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 24(9%)  MATHEMATICABOMEMICA N335

A SEC OND LO OK ON DEFINITION AND EQUIVALENT NORMS

Dedzcated to meessor Alozs Kufner ::}n the c}fzmswn Gf h,a,s 65th bzrthda'y

T Abstmct SDb{}lEV s Grzgmai deﬁnltmﬂ Df hls spacﬁs Lm P(Q) is. rews:tted It {}nly assumf:d
-f thai: Q:C R"is a domain.  With elementary methods, essentlally based on Poincaré’ §
f mequahty for. baﬂa (or: cubes), the ‘existence: of mtermediate derivates ‘of - functmns u E_f_f_f_ff}:;'}"_i'_':lf-_f
Lm*?’(ﬂ) wzth re&pect ta appmprmte norms, and equwalen ce. Gf these norms 1is. pmved

Of théSe results {::btamed up t{) 1949“--50 may be found m Sobolev s monograph [12] |
On the other hand these fumtu}n spa,r:es became a, research ﬁeid of mdependeﬂt__j5}__?..f-:;_'.'_-:}_:'_-}_'-_'
;;::_f.'{f:'{;_:;_.f:3__?_'-_:i-_'1nterest and $mce that t1me the theory of these sp&ces ha,s undergme an. enormous.f;".:-'f._fj-_};':'-_ﬁj.f._-'._'

iifjispaﬁe __________________________________________ ,,fm:m»~v~ew~-.~>~-~~-~.-~»~w<u~~ e -~%-~gg;;;;3;;;avcwram-f****



13 naw:i(;lcw?a Ca,lled “S{Jbaiev .spa{:e Here D‘“’“ amTf" 'n_ @; | den{}tes the weal{
T TR e e e e T T 3ot |

:ﬁ_'-':'_"__'f.f_-f_'.:'_:':i:(01 g,eneralmed) derwa,twe t:Jf U carzesymndmg to the multl—mdex o= {al,, aﬂ}
el = a4 r:rn) ({;f . g [1] [4] [ } [14]) W”’**F"(ﬂ) isa Banach SIJa-::e wzth

f;f.f_.';.3_§;f_if?_.'relee(*t t{:s the norm e P R

._ Q _ {:L e ﬁ%‘”‘* 111 > 1}

It 18 readlly Seen that .

e Lm(m for - any. 1< <g<+oo, Lo

:-:-'-3:37-:'5-':"?}"-.i'f."'::_5"-"'5.".‘1‘.aerefere fer the functian spate Settmg {)f b(}unda,ry value pmblems f()r PDE"‘ 111

Lm’p (Q) --- {‘H E L;ﬁc(ﬂ) BDQHIE LP(Q) ‘v’ Iﬂf] __,.._ m}

ThlS 13 a Shght genez ahzatlon {}f Sobolev S orlgma,l deﬁmtmn [10] [ ] [12] where
j§_}.:‘.f}.ff-_f-_i_i_?jhe used functlons in L} (ﬂ) 11:1 p_l_ace of LIGC(Q) [notzce that the. letters W and L fgr_'_-':3:._':_';_1'_.':._:':':'-_.:'__'.ﬁ

the notation of the a,bove spaces in 1 2] vary in the C{}ntemp{}ra,ry hterature] Our
;:;":':"-.:f5:?"-:".:-'_'-’::-'dfﬁﬁmtiﬁn Df Lm*‘" (ﬂ) commdes w1th that n [6] [7] s S :

o . - “u ” m. p .Q_ G | _ “ . ” Ll (G} + ]u lm pIQ ?

1 Wzthaut any further reference m all that fGHGWS we regtrlci‘, csur dlSGﬂSSIDI]; i;o the ca..se:'_5:5_3_-"_i'i'%":.':'f



fﬁfif§j_5',[5_:3_-'}}'namml of degree < m -—-1 cf Theorem B belsw) a e ()n G’ a,nd ][PH LI(G} = g &1mg:_g:.f;{_:.;:-_f-_f_-;';__l'_:?'_.
P 0 on. G- and thus u =. Pw Q. a e Dﬂ Q) | S
The fgllgv,,r;ng pr{}blems .{}ccul 1} the &tﬂd}’ 0 f the Sp a C eb Lm ;r; ( Q) .5
. emﬁenae Of mtermedmﬁﬁ derwatwes D’ﬁu E Lm(ﬂ ({ p‘{ m-—m- 1) fm mgy_'_::.f_';':.-';};'_i_-fff._f.jﬁ_:
wmpletme&s af Lm*P(Q) wzth reapect ;‘o the mrm }| |[?W_, g c,_ |
6guwa26nc& Gf the norms |} - ||mip,§z Gi far arbﬁfm?'y damam& G;, CC Q (k:.m 1 2)

By usmg the methad of 51311811{:&1 pmgectzf_‘m aperatm% thesa pmhlem& zue settled._5'_:";.'f_::f-_?;‘_-.'_';'_ﬁ_i'-:i
;iflf_?_i'-_'jfi_'{_'i_'f{m 12} for bounded domams Q0 whiah are’ ﬁmte unions Qf dmmms eaﬂh C}f whmh 13
?_'f:_f;f"._:f-j.‘.f".f-'_:'.ﬁ.s;tarshaped with reSpect ta a ba,ll (cf also [3 { 1, 171, {12])
~The aun af i:he pr esent papex 15 to SGIY{, Pr oblf,ms 1. --»3 by cm entnely dzﬁerem c:uzd__-:.-'_'-_:-__'-i}_:'_j;_'_:-;_'_-
f:-f_:'_ff_i.ﬂjfjf;}'-_31mpler methad whzch 15 essentzal_ly ba,sed on Pomcare s mequahty over balls Th1s__fi_":_3';:_f::-_'j.";'_-"_?_f'._-'}
::-_"-_'.:f-_{_:f{'i:__fi_:i:_'{;nequal1ty can be pmved by eleme:ﬁmry ca,lculuﬁ ar gumem:s Mereover we. mtmduce_'-_f:_:-jf;"f_:_ﬁ"_f_-'_'i;;f:;'}'
a, new class {)f norms on me(g) whzch are equwalent t0. the 1101 m H !]T,. PG ;;111(1
;:{_-ﬁ-:f-_f_{:':'f"fﬁ;fgwe a better 13.151ght nto th_e product Spaf:e structure t;}f L”‘*F’(Q) PR S
A m{)re detalled presentatmﬁ {:)f tmr dppmaf:h wﬂl dppear 111 a fmthﬂommg puhh-v-:.'3_.5;f:'}j:-_i:'{i:-'{:'_'-.fi'-_'f
catlan

e 5,:-:;.-:;:; P (m '_'_. {P P ,L) P (m)' e aﬂ /B e W } i Caa

{{x[(m

R ';-Q -vec,tor sp r:u;e Df p@l}'nomlals Of dﬂgree ‘< T ﬂ» 111 W .

f(}r aﬂy Set G C IE” a,nd :r; E G‘ let _____

o | { dlst (:E QG) 1f G ;{: [R n- _____
1

1f G W L

ﬁ‘;} ally : _____ R | '-



o Theorem A Le!; G C ﬁ%’” be a baunded ﬂpen Sei; Then ff:}r any u E Wm p(G‘)
f;._-__.;..1_.-:_:._:._:I;j_:_-__.;i;here eM StS a umquﬁl y determmed pol ynom ;3,1 P E 'p(m - 1) 5gch t h at e

n -. D""" (ﬂ = 'P ) dff = :. VI @l ff# -1 '1 " _' S :f.?ff:j'-fj'-:"f?f:"-f':?'ff'ffff;f:;}f:}i‘fj -
(22) i ” P ” W'inm 1, ; (g) C Huu WH .-1 g? ( G):a

;-'_;3.:_:'}';_'_:-}'f_f'-_?:-'__f_:;-where the constant C‘ depends on}y 011 m n p and mes G

~ Proof. Letm=1 Givenawy ue W'?(G), then ﬁﬁ e

f}f;_if.f_'_i:';'-f._{}i‘;f{-:sa,msﬁes (2 1) (2 2) (mth C= 1) -- S
L Suppose the clmm is true f{:ar m 1 Let u E Wm'i'}“*?’(G) Deﬁne

bt Q(:‘L’) -l L; " bga: w E R Where bﬁ o )3’ mes G : :

(the constant C mvalves beundg 011 {:r:'?’i (M _].j-w- 1} mrer G ) The fun{:tmnfr:ff-;'ff-:'_'}.j::_"

v =. _u - Q hes m Wm=P (G' ) Henf.:e there exzsta a, P 6 P(m = 1) such that
(22”) i H P v u Wm 1 > ( G) Cllv“ Wm 1 » ( G ) C nu“ WH* » ( G) B

.fm-@me Vil =




“““**fé&f*“uﬂe 2emG. j@fl;t}::;;;;;z;:s

P ro {3 f ) Let T E G’ be ar bzfraz}, F{}r 0 < Q ~< d we wnmder the standard

5:'{;3_-_"_';f'_-."f}if__':_molhﬁer ug {m the ball Bgd Then e
!!u — ugltm(m )= 0 as g _+ 0

o D)E= (Dﬂ“)ﬂ(@*” 0. ‘?f € Ed V""}‘* S
Hence there ex1sts a palynomml P(Q) E P(m ----1 such that u | B e _P (E‘) [ B d

The Spaw ’P(m - 1) bemg f(}n}plete Wzth re&pem tO the n{}rm “ ] B . Ll : BI..”).

;:}_-:'_":-f.jfz__";_":f;f:_fthere exzsts a P (I) E 'P( -—- 1) Such that HP “')_ - u o H Ll( B d_r) -—-i» 0 a,s g w-} 0 Thusﬁ

ﬁ . P(m) 3« 8 111 Bd ......... e L L T et
b) Let 2, y E G thh Bd ﬂ Bd # @ Then Bﬂr 1"1 Bd 1s (}pen and thel efore_;ff:f_'-._'-..'-_;:;..f:':.;f.
5'-.'{i_:'{:'ej}f:-_}:{;f;PW =PWonB, NBy,ie PO =pw "
‘3) LEt Zo. € G bﬁ‘ afbitm}’a bﬂt ﬁxed DEﬁﬂe o

j f.'-;.'f.f:'-:i_f}':f:-fCleaﬂy} ;’Eg E M The set M is Gpen, ff:}r 3: e M fmd y E B d, anly Bd ﬂ Baf » # @
~and by b) we have P®¥) = P(®) = Pl=o) je. Bd 'C M. On the other hand, M 1s,'_:ﬁ-;}l;ﬁ_-;'_f!_;-';-':;l;
f-;:._ff'_f_'-f-'jf-__'ij:.’._3irelatwely clased Indeed Iet T 5 € M and :c;; =T E G Then T € Bd fOZ‘ B»H k iwﬂ }
and again 11smg b) nges P(fﬂ) P(iﬂm) — p(mu) 1@ T g M Thus M=G."

d) Set P = P(“""’”) Let G;f (k (:' N) be bounded Open sets su(:h that G‘;.,; CC

G L,+1 CZC G a,ﬁd G e U G ke Gweu aﬂy L e N thele emst q: e G k (z — 1_ )




An elementary pmof c}f thra theorem 3 f{}r m ' 1 whzch is. bd&&d 011 p{)tentla,l
_._5_-_,:__._.-__-_gstlm&f% may be: fozmd in’ [4] ’1 he pr{}{}f f(}r m 2 f(}l]{}wg by mdmtloﬂ

leﬂrem 3 1 Let u E L"'”*?’*’(Q) Then there ex15t the Weak derj vatwes ”

o P r Cl {} f a) Let T 6 Q be arbltra,ry As a,bfjve m the pz mf af Thergi-fem B im
O < Q < d we mnszder the Standard malhﬁer ug 011 Bgd Fm a.ny sequeme (QL
?:1_3:j-'.j':';f_f.j:f..f.Such that G < Q;; <i t:i a,nd Qﬁ: -~>~ O we ha,ve T S N

 <3 D e '-'-4-?# ml

m (mm; -%~ 0 } ugk Im 7 B; -—-+ 0 ab k —+ oo _______

By Thaarem A (mth Cr‘ Bd ) there &msts a P E CD(m - 1) suf.:h tha,t ..

:i : (32) .:f _.fﬁ 53 j_-i_; D (ug, — P,

3:ﬂ;:-_"ffffEf?f;_Deﬁne vk S u, ;; P% . Then D%k = D“um 011 Bd for all [cxl m Usmg (3 1)

and (3 2} T heorem C gzves
 _ im — u e ( B, ) C(dm ) sum - g 1m1p;' 50, = 0 j_ L
ff;'_'f:'-::-'_;j:{f:f'_-_fa,nd thug ; v ﬁ '_'.'_ v H Wm ' ;Q ( 3 j | ) --3~ D as k Z —~+ r::v.::a Hem:e, there exxsts v E WWP(B({ )

Let go E C‘w (Q) Fox any multnndex a wzth [4:11 = m we hame | :

'Bd;'" e T

3 If wé: replace f{}r :B 6 E%”’ the Euclzdea,n .ﬁﬁrm I:I:I ( Z )1/ 2 by the equ:lvalentf-._:_-._:i_-'.:-f:{_:'_-._:..;:

norm [z]es | = max. {ledl,i=1,...,n}, then a “ball” BR(IU) m respect to | - Im-narm'_'ff;f_’?_f-jlj?'fff'
13 the {:ube Wr R(ﬁ?ﬂ) == {37 € Rﬂ' [fﬂm s 33{3 zf < R z =1,. ?’1} In ﬁhls case Pﬂmcare 8§



BY Theezem B there exxsts a polynemlal P e ’P(m —- 1) 93t18f}’illg u % U= '--* "P a.e. 111
B Thus au __.(rv + P) w e, }}(Bd ) ..... e
b) Let Q’ cC Q be erbltrery There emst :1:1 E Q" (1 = 1 ) sucll that Q"

U Bq,, Frmn 2) we have ulp,, € W™ (Bd ) (=1, ) Then by a standard'i-‘-}’i-'f;'?iéi?:fi-f-i-’:i':?_:'-i
f..5.;'[_-'_:j'__-_'-.g._ij_ergumeet u 6 W”"’* P(Q ) (ef e g, {8] [1 2])

Let ﬁ{ﬁ ) E LP( Q 3) deeete the week Dﬁ" ﬂderivatwe (| ﬁf m 1) of u 111 Q Itfongws
that .......... e e e T T L

Bote= [t voeor@), -

1 e u L +1"“ D% e, e m Q Therefore we ean cheoee ::ippl opridte .representdtweg 111
| (ﬁ ) (net rel&belled) such that u(ﬁ A (m) = u(ﬁ )( (’z:) fDI ell :r: f—E Q The:u the fuuetmn

(Q) e,nd u(m Dﬁu a. e in’ Q

f?':f?ff-f-‘-ff-_f:?f?f?:'is well deﬁned on Q u“” € Lm om0
R e m a r k Let Q E C’ﬂ (z e Q IS bounded end the beundary ef Q 15 1ece11y the
graph ef a eentmueus funemen) Let u E L P (Q) Usmg a methed frem [ ] fOf
f.‘l;:gﬂ:_'-_.f'-_}:.-:_.::;':?pmvmg the compaetness ef the 1mbedding WLP(Q) C LP(Q) We ebtezn L

. D’3 u€ L?"( ) Vl ﬂi m— 1_. -




1 e 1 is a norm on p(m i 1)
2 l ’m P; 51 15 a zmrm Oﬂ L"”*T’(Q)

P r 0 ::} f .1 Let be P E P(m . 1) Su{:h tlmt IP]m “:; = 0 We ma,y wz 1te

L |ﬁ|-::m pE e e B

1 e.. a,g -~.0 f{}: :ﬂl ] ﬁ{ - --— 1 Repﬂatmg thz.s ax gummt gwes P 0 S
2 Aasume . E LT”*p(Q) samhes Iulm p, gz g’ = U By Theoz em B u = _P a e m ﬂ
g_é:_;:':_-::':f_ff.f.fwheze P E ’P(m — 1) Theﬂ 1. HIIphE’S U= G a. e 111 0. __'__;3_'_:j_:i_.:
Ml the t:}ther pmpertzes {:-f bath m}rms are readﬂy seen

we m deﬁne -

@y o (m *(ﬂ) o P( m - 1) l Q ( direct demmpesmam .
;ﬁj-:;_';':.-;'ﬁ_-:'.::_':-_;."-_;:-_;"Indeed by Theorem A there eugtg a unzquely determmed P e P(m — 1) such tha,t_;f;f-:f'-:f:-:f:_;f:j.ff:':i'-

_ .}

11; tellmws that v_ ___0 :

Wxth the decsm pc:-sztwn u = ug + P Just izltrf;}dxmd we hcwe

lulm,p 5‘2. G — l Puim-ml G + iuglm p!' e T e



Iu k y— “u; ‘m p Q -} G d.b k l ~+ OQ | _' ':_':_':'_: -:'.:.._: ':

fﬁ';'.::f"-jﬁ::i-':f._';:;:'_'-_'.'_3.'_3_35Le£ :Lg E Q be arbi tmr,}f: but ﬁmd Etﬂd Iet F’u P Pui” 6 ’P(m -—~  ) be fhe pﬁl ynomm]

z‘mm Thec:rem A : L

. T h en t he re exi St sau E me (g‘z) su ch that : _' '_ :?_;'{ ;} j-_j{ f-:f::f}fj _?'; G :
B N ua)liw —1.} (52*) ""} O ‘9‘5 ;” _} m VQF CC ﬂ e

o -.-. [{(uk - u;) - (Puk u;)“ww 1. (B L. ) + ]“*‘C 0 mlp m.p;. Bdm L
(1 + (C (dwﬁ )P ) iﬁk - “f !p mp; B o 0 as ﬁ” Z ““} 00,

b)Deﬁne R S

B}’ a,) :1:{3 E M We Shdll Sh{}w th at M 15 ﬂpen T o thzs end let :Ir E M Gwe n
aﬂy Y € Bd., we hfwe to show t,hat (’U’k - Pu;,,) is Cduchy in Wr (Bd ) Iﬁdﬁed 1611ff-':-"}‘i*ff?f'-"?'f:-‘!?i

(Cf Thearem A.) The Same.reasmlmg as 111 a) gzves (’u: (y) )

me(Bd) Denﬂtng Bd ﬁBd we ﬁnd

_'“(P ' P y) (P = P (y])"wﬂm s-"(E)

_______ u Py - uk) _ (Pm_, )y p{m [ = PD) — (w1 = PO sy



Thlif:r ( P (y)) 15 C auchy 11’1 me 1 p( E ) &11 d t 11 ere f{)re &ISO H}. W m 1 :P ( Bd )
f{:;.':;";.';'i_";”.;'.;":_5;";'(smce al} HC}I rﬂs on. the ﬁnlte dxmensmna} Space ’P(m ey 1) ale eqmmlem) Hence
(uk u}v ) 13 C‘auchy in W m, p ( B.;,{ ) ey L
Ne}{t we Shall ShGW th&t M 15 rﬁldtlvely cl%{nd i {_; g_ﬁ E M :LS _% :I: E Q }I“ﬁ ph eb
3’ e M. Indeed we have jgs{} E Bd for a, mﬁmemly large S{}} and (1; ko 1’-31M D 15
f-_'-ﬁf_f:':_'f';;::-'.'_:.'_:.;'-.Ca,uLhy in Wm ?’(Bd ) Smce Bd ﬂ Bd # @ we {)btam a.s above that (u k —~ PILL )
15 Caﬁﬁ‘h}’ n Wm”’ (Bd ) Thus M Q S

) Let Q’ CC Q be ﬁrbltraly Then there exzst ’121 E ﬂ’ (z = 1 t) mth Q"
U _B L me b) We h&ve the Sequeme (uk Pu;,) 18 Cauchy in- W”"'*”(Bdé )
:f-f;j:r_é';';":';'_f_-f';f_'f-"(% *""*'*' 1 t) and therefore a.lso m W?’"*P (Q") Hence there exlsts a u E Wm ,ﬁ(Q )

d) Let Q be subsets @f Q sa,txsfymg Q, CC Q?H (3 = 1 2 ) and Q = U ﬂ

Let ‘U} Wm p(Q ) b{,, the hmzt fun(:tmn (Jf (u A o Pui) 111 W’m P ( Q ) (C f {:)) J= Then
ﬁf ﬁ;-:5-_:'.-'f_ﬁ.'.:ﬂ_’f_i;2}3_H = ﬁj a.e. “in Q, 215 and by clmﬁsmg appmprmte represent&twes {}f Ui, we ma}’
f._f.'_:-'}f_:'_l;:_'..f;ﬁ'}__deﬁne a meabura,ble fun{:tlan uon Q mch tha_.t_fu, = @3 a, €.in: Q ( j= 1,2,. ) A1’1'_{-';'::'_'_:':.S:E_f:.?__3.'::’-_:'_
f_-'_i:.j.if_-'flf'-j':'-g'f_{anait:}gous mnstructzcan f{}r the weak derivatives D“ﬂj gzves D“u = -__J%J a e. -in Q
(J s 1 2 ) WE": Ubtﬂliﬂ ‘Lﬁ E mz;’p(ﬂ) &Hd (4 2)
) It remams to show that U E L””’*f’ (Q) .-.;md (4 3) T{} see thlsﬁ we n{)te tlza,t mir_:.-_':'_-_i.j-_'-.'_-_'_f._i-._"_-
ﬁ;'j_lfl-'fff:_'.'-_.5:-.":-'_'3,58umpm{mg 1mply f{}r any If:e] = m the emstence ‘of functzang Wa € LP(Q) such that
55-':'ff-'ff?f?’i‘:f;'ff ’wa = D m: ”LI*(Q) »~+ O a,s k ———> m Hence, wg = D“% d e. Hl Q (Q 13 fmm {,) andf_i;_'_-':-';-"_5"_}5_.:';'._{3;-}::

et

C{)rc}llary 4 3 Let (u;c} C L 5,,}: ! (Q) be Cauchy w1th respect t{) the narm-::_.ﬁ:_:-_::_.:-_;':;.i';g__-'_f_i
5' 5'_';"_}'_:'_E_Z::':_'_-i_:i,[ Im,p! 4 Then there emsts fu: E Lﬂi}{, (Q) su(:h that S

l!u — m{lwnm . {szf) > 0 as k - m, mf CC ﬂ o
ju ﬂk lm’p’ * *} 0 = k “} %0

Indeed. the pm(}f Gf Thearem 4 2 remams tme mth Pu;b -.._e.... _.O If We chmse Q*‘
| Bu then Jy, DPuds = -t e, Ptuds =0l g mt ?*.“?F*.’;‘?* f
} u 'e 'LE f’ ”(Q) I e e
Ty

The fellowmg two results gwe the selutmn ef pmblem 2 ((f:f Introdu{:tmn)




: P T 0 {}f ) By T heorem A (&nd Thex:}rem 3 1) there emsts Pu . e P(m.m 1) 30
55__-_.:_._-_.._.__.._._:._:-5_.::that m == U ko PM e L’”""‘*P (Q) (k = 1 2 )} whew 3;0 e Q 15 an arbztrary,_, ﬁxed.f:.?__.i__f._i:._::'_:_:..;..i_':.

ri.;;ﬁ ...... R
-i 'f:'-_i_-“.-j:,'_:_:_{-pomt Then (vk) 18 Cauchy mth respect ta the mrm l [m p; g:, and Cemllary 4 3-;

:ﬁ f:'_f':'_i_f;.:'.",;'-:jf_'_;guaramees the exzstezzce (and umqueness) {)f a 1} e L ’F (Q) su{‘,l} that

b) Agmn by Theerem A we. ﬁﬂd a pelynomlal Q E P(m - 1) Such that u ""':f.:-;-'::-:'3__5:-?;:{:35_:_1':‘;
(’u + Q) E Lm p(Q) It f{}llows that I T e

!u ™ ﬂff!mm; ﬁ = iﬁ + Q ‘“‘""U | ua ]m,% Q = i” e ’”k im Pi Q _} 0

B ) Observzng that Iulm ,...,1 G = |'i£k|m 1 G = 0 we abtam fmm (4 4) mth Q" G f-j_'g'.:-__3',_-j'.f_-':';';[:_'

’U o @ﬁ;imﬂl G

fi’\ .//hx
i
B
LU
Ry
53...
-1':
N-N
?
St
e
f'__
"§
,',.
§
l
=

ﬁS k —‘r“ 0, where c@ 15 a C{}nﬁtdﬁt whxch depends 011 m n arzd p aﬁiy Szn{:e the Spa{,e
’P(m - 1) IS ﬁmte dlmenszonal we have .- -
S IQ Pu A [m_..; G ~»—> O ﬁf HQ Pm H Wu 1y (Qf} ———> O far any Q’ CC Q _
({:f Lemma 4 1) When{;e - I

e = uwﬁ....l p(m + u@ Pm n W, w) - 0

as k — o0 o
Thegrem 4 5 Let G CC Q Then me (Q) xs .;1 Banach Spaf:e mth re)spect to

P r 0 0f The claﬂn follows by C(}mbzmng the d:lrect dewmposztlan (4 1) wzth




'_ We _}_:_;egm b y prwm g a Pom .:11“9 type mequ ahty | : _.f:_-f_._’_::’; ;-_'-_f : | :-:._':_;;-__5:';:_.3._; ;

Thedll:;em-fy 1. Let G CC ﬂ . T }1611 fof..elvery ﬂ’ CCQ theré exxsts acaﬂstaﬂt |
P r .(;.}-.{)f Assume (5 1) fa.ﬂs T henwe ﬁnd asequence(uk) C LmP(Q) Sa,tlgfymg__
L li%?; Iy w Q 1',}(9;5 m 1 -(k; = 1 2 = .- . ]m 17; p g -+ Das ' }c~——> oo,

B Hawever Thearem 4 4 1mphes }luklrwvri 1 P (Qf) —+ D as k ~—+ cso a contradn;tzen

The foll&wmg them'em plays the key mle fm {}’I_II' dlswsszm Gf equw&lem m@rms
Theﬁfe m 5 2 Let G’ C(: Q ( ) Tb en- th e;t e exjsts & cc}ns ta,ut K {

P r o of We ma,ke use af the dlrect decamposmon (4 1) w1th G G 2: gwen any-:._:_5.'_?_:'.}::-fi';:_-:iﬁ:'-'}:f-'::'
u E Lm*?}(ﬂ) we. ha.ve u = ng + P where "ﬁ-gz € LG F{Q) P E ‘P(m ~ 1} By (5 1)_:_f_-}:_'{:_'.;':f_.'-_:';:'_';;i:'.
:iff_'?’ff-':ifff;."-':-{:?(5 3) "‘<- IP ulm 1‘31 ’*‘ Cﬂ(mg Gl) /p ““%”W '“1 P(Gl) + luﬂzlm,p fz
Q !Pulmml G; (1 + Ce (mes G 1) / 7 C' G; )iuaz lm,jp,

:z-_f'_i_:'_'.f:lif-_:'ff::_-f.;-'i_011 the (::t;her ha.nd there emsts a cansi:ant K 0= I{ 0; .:;1 ,(;;2 > O ﬁuch that
'P Im-—vl G’z KG]P |m*~1 ‘32 VP E ’P( -"" 1)
-é;_{'-f.-{_._f}f-:'_'-é;'?f}.i—'ilnsertmg thm mequah‘w mth P P n:zm (5 3) gwes

where K max{Ka? 1 + r:a (mes G;)l/ P. CGI} Fmally, Gbservmg tha,t lPulmml e 2..




5 ( 5 4 )__j _' _j : K1 u u um ; Q a ;ul m.pi Q G ﬁ p l]u n m p Q (, ‘v’u e L m,p (g ):__.;_:_;_g _3

P roo0 f Fmt Of all - me that : S

( 55) ;;'-f;ﬁ;f Kl u P n L ) {G) |P] m— 3 G 1{2 !l P §| L1 (G) ‘v’P e 73 (m - 1) j:i;__-ﬁ_f {;_1}fi;:j._f_;::_:.;_'_:;_J-;;.f:; }j:_} -:_f

?f:_":_'j:-:'::f-'::'_'-.'_i-Where the Constaﬁts K > 0 (Z = -1 2) depend (}n m, '.r,-:, and m{—?:S G Only
o Letue Lm=p(ﬂ) We hav{, the decamposltmn u= u.g + P ‘with ug E L ’p (Q)
:f:-."i:5_5'._5._5..5._5:;'._'P € P(m — 1) (cf (4 1)) Eom (5.1) 1) (mth { 2’ G) we- {)btam “U{} ]I L; (g )
;.:{.‘;E‘:f._._-_:._:_;-_.-_-._.j_CG (me&G)lfp fﬂﬂ Im p} Q Thﬂg by (5 5)

'_ < ma {K__1 1+ cg (mes G)w }(;Pum_z o+ luelm,p a),
3. e the ﬁrst mequahty m (5 4) wiﬁh K 1= (max{f( -1 1 -|- Cg;;(mes iG')}L’r P })
T0 prmfe the second mequahty m (5 4) We use: ozme more (5 1) (mth Q" G )tﬂ
obt ain e

| $§, Kz([[ue + Pu“Ll({'}} + IUf{}Im;p ﬁ) Shlmei

Combmmg Theorem 5 2 and, 5 3 gwes Let G CC Q (1 = ]. 2) Then th& m}rm,s

f-;'f:;:::f:.':_::_{f_" [[ llmma.cr and || - l|m,p, 0,G, OT€ eqmmlant me a,n{)ther pozm of view our chmce_f-_ﬁf_ff_-f_ﬁ-;:;'::_'-_f.f-j
~ of the norm 1 Im P0G (ff:}r G’ CC ) seems to be very natural too. If we conszder the_'_?_::'}.'j.'{-'jf_-'_?f-_"f_:f_
;f;’_i_i_-f:-.'::;_-f;?_;factar space L’”"'ﬂ’( Q)/ P(m 1) eqmpped thh the usual norrn then 1t is 1sometrically,}':_;'-_ff__f:__-;'-_}::;:i;_}j
o 150n10rphlc to Lg ’p(ﬂ)
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