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NOTE ON MODULAR AND DISTRIBUTIVE E QUALITIES
IN LATTICES

JIRI RACHUNEK, Olomouc

In the paper [4] F. Sik studies a sublattice <{a, b, ¢> of a lattice S that is
generated by the triple of the elements a, b, c € S. He investigates the pro-
perties of this sublattice when instead of some modular or distributive identity
in the lattice S there holds a corresponding equality only for the triple a, b, c.
F. Sik considers the following equalities:

Modular:

(1) (@vdb)rnc=avVv (bAc),wherea < c,

(1*) (@And)ve=aAn (bVc), where a = ¢,

2) avparlecva)]l=(avV )A(a ),

(2*) arbv(crna)l=(and)Vv(zArc).
Distributive :

B avdAce)=(@VvdA(aVve),

(3%) endve)=(@Ab)V(aAc),

(4) (@nbd)yvdare)vicna)=(@VDIADBVEA(cVa).
In this paper we shall study some other equalities:

5y [avdae)Aa@ve)=[enDYV )]v(b/\c)

(6) GveAalav (AC)]—(/\b) ( 6V (Aa),
(6%) bAc)vIan (V)= (aVDb)A ¢)A(eVa),
(7)) GAc)vIan(dVe)]=(a )(b/\c)( a),
(7%) (ch)/\[a\/(/\C)]—(Vb)/\(ch)/\(o\/ a) .

It is easy to prove that a lattice S is modular if and only if there holds the
equality (5) for all triples of elements in S (otherwise if the identity (5) is
satisfied in S). ‘

Similarly a lattice S is distributive if and only if the identity (6) or (6%)

is satisfied in S.
Now, let z, y, z be elements of a lattice S. The symbol xyz expresses that
the following is satisfied:

@Ay vViyrz)=y=@@Vy AyV?a).

Then for a, b,c €S we shall denote
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B(a, b, c) = {x € S: axd, bxe, caa} .
There holds

Theurem 1. For elements a, b, ¢ of a lattice S the equality (5) is salisfied if
and only if B(a, X, Y) 5 0, where X is a left-hand side, Y is a right-hand side
of the equality (5).

Proof. 1. If the equality (5) is satisfied, then clearly X € B(a, X, T).

2. Assume that (5) is not satisfied. Therefore

[ax@ve]voarce)<fav dace)]an®Ve).

Let us denote
p=bAc,gq=a,r=bVve.
Then

pErpV@Ar)=0GArce)viaAaBve)]<<[OAc)Vala(dVe) ==
=({@vanr.
Now, we denote

Y=»pv (q/\r):(b/\c)\/[aA(bVC)],
X=@@vorr=[bnarc)yva]ln®Vec),
D = q/\r_a/\( Ve,
E=pvg=av (bArc).

From [1, I, 9, proof of Theorem 9.3] it follows that £ > X > Y > D.
E>q>D,X]|q| Y form a “pentagonal”’ sublattice of S.
Now, let us suppose that there exists z € B(a, X, Y). Thus

(XA2)vV@EAY)=2=(XV2)A(zVv Y).

From Y < X it follows X Az =2, 2=2V Y, thenitis ¥ £ 2 £ X. Thus
X=EANX=@Vva))A@VvX)y=z=(anz)vV(EAY)=Dv Y =17,

a contradiction.
Next we shall study the distributivity of the lattice {(a, b, c).

Lemma. Let the equalities (6), (6%), or equalities arising from (6), (6*) by
some permutation of the elements a, b, c, be satisfied. Then also the corresponding
equality (5) and the equality (4) are satisfied for a, b, c.

Proof. In an arbitrary lattice S there are satisfied ¥ < X, ¢ < t*, where ¢ is
a left-hand side, ¢* is a right-hand side of the equality (4). If now

t=X,tk¥=1,
then
t* =V < X=1¢,

thus
X=Y, t=1t*.
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Let us state the following conditions:
(I) There are satisfied all six distributive equalities that we can obtain
from (3), (3*) by permutations of a, b, c.
(IT) There is satisfied one of the following conditions:
(i) <a,b,c> satisfies the upper covering condition.
(il) <a, b, c)> satisfies the lower covering condition.
(iii) <a, b, c¢> is semimodular.
(ITI) There is satisfied one of six distributive equalities that we can obtain
from (6), (6*) by permutations of a, b, c.
Now, the following theorem holds:

Theorem 2. Let S be a lattice, a, b, c € S. Then the following conditions are
equivalent :

(a) There are satisfied (4) and (11).

(b) There are satisfied (I) and B(a, b, ¢) #~ 0.

(c) <a, b, c) is distributive.

(d) <a, b, ¢> is modular and one of seven equalilies (3), (3*), (4) is satisfied
for a, b, c.

(e) There are satisfied (1) and (III).

(f) <a, b, ¢y is modular and (I1I) is satisfied.

(9) There are satisfied (I11)and one of three couples of mutually dual equalities
that can be obtained from (6), (6%) by permutations of a, b, c.

(k) <a, b, c> is modular and one of sixz equalities (7), (7*) is satisfied for a, b, c.

Proof. Equivalences (a) < (b) <> (¢) < (d) are proved in [4].
(e) = (c):

By (6)

(@Ab)vVBAC)V(cAna)=0bVe)A[aV (DAc)].
By (I)

OGveyAlavdAaAe)=0bBVeA(@VD)A(aVec).
Therefore (I) and (4) are satisfied and hence (c) holds by [2].
(¢) = (e): Evident.
(f) = (d): Let us denote

t=(@Ab)v(Arc)V(Aa),
o==(aVvb)Alcv (anb)].

Let ¢ = » hold. Then

eANt=cA{@anb)VbAc)V(cAa)l}.

Since <a, b, ¢y is modular,
cAt=[cA@AD]VIbAGV(cAa)]=(cra)V (cAbd).
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Furthermore
chv=cA{avd)afev(eanb)]}=cA(aVbd).
Since t = v, ¢ At = ¢ A v; and hence

cA(@vbd)=(cAa)V(cAnb).

(c) = (f): Evident.
(2) = (a): By Lemma { = #*.
(¢) = (g): Evident.
(h) = (f): (7) is satisfied, thus

t=0bAc)vVaA (Vo).
Now, by modular identity (5) there holds

t=0Bve)Alav (bAe)].
(c) = (h): Evident.
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