JJHa Vv 0)+J (@r 0)—=J (n).
Similarly we obtain that I-(a) £ J—(«a).
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The following example shows that if |I(a)] = oo, then the statement of
Proposition 7 need not be valid.

Iixample. Denote J+, J— by

JH0) =0, Jta)= —1, J(0)=0, J(a)= —oco.

Then I = J+ — J— implies that I(0) = 0, I(a) = oo, where S = {0, a} and
0>a, 0O+a=a+0=a+a=a—0=a, 0+0=0—0=0—a=

¢ —a=10. We see that I = I+ — I~ = J+ — J- iz valid although

—1=J%a) << J*Ha)=0.

Corollary 1. Let S be a c-algebra of subsets of X. Let u be the generalized
measure on S. Then there are measures p+ and u~— such that

pwo=pt —pu.

Proof. If 4 and B are any two sets from S, then let 4 v B denote their
union, 4 A B denote their intersection, A — B denote the relative complement
of Bin 4, and 4 4+ B = A v B. Then (a1), (az), (as), (a4), (as), (b1), (b2), (bs3),
(bg) hold and the Corollary is a consequence of the Theorem.

Corollary 2. Let S be a o-algebra of real functions. Let u be the Daniell integral
on 8. Then there are integrals p* and p= such that pt(f) =2 0 and u=(f) = 0
if f= 0, and

po=pt— .

Proof. If f,g are any two functions, let (fvVv g)(x) = max {f(x), g(x)}
(f A 9) = min {f@@), g@)}, (f + 9)@) = f@) + g@), (f — ) = f@) — g(@).
Then (a1), (a2), (as), (as), (as), (b1), (bs), (bs), (bs) are valid and an application
of the Theorem completes the proof.
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