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Summary. Representation of bounded and compact linear operators in the Banach space
of regulated functions is given in terms of Perron-Stieltjes integral.
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This note deals with some functional analytic properties of linear operators on
spaces of regulated functions. The results are based on the recent work [2] of Milan
Tvrdy where the fundamental properties of the Perron-Stieltjes integral are consid-
ered and used for studying certain concepts of functional analysis on the space of
regulated functions. Qur goal is to give a representation theorem for bounded and
compact linear operators defined on the space Gr(a,d) of regulated functions on
[a, 8] which are continuous from the left in the open interval (a,b), and with values
in the space G(c, d) of regulated functions on [a,b]. Let us recall some fundamental
concepts which form the background of our subsequent consideration. The notation
introduced in [2] is used.

Assume that —00 < @ < b < +00. A function f: [a,b] — R is said to be regulated
on [a, b] if the onesided limits

fit+) = f]_igl_’_ f(7), t € [a,b),
f(t—) = Tl_igl_ f(T)) te (a’b]

exist. The set of all regulated functions on [a, b] is denoted by G(a,b). G(a,b) is a
linear space. Given f € G(a,b) we define

Ifllc(a,py = sup |f(t)] < oco.
t€[a,b]
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f ¥ |Ifll(a,3) i8 8 norm on G(a,bd) and it is known (see e.g. [1]) that G(a,b) with
this norm is a Banach space.

The subset GL(a,b) consisting of all regulated functions f on [a,b] which are
continuous from the left on (a, b) forms a closed linear subset in G(a, b), consequently
G (a,b) with the norm ||.||g,(a,s) given by

IflleL(ap) = Ifllcapy for f € Gr(a,b)

is also a Banach space.

Let us denote by S(a,b) C G(a,b) the set of all finite step functions on [a,b]. It
is known (see [1]) that S(a,b) is dense in G(a,b), i.e. G(a, b) is the closure of S(a,b)
with respect to the topology given by the norm ||.||,(a,s). This yields that

the set S(a,b) NGr(a,b) is dense in GL(a,b).

Indeed, if f € GL(a,b) C G(a,b) then for every € > 0, s € (a,b) there is a §(s) > 0
such that

|f(e) - f(s)l <€

for o € (8—6(8),8)N(a,b) and by the density of S(a,b) in G(a, b) there is ¢ € S(a,b)
such that
1£(8) = p(8)] < IIf — ¢llaap) <€

for every s € [a,}]. Then
le(8) — (o) = lp(s) — f(s) + £(s) + (o) — f(o) — (o)l <
< lp(8) — £(8)] + 1£(8) = f(o)l + | (o) — p(o)| < 3¢
for every s € (a,b), 0 € (s — 6(5),5) N (a, d), i.e.
lo(s) — p(s-)| < 3¢

for s € (a,b).
Define
Y(8) = p(s—) for s € (a,b), ¥(a) = p(a), ¥(d) = p(b).

Then evidently ¢ € S(a,b) N GL(a,b) and we have
1£(s) = ¥(s)] < |£(8) — (8)| + |p(s) — p(s-)] < 4e
and also ||f — 1/1||G(,,,b) = |If = YlleLas) < 4, ie. S(a,b) N GL(a,bd) is dense in

Gr(a,b). A set M C G(a,b) is called equiregulated if for every ¢ > 0 and s € [a,}]
there is a §(8) > 0 such that

|[f(e) — f(s+)| <€ for o € (s,s+6(s))N]a,b),
|f(e) — f(s=)l <e for o€ (s—6(s),s)N][a,bd]
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whenever f € M.
The following result is well known (see e.g. [1]):

Proposition 1. A set M C G(a, b) is conditionally compact in G(a, b) if and only
if M is equiregulated and the set

M(s) = {f(s) €R; f€ M}
is bounded for every s € [a,b).

Taking into account the topology in GL(a,b), by Proposition 1 we immediately
obtain the following

Corollary 1. A set M C GL(a,b) is conditionally compact in G(a,b) if and only
if M is equiregulated, the set

M(s) = {f(s) €R; fe M}

is bounded for every s € [a,b] and M is equicontinuous from the left at every point
s € (a,b), i.e. for every € > 0 and s € (a,b) there is a 6(s) > 0 such that

|f(o) = f(s)]<e for o€ (s—¥6(s),s)N][a,b].

Proposition 2. Assume that h,: [a,b)] — R, n € N is a sequence of functions
such that

vatf, h, < L = const.

and
lim h,(t) =0, t € [a,b).
n-—+00

If g € G(a,b) then f: hn(t) dg(t) exists for every n € N and
b
lim / ha(t)dg(t) = 0.
1 —+00 a

Proof. Assume that ¢: [a,b] — R is a finite step function, i.e. ¢ € S(a,b).
Then ¢ is a finite linear combination of characteristic functions of intervals of the
form

[a, T]; [a) T)’ [T) b]) (T» b}
or of a single point (7] ,7 € [a,b]. If e.8. X[a,7] is the characteristic function of an
interval [a, 7] C [a, ] then

b
/h,.(t)dx(a,,](t)=—hn(r) i r<b
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and ,
/ ha(t)dX[a,n(t) =0 if T=0b

by the results given in Proposition 2.3 in [2]. Hence if 7 < b then

b
Jim, [ b0 (8 = = Jim hat) =0

and similarly for the remaining characteristic functions mentioned above. Therefore
we have

b
(*) nl-i_‘x{:o/‘l ha(t)dy(t) =0

for every finite step function ¥ € S(a,b).
Let ¢ € G(a,b). Since S(a,b) is dense in G(a,b), for every n > 0 there exists
¥ € S(a, b) such that

llg — ¥llgas) = sup |9(t) —¥(t)| < 7.
t€fa,b)
Denote ¢ = g — ¢. Then g = ¢ + v where ¢ € G(a,b) is such that |¢(t)] < 7 for

every t € [a,b], i.e. ||¢|lg(a,p) < 1 and ¥ € S(a,d). Using the estimate given by M.
. Tvrdy in [2, 2.8.Theorem] we have

b
[ () do0)] < Uhn(@)]+ Iha®)] + vart bn)lpleca <
< (ha(@)]+ 3 (8)] + Ly

Since the sequence (h,)S%; tends pointwise to zero for n — oo there is ng € N such
that for n > no we have |ha(a)| + |hn(b)] < L and therefore

| [ haapto)] < 210

for n > ng.

Assume that ¢ > 0 is given. Let -us set n = and assume that a fixed

€
2L +1
¥ € S(a,bd) is given such that ||g — 1/1||G(a,b) < 1. Using (*) we obtain that there is
n1 € N, ny > ng such that for n > n; we have lf: hndy| < € and finally also

b b
/hndg|< /h,.d<p|+
a . a

b
for n > n; where ¢ = g—1. Hence ﬂlir{.lo/ ha(t) dg(t) = 0 and the statement holds.
a
' a

b
/ h,.d¢| <2
a
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Theorem 1. Let T: Gr(a,b) — G(c,d) be a bounded linear operator. Then there
exists r € G(c,d) with ||r||lg(c,a) < ||T|| and K : [c, d] X [a,b] — R such that

a) K(s,.) € BV(a,b) for every s € [c,d]; vart K(8,.) < ||T|| for every s € [c,d],
|K (s, a)| < IIT]];

b) K(.,t) € G(c,d) for every t € [a,}] ;

¢) (Tf)(s) = r(s)f(a) + [} K(s,t) df(2)), s € [c,d]), f € GL(a,b), and

d) ITI| < lirllg(e,a) + 25uPsepe,q 1K (s, )l BV (a,0)-

Proof. For a given set M C R let us denote by xm the characteristic function
of M. Define

(1) r(s) = T(X(a,n)(s) for s € [c,d]

and
@ K(s,t) = T(x(u)(s) fort€[a,b), s € [c,d)
K(s,b) = T(xp))(s) for s € [c,d].

Since all characteristic functions to which the operator T is applied in (1) and (2),
evidently belong to Gr(a,b) we get r € G(c,d) and also K(.,t) € G(c,d) for every
t € [a,b)].

Hence

Irlle(e,ay = sup_Ir(s)l = [ITx(apillG(e,ay < Tl
s€[e,d]

because [|X(a,5)/|G.(a,5) = 1 and therefore we get

lIrlle (e, < IITI.
For a fixed s € [c, d] let us consider the variation of the function K(s,.). Using the
definition of K given by (2) and the properties of characteristic functions we have
for an arbitrary division D:a =tg < t; < ... < tm = b of [a, b] the equality

(3) Y IK(s,t;) — K(s,tj-1)| =

ji=1

3

|K(s,85) — K(s,tj-1)| + | K(s,tm) = K(5,tm-1)| =

3 -
]
— -

1T Cxe;,51)(8) = T(X(25-1,8) (O + 1T (xe))(8) = T(X(tm-r,81)(8)] =

3
Pn
R

| - T(X(tj—n,tj})(s)l + | - T(X(!m—hb))(s)l =

3 <
1 H
- —

Il

S T(X(t;-1,4;1)(8) + emT(X(tm-r,0))(8) =
1

=

[
1}

il
N

CiX(tj-1,t5]) + cmx(‘m-:.")) (s) = T(h)(s)
j=1
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where ¢; = %1, j =, 1,2,...,m are chosen suitably and

m-1
h = Z ch(','-l,t_,'] + cmX(t,._,,b)-
j=1

It is easy to see that this function h is an element of G (a,b) and ||h||g,(a,s) = 1 for
every choice of the division D. Hence the boundedness of the operator T': G (a, b) —
G(c,d) yields

> IK(s,t5) — K(s,tj-1)| = T(h)(s) < IT(h)(s)]| <
j:l
< sup [T(h)(s)| = IT(Wla(e,ay < IT|-Iblle2(any < Tl

8€G(e,

for every division D. Consequently

(4) var K(s, )—supZIK(s tj) — K(s,tj_1)| < ||T|| < +o0
i=1

for every s € [c, d].
Moreover, for every s € [c,d] we also have

|K(s,a)| = |T(x(a,8)(8)] < NT(X(a)llG(e,a) < IITW-NX(a,1llGLa,) = T

because x(q4,5) € GL(a,b) and ||x(a,5)llG.(as) = 1 and henceforth
(5) 1K (s, )lBv(a) < 20Tl < +o00.

The proof of c) is based on a density argument; we use Proposition 2.3 from [2] for
the subsequent calculations.

For f = X{a) ve have [2 K(s,t)df(t) = 0 and r(s)f(a) = r(s) = T(xqa)(s) =
(Tf)(s), i.e.

b
(6) r(s)f(a) + / K(s,8) df(t) = (Tf)(s)

in this case.

If f = x then [* K(s,8)df(t) = K(5,5) = T(xw)(s), r(s)f(a) = 0 and (6) is
satisfied.

If € [a,b) and f = Xx(r,3) then f: K(s,0)df(t) = K(s,7) = T(x(r.p(s),
r(s)f(a) = 0 and again (6) is satisfied.

Since every function belonging to S(a,b) N GL(a,b) is a finite linear combination
of functions of the type x(r,3) with = € [a,b), X[t], X[a,b] the above results show that
(6) is true for every f € S(a,b) N Gr(a,b).
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If f € GL(a,b) is arbitrary then by the density of S(a,d) N GL(a,d) in Gr(a,bd)
there exists a sequence f, € S(a,b) N Gr(a,b) such that f, — f in Gr(a,d) and
by Corollary 2.10 in [2] (on the limiting behaviour of Perron-Stieltjes integrals) we
obtain by the above result the equality

b )
lim T(fa)(s) = lim [r(s) a(a) + / K(s,0) dfa(t)] = r(e)f(a) + / K(s,t) df (2).

This together with the continuity of the operator T yields

b
(TF)(s) = r(s)f(a) + / K(s,0)df(t), s€[ed], f €Gr(ab),

i.e. c) is satisfied.
For the norm of the operator T given by c) we have

ITl= swp |Thloes = Jremia + [ K nano]

lIhlla, (a,5) €1 I» Ia,,(- »)<1 G(e d)

=  sup sup r(s)h(a) + / K(s,t) dh(t)|
lIhllay (a,6) <1 4€Elc,d]

< sup  sup [|r(s)||h(a)l + (IK(s,a)| + |K (s, b)|+varK(s, Mhllescan] <
lIrlla, (e,6) 1 5€[e,d]

< sup  (lIrllg(e,a) + sup 2lIK(s, )lBv(as)llbllcL(ap)]-
"h“GL(l.l)gl lE[c,d]

Since the operator T is represented in the form given by c) we obtain immediately
the estimate of its norm presented in d). O

Theorem 2. Assume that r € G(c,d) and that K : [c,d] x [a,b] — R satisfies a)
and b) from Theorem 1 where ||K (s, .)||Bv(a,b) < M, M = const. for every s € [c, d].
Then the formula

b
0 @N@=r@(f@+ [ Ke)d), seled, feCuab)

from Theorem 1 defines a bounded linear operator from GL(a,b) to G(c,d) and for
its norm we have

ITl= sup  |Thllg(e,a) < lIrllace,a) + 2M.
bl (o€

Proof. By the results from [2] (T'f)(s) given by c) is well defined for every
f € Gr(a,b) and s € [c,d]. The linearity of the mapping T is clear. Let us show
that for f € GL(a,b) we have T'f € G(c,d).
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Since r € G(c,d) the first term on the right hand side of c) evidently belongs
to G(c,d). By the assumption b) from Theorem 1 the onesided limits K(s—,1),
K(8+,t) exist for every t € [a,b], i.e. we have

) '!_i‘l}l_ K(o,t) = K(s—,t) for every t € [a,}), s € (c,d],
lim K(o,t) = K(s+,t) for every t € [a,}), 8 € [c,d).

Since ||K(s, )||Bv(, ») < M is assumed, Helly’s Choice Theorem implies that
K(s—,.), K(s+,.) € BV(a b) and therefore the integrals

/ K(s—,t) df (1), / K(s+,1) df(t)
exist for 8 € (c,d), s € [c,“d), respectively. A;plying Proposition 2 and (7) we obtain
Jim_ [ 1Ko, - K- 01410 =0,
ie.
hm / K(o,t)df(t) = / K(s—,t)df(t) for s € (c,d],
and similarly also
c!_igl_,_ /ab K(o,t)df(t) = /ab K(s+,t)df(t)  for s € [c,d).
Hence the function )
8 € [c,d] r——-»/ K(s,t)df(t) eR
possesses onesided limits in [¢, d] and bel:mgs therefore to G(c, d). Moreover we have
I(Tf)(s)l <

The inequality ||K(s,.)|lBv(ap) < M, s € [c,d] a.nd the estimate given in Theorem
2.8 in [2] yields

b
(T£)()| = |r()h(a) + / K(s,)dh(0)| <
< Ir(@IIF@)] + (1K (3, 0)| + [ K (s,5)] + vhe K(s, )| flls o) <

< lirllacea-1flloocas) + (1K (s, a)] + |K (s, b)| + var K (s, DIl (ap) <

< (Irlle(e,ay + 211K (8, BV (a,5))- N fll G (ap) <
< (lIrflee,ay + 2M).| fll 6 .a,0)-

Hence \
T fllee,a) = .2‘[‘0? A I(T£)(8)] < (Irllee,a) + 2M).|| fllGL(a,p)
and the operator T is bounded. a
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Denote by B([c,d] x [a, b]) the set of all functions K : [c,d] x [a,b] — R for which
K(s,.) € BV (a,b) for every s € [c,d],
l|K (s, MBv(ap) < M, M = const. for every s € [c,d]

and
K(.,t) € G(c,d) for every t € [a,b)

hold. It is easy to see that B([c,d] x [a, }]) is a linear space and that

Il = sup |K(s,0)| +varK(s,)

s€lc,

defines a norm in B([c, d] x [a, b]). Let us denote by B([c, d] x [a, }]) the normed linear
space B([c,d] x [a, b]) with the norm given above.
Using Theorems 1 and 2 the following can be stated.

Corollary 2. For a given pair (r, K) € G(c,d) x B([c, d] x [a, }]) denote

b
Toe k) (£)(5) = r(s)f(a) + / K(s,t)df(t)), s € [c.d], f € Gr(a,b)

and let B(GL(a,b); G(c,d)) be the Banach space of all bounded linear operators from
GL(a,b) to G(c,d). The mapping
®: (r, K) € G(c,d) x B([c,d] x [a, }]) — Tir.x) € B(GL(a,0); G(c, d))

is an isomorphism.

Theorem 3. Let T': GL(a,b) — G(c,d) be a compact linear operator. Then there

exists r € G(c,d) and K : [c,d] x [a,b] — R such that a) for every s € [c,d] we have
K(s,.) € BV(a,b), i.e.

I (s, Mlav(a) = |K(8,0)] + var K(s,.) < 00, s € [¢, d]

b) the mapping
mg: [c,d] — BV (a,b)
given by
mk(s) = K(s,.), s €[c,d]

is regulated, i.e. the limits

mg(s+) = a!-iwai- mg(c) and mg(s-)= .,l_i.lP_ mg(o)
o€le.d] €le,d]
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exist and
b
[IK|| = sup |lmk(8)llBv(ap) = sup |K(s,a)|+ var K(s,.) < oo;
s€[e,d] 2€c,d] e

b
9 (@A) =r()(fa)+ / K(s,1)df(t), s € [¢,d], f € Gi(a,b);
d) IKI <2 sup  |[Thllaceq =271,

G(e,b)
lIrll < NI7l-
Proof. Since the operator T is bounded, the conclusion of Theorem 1 holds.
The only thing we have to prove is b). Let us consider the mapping mx given by
mg: 8 € [c,d] — K(s,.).
By the results of Theorem 1 we have K(s,.) € BV(a,b) for every s € [c,d]. We

show that the mapping mg : [¢,d] — BV(a, ) is regulated as a BV-valued function.
For s1, 82 € [c, d] we have

(8) limx (82) — mx (81)llBv (a) = 1K (82,.) = K (51, BV (ap) =
= |K(s3,0) - K(s1,0)| + var(K(s2,.) — K(s1,.))-

Since T'(x(a,5)) € G(c,d) the onesided limits of this function exist at every point
s € [c,d], i.e. by the Bolzano-Cauchy condition for the existence of these limits for
every € > 0, 8 € [c,d] there is a §(s) > 0 such that

9) |K(s2,a) — K(s1,8)| = |T(x(a,0))(82) — T(x(a,3))(51)] < €
provided sy, 82 € (8,5 + 6(s)) N[ec, d] or 51,52 € (s —8(s),s) N[ec,d] (cf. the definition
(2) of K ).

Let us consider the second term on the right hand side of (8). Assume that
D:a=1t <t <..<ty, =bis an arbitrary division of [a,b]. By (2) and by the
properties of characteristic functions we get

(10) '"z K (s2,15) = K(s2,t-1) = Ko1,8) + Ko1,t-1)| =
&
= ?;: ITCxces 1) (52) = T(xct;-0,81)(52) = TOxe; 1) (81) + T a0, 8)(81)] =
_ ':z_;: | = Tttt (52) + Tty ) 50)] =
_ ',i_:l T OX00)(88) = Tk o) =
=T ( ':X;: €5 X(t;- .c,-l) (s2) - T(':Z_: €5 X(t;-1,t51)(81)
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wherec; = +1,j=1,...,m—1,

|K(82,tm) — K(82,tm-1) — K(81,tm) + K(81,tm-1)| =
= |K(s3,b) — K(82,tm-1) — K(81,b) + K(81,tm-1)| =
= |T(xw)(82) = T(x(tm-,01)(22) = TOxp))(81) + T (Xt (s 1) (81)| =
= | = T(X(tm-1,0))(82) + T(X(tm-1.0))(81)| =
= em[T(X(tm-1,8))(82) = T(X(tm-1.$))(81)] =
= T(cmX(tm-1,8))(82) = T(Cm X(tm-1,5))(81)

with ¢, =1 or ¢y = —1. Let us set
m-—1
hp = E CiX(t5-1,t] F CmX(tm-1,8);
i=1

then evidently hp € Gr(a,b) and ||hp|lG,(a,s) = 1. Using (10) and the above result
we have

m-1

(11) D |K(s2,t) = K(sa,85-1) — K(81,85) + K(81,8j-1)| =

ij=1

= T(hp)(s2) — T(hp)(s1) < |T(hp)(s2) — T(hp)(s1)|-

Since for every division D of [a, b] the corresponding function hp belongs to the
closed unit ball in G(a,b) and the operator T is compact, the elements T'(hp)
belong to a conditionally compact set in G(c, d), i.e. the set of functions of the form
T(hp) is equiregulated by Proposition 1. This means that for every € > 0, s € [c, d]
there is 6(s) > 0 such that

IT(ho)(t) - T(hp)(s+)| < 5 for t€ (s,2+6(s)) N[e,d]

and
|IT(hp)(t) — T(hp)(s-)| < % for t € (s—6(s),8)N[c,d]

i.e. independently of the choice of D we have
IT(hp)(s2) — T(hp)(s1)| < €

whenever 81,83 € (s — §(s),8) N [c,d] or 51,82 € (8,8 + 8(s)) N [c,d]. Using (9) we
obtain that independently of the choice of the division D we have

m-—1

Z |K(82,t;) — K(s2,tj-1) — K(81,t;) + K(81,tj-1)| <€
j=1

89



provided 81,82 € (s — 8(8),8) N[c,d] or 81,82 € (8,8 + 8(s)) N [c,d]. Passing to the
supremum with respect to all divisions D we get

v§r(K(a,, )-K(s1,.) < €

for 81,82 € (8 — 8(s),8) N [c,d] or 81,83 € (8,8 + 6(s)) N[e,d].

Using (8), (9) together with this last inequality we obtain that for any ¢ > 0 and
s € [c,d] there is §(s) > 0 such that for 8y,82 € (s — 6(s),8) N [c,d] or 81,8, €.
(s, 8+ 6(s)) N [c, d] we have

Imx (82) — mk(81)llBv(a) < 2¢,

i.e. the function mg : [c,d] — BV/(a,bd) is regulated and b) from the theorem is
satisfied. This completes the proof of Theorem 3. a

Theorem 4. Assume that r € G(c,d) and that K : [c,d] x [a,b] — R satisfies a)
and b) from Theorem 3. Then

b
9 @N@=r@i@+ [ KeO#W) s€led), f€Culab
a
defines a compact operator from G (a,b) to G(c,d) and
ITIl= sup [IThllg(c,a) < lIrllgie,a) + 2IIK]I-
Ibllay e.3)

Proof. By the results from [2] (Tf)(s) given by c) is well defined for every
f € Gr(a,b) and s € [c, d].
For a given f € GL(a,b) and s,, 52 € [c,d] we have

I(T£)(s2) — (T£)(s1)| = b
= |(r(s3) — (1)) f(a) +l (K(s2,t) — K(81,)) df(2)| <

b
Irea) = r(e0)IA @1 +| | (o2, 1) = K(ow, 1) 0] <
o) = (o)L (@)] + 1K e2,0) = K (o1, @) + 1K o2, 8) = Ko, )1+
+var(K(s2,) = K(s1, Mllfllerian <

< Ir(s2) — r(s1)l1f(a)| + 21K (s2,.) — K (31, )llBv(ap)llfllGL(a) €
< [Ir(s2) = r(s1)] + 2| K (52, .) = K (81, )lBv (a,p))l| fllG . (a,8)-

Since r € G(c,d) and K satisfies b) we obtain that for every € > 0, s € [c, d] there is
6(s) > 0 such that

(12) (T f)(s2) — (TS)(81)] < €llfllcr(an)
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provided s1, 82 € (s,8+ 8(s)) N [c,d] or 51, 83 € (s — 6(s),8) N e, d), i.e. the onesided
limits (T'f)(s+), (Tf)(s—) exist for every s € [c,d), s € (C,d], respectively, and
therefore Tf € G(c, d).

For the norm of the operator T given by c) we have

b
ITll=  sup  ||Th|lg,aqy=  sup ||r(s)h(a)+/ K(s,t)dn(t =
Ibllay («.m<1 D o, emst a ®llece.o

b
=  sup sup |r(s)h(a) + / K(s,t)dh(t)| <
"h“GL (c,t)<1 JG[C.JJ

N

"h"::fw‘gtllcn?ﬂllr(s)llh(a)l + (|K (s, a)| + | K(s,b)| + va, K(5, )lIbllesan] <

sup  (lIrllae,a) + sup 2(|K(s,.)llBv(a,b))llbllGe(a)] <
loyem<t DT e (e8)/HlGLEe

< lirllsce,a) + 21IKl-

N

Hence if f € G(a,b) is such that ||f||g,(a,b) < 1 then

(THGI < ITSlleea < T lle(a) < 1T

for every s € [c,d] and by (12) we have

I(T£)(s2) - (T)(s1)l < €

provided 51,52 € (8,5 + 8(s)) N [c,d] or 1,82 € (s — 6(5),8) N [c,d]. Therefore by
Proposition 1 the set M = {g € G(c,d);g = Tf,f € Gr(a,d),||flleL(ap) < 1}
is conditionally compact in G(c,d) and consequently the operator T given by the
relation c) is compact. a

Denote by K([c,d] x [a,b]) the set of all functions K : [¢,d] X [a, ] — R for which
a) and b) from Theorem 1 hold. It is easy to see that by ||K|| from b) in Theorem
3 a norm in K([c, d] x [a, b]) is given.

Using Theorems 1 and 2 we obtain the following result.

Corollary 3. For a given pair (r, K) € G(c,d) x K([¢,d] X [a,b]) denote

b
Tie sy (£)(8) = 7(8) f(a) + / K(s,)df(t), s € [c,d], f € Gr(a,b)

and let K(GL(a,b); G(c,d)) be the Banach space of all compact operators from
G (a,d) to G(c,d). The mapping

®: (r, K) € G(c,d) x K([c,d] x [a,b]) — Tir, k) € K(GL(a,b); G(c,d))
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is an isomorphism.
Using the criterion for conditional compactness of a set in G (¢, d) stated in Corol-

lary 1 the proof of Theorems 3 and 4 can be repeated in order to obtain the following
statement.

Theorem 5. Let T': Gr(a,b) — Gr(c,d) be a compact linear operator. Then
there exist r € GL(c,d) and K : [c,d] x [a,b] — R such that a), c), d) from Theorem
3 hold and instead of b) the following condition holds: '

b-) the function mg : [c,d] — BV (a,b) given in b) from Theorem 3 is a BV (a, b)
valued G -function, i.e. the conditions given in b) are satisfied with the additional
continuity from the left on (c, d) of this function-

On the other hand, if r € Gr(c,d) and K : [c,d] x [a,b] — R satisfies a) and b-)
then c) defines a compact operator T': GL(a,b) — GL(c,d).

The inequalities for the norms of the operators given in Theorems 1 and 2 remain
unchanged in this case and a statement analogous to Corollary 3 holds.
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