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Matematický časopis 22 (1972), N o . 3 

GENERALIZATION OF SOME RESULTS FOR EXACTLY 
COVERING SYSTEMS 

S T E F A N P O R U B S K Y , Brat is lava 

We call a system of residual classes 

(1) atimodnt), 0<; at < nt, i = 1, 2, ..., k 

exactly covering if every integer belongs to exactly one of these classes. 
In this paper we shall study exactly covering systems with exactly one 

m-tuple of the residual classes with respect to the same module whereas the 
remaining modules are distinct. The cases m = 2, 3 are investigated in [3] 
and [4], and there the following results are proved: 

Lemma 1. Let (1) be an exactly covering system. Let there in (1) appear one 
couple of the residual classes with respect to the same module and the other one* 
are distinct. Then m = 2l for i = 1, 2, ..., k — 2; nk-\ = nk = 2k~1. (see [3]) 

Lemma 2. Let there in the exactly covering system (1) exist one triple of the 
residual classes ivith respect to the same module and the other modules are distinct. 
Then we have rti = 2l for i = 1, 2, . . . , k — 3; nk-2 = nk i = nk = 3 . 2* - 1 . 
(see [4]) 

We shall study the cases m = 4. 5. and partly 7. 
We can assume in (1) that n\ ^ n2 ^ . . . ^ nk. In [1] it is proved that 

in every exactly covering system we have nk-x = n^. Hence we can suppose 

ni <n2 < ... < njc-m < njt-m+i = ... = nk. 

If (1) is an exactly covering system and z is a complex number, with zx < 1, 
then 

2 z* = 2 z i + 2 z* + . • • + V ~ť 
=0 i=ax(nj) i=a<2(n.2) i=ak()ik) 

i = 0 i^O i>0 

I n the case of m < n2 < ... < njc.-m < nk-m+i = ... = nk we get 

1 zai za2 zak-m zak~m+l + . . . + za' 

— = + + . . . + + :L— 
I —Z 1 — Z»i 1 —Zn2 1 — znk~m 1 — z n k 
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2ni 

Let us suppose z -> e"»*~, \z\ < 1. If 

lim (zak~m+1 + . . . + zak) ^ 0 , 
2ni 

z^e n>c 
|Z|<1 

then the last fraction of the right-hand side tends to infinity but the remainig 
ones are finite. This is a contradiction and therefore 

lim (z
ak~m+1 + . . . + zak) = 0, 

2ni 

z^enk 
|Z|<1 

i. e. 

2ni 2ni 2ni 
^~Z.— a>c-m+l I —— Ctfc-m+2 i I —— ate r\ enk -|- e wfc -]- . . . -)- e »* = U. 

In the following we shall need the following lemma. 

Lemma 3. Let p, b\, . . . , bv, m be integers with 2 <, p <\ 5, 0 < bi < . . . < 
< bv < m. Let 

2m , 2m , 2ni , 

e -^r b l -f e"̂ " a + ... + e~̂ ~ p = 0. 

Le£ no partial sum of this sum vanish. Then 
a) £7*,e residual class bi (mod m/#) contains exactly those integers which belong 

to the system 

bi(mod m), b2(mod m), . . . , ^ ( m o d m), 

if p = 2, 3, and 5. 
b) £fte case p = 4 is impossible. 

2ni , 2m 

Proof . Let us assign to the complex numbers e^r x
 9 . . . , e~™~ p the vectors 

z i , . . . , zv in the usual way. 
a) If p = 2, then the vectors zi , Z2 are conversely oriented and so 

2n 2n 
b\ + n = 62 • 

m m 

We have from here 

m 
bi + — = b2-

2 
In case p = 3 (resp. ^ = 5) we get according to Theorem 6 in [2] tha t the 

209 



vectors z i ,z 2 ,Z3 (resp. z i , . . . , z 5 ) form a regular triangle (resp. a regular 
pentagon). Then 

2 - 2n 27€ 
— 6,_i + — = — fe^, i' = 2 , 3 , 
m m 

resp. 

2л 2 - 2JГ г 
— bѓ-i+— = -—Ь«, i = 2 , 3 , 4 , 5 . 
m 5 m 

After some modifications we get 

m 
6. = Ь . - i + - Г » * = 2, 3, 

resp. 

m 
h = bi-i + —•, i = 2, 3, 4, 5. 

5 

We see that the residual class bi(mod mjp) consequently contains those numbers 
which are contained in the system 

bi(mod m), b2(mod m), . . . , bp(mod m) 

and not any other if p = 2, 3 and 5. 
b) From the mentioned Theorem 6 in [2] it follows that the case p = 4 

is impossible. (We can obtain this statement also if we consider that the vectors 
zi, ..., Z4 form a parallelogram.) 

Now we shall prove some theorems analogous to Lemmas 1 and 2. 

Theorem 1. Let (1) be an exactly covering system. Let there exist exactly one 
4-tuple of the residual classes with respect to the same module and the remaining 
ones are distinct. Then 

ni = 2* for i = 1, 2, . . . , h — 4; nk-3 = nk-2 = nk-X = nk = 2*"2 

or 

m = 2*for i = 1, 2, ...,& — 5; wjt_4 = 3 . 2*-5, ^ - 3 = -•• = n* = 3.2*-*. 

Proof . As we have pointed out we can order the residual classes in (1) 
so that n\ < n2 < .. . < nk-% = nk-2 = nk-\ = nk. We know that the following 
holds for (1) 

'2.ni 2 J U 2.ni -•"*£ 

e ,17at-3 + e». « M + e ^ < , M + e^T "* = 0. 
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Let us decompose this sum into partial sums so that none of them contains any 
vanishing subsum. This is possible in a unique way (with a suitable changing 
of the indices of a\ s), i. e. 

2ni 2ni 2ni 2n\ 
Ct>k-Z i Ct/c-2 Q>k-1 i Ctk r\ g% | e » t = e » t ^ e " * = 0 . 

Then Ave can modify the system (1) into the form (see Lemma 3) 

(2) at (mod m), i = 1, . . . , k — 4; ak-3 (mod nk/2), %-i(mod nk/2). 

If nk/2 < nk-4, the system (2) is exactly covering with exactly one residual 
class with respect to the greatest module, which is impossible owing to the 
result in [1]. 

Let nk/2 = nk-4. Then the exactly covering system (2) contains exactly one 
triple of the residual classes with respect to the same module and the other 
modules are distinct. Owing to Lemma 2 we have 

nk 
m = 2\ % = 1, ..., k — 5; nk-4 = — = 3 . 2*~5 

and after some modification 

m = 2l, i = I, . . . , k — 5; nk-4 = 3 . 2^~5, nk-3 = nk 2 = WJI-I = nk = 

= 3 . 2*-4. 

In case nk/2 > nk-4 we obtain an exactly covering system with one couple 
of the residual classes with respect to the greatest module. From Lemma 1 
we have 

nt = 2\ i = 1, . . . , k — 4; nk-3 = nk-2 = w*-i = nk = 2k~2, 

which proves our theorem. 

Theorem 2. Let (1) be an exactly covering system. Let (1) contain exactly 
one 5-tuple of the residual classes with respect to the same module and the others 
are distinct. Then 

n{ = 2l, i = 1, . . ., k — 5; nk-4 = nk-z = nk-2 = wjt-i = nk = 5.2k~5. 

Proof . We can suppose similarly as in the preceding case that nk-4 = 
= ?U-3 = nk 2 = nk-! = nk and 

27ii 2ni 2ni 2n.i 2ni 

(3) e«. a*-4 + e"^"*-3 + e«. "* 2 + e^"6"1 + eT» to = 0. 
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Let us distinguish the following cases (with a suitable changing of indices 
of a{, s): 

2ni 2ni 2ni 2ni 2ni 
ttjfc-4 i ttk-3 i dk-Z Ctk-l i &k r\ e wit -|~ e »* -(- e »* = e »* + e ** = 0, 

where no of these two sums contains a vanishing partial sum. By Lemma 3 
the system 

(4) at (mod 7 -̂), i = 1, . . . , k — 5; %-4(mod %/3), a^-i(mod nje/2) 

is exactly covering, too. Since an exactly covering system contains at least 
nk 

two residual classes with respect to the greatest module, we have — = njc 5. 

njc njc 
Since — -7-= — , (4) is an exactly covering system with two residual classes 

with respect to the greatest module. From Lemma 3 it follows that 

at (mod 7i;), i = 1, ..., k — 6; ajc-^modnjc/S), ajc-\(modnjcj4) 

is an exactly covering system. Evidently njc\3 > njcj^. Owing to the same con­
sideration we have njc-6 = njt/S and therefore the system 

ai(modni), i = 1, . . . , k — 7; ajc-^modnjc/G), ajc-i(modnjd^) 

njc njc 
is exactly covering. Again — ^ — . 

Thus we can reduce the number of residual classes (4) to two 

( njc \ I njc\ 

mod 1, ajc-\ mod — 1 , oc, B are natural numbers 
2* . 3 / \ 20) 

and this system is exactly covering. For arbitrary natural numbers oc, /5 we 
have 2a . 3 ^ 2$. Therefore (5) is an exactly covering system with two distinct 
modules, which is a contradiction with the result in [1], i. e. this case is im­
possible. 

b) The sum (3) contains no vanishing partial sum. Then we can modify 
the system (1) by Lemma 3 into the form 

ai(modni), i = 1, ..., k — 5; ajc(modnjc/5). 
This is an exactly covering system with one couple of the residual classes with 
respect to the same module. We get from Lemma 1 that 

nt = 2\ i = 1, . . . , k — 5; nk-^ = njc-3 = 71̂ -2 = w*-i = njc = 5 . 2*~5. 

There are no other possibilities of the decomposition of the sum (3) into 
sums with no vanishing partial sum and therefore the proof is finished. 
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The cases with m = 2, 3 and 5 indicate the following statement: Let m be 
a prime number . Let exactly one m-tuple of residual classes with respect 
to the same module appear in the exactly covering system (1) and let the 
remaining modules be distinct. Then the exactly covering system (1) is uni­
quely determined. However, the following holds: 

Theorem 3. Let the exactly covering system (1) contain exactly one 7-tuple 
of the residual classes with respect to the same module whereas the other modules 
are distinct. Then at least the following three cases can hold 

m -= 2«, i = 1, . . . , k — 9; 

nk-s = 2*-7, raj-? == 3 . 2*-s, nk-6 = . . . = nk = 3 . 2*~? 

m -= 2*, i = 1, . . . , k — 10; 

w*-9 = 3 . 2*-w, wt-g = 3 . 2*-», n*-7 = 32 . 2*-i°, 

Wjt_6 = . . . = w* = 32.2*-® 

nt = 2«, i = 1, . . . , k - 7; 

nk-e = ttjt_5 = . . . = nk = 7 . 2*"7. 

Proof . We get similarly as before that nk-Q = . . . = w# and 

2JTŽ 2ni 2ni 

Є nk -f- Є n* -f- . . . -4- Є »* = 0 . 

Let 

2jri 2jti 2TU 2wi 2 m 2jri 2 m 
« A : - 6 I ^ fl-fc 5 ^ ak-4 | ^ ttk-Z „ ttfc-2 i ^ fl*-l i ^ tt/c r\ e»k -V e »* = enk -|- e »* = e w& -)- e n* -}- e »& = 0. 

Then we can modify the system (1) into the form 

ai(mod?ii), i = 1, . . ., k — 7; afc_2(mod wjt/3), afc-4(mod %jt/2), afc_6(mod w*/2). 

rijc n k 

Let — = nk 7 and — = ^ - 8 • Then from the latest system we get the following 

one 

a j ( m o d ^ ) , i = 1, . . ., k — 9; a,t-2(niod ^ / 6 ) , a,t-4(mod nk/6), 

nk nk 
where either nk-Q = — or nk-Q 7- — . I n the first case we get, owing to 

6 6 
Lemma 2, 

nk-s nk-i nk 
m = 2«, i = 1, ...,& - 10; w*_9 = = = — = 3 . 2*-w, 

2 1 3 



and in the second by Lemma 1 

nks nk-i nk 
nt = 2\ i = V...,k- 9; • = = — = 2k », 

2 3 6 

i. e. the first and the second possibilit}r of our theorem. 
The third possibility is obtained if we take an exactly covering system 

of Lemma 1 with h — 6 residual classes and we cover one of the couple of 
residual classes with seven residual classes modulo 7 . 2k~7. (To this possibility' 
leads the case where the vectors z\, . . . , z7 assigned to the complex numbers 

2m 2m 
„ ak-6 fa 

form a regular heptagon.) 
R e m a r k . I t seems there are no more possibilities of exactly covering 

systems with one 7-tuple of the residual classes with respect to the same 
module as in Theorem 3. 
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