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Abstract. In this paper, we give a generalization of a result of Lovasz from [2].
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The terminology and notation used in this paper are those of [1]. So,let H = (X, £)
be a hypergraph with X the set of vertices and £ = {E;},; the set of edges.

Theorem 1. If H = (X, £) is a hypergraph without cycles of length greater than
two then there exists a vertex belonging to a single edge, or there exist two edges E;
and Ej such that E; C E;.

Proof. Suppose that no edge is contained in another one and that every vertex
belongs to at least two edges. Let

(z1,Ei1, %2, B2, ..., %p, Eip, Tpt1)

be a chain of maximum length. We may suppose that z) € E;; — E;s, since otherwise
71 could be replaced by a vertex x such that z € E;; — Ei» (such a vertex z exists and
z # zk, k= 2,3, since 22, 3 € E;p and z # 2%, 4 < k < p+ 1, since, by hypothesis,
H does not contain cycles of length greater than or equal to three). Obviously, there
exists an edge E; such that ¢ # ¢, and z; € E;. Since 21 € Eip we have © # ia.
Moreover, if ¢ = ik, 3 < k < p, then there exists a cycle

(21, By, 22,00k, Bk, 1)

of length greater than or equal to three, a contradiction. Thus, since the chain
(z1,%3,...,2p41) is maximal, we have E; C {x1,22,...,2p41} and, since i # i3, we
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have E; — E;) # 0. Let k be the smallest index for which zx € E; — E;;. Obviously,
since z & Fi1, we have k # 1,2. On the other hand, & < 3, since otherwise there
exists a cycle

(z1, Eiry 22, . .. 2k, By, 1)

of length greater than or equal to three, a contradiction. The theorem is proved. O

Theorem 2. If H = (X, £) is a hypergraph without cycles of length greater than
two and with p connected components such that |E; N E;| < q for every E; # Ej,
then

1 (1Bl -q) < IX]-pa.

i€l

Proof. We shall prove this theorem by induction. Obviously, the theorem

is true for EI |Ei] = 1. So, suppose that it is true for hypergraphs H* for which
i€

2 B < T B

i€l* i€l

Obviously, by Theorem 1, only two situations are possible.

(a) There exists a vertex z; which belongs to a single edge, say E,. By induction
hypothesis, the theorem is true for the subhypergraph H* induced by X* = X —{z,}.
Thus, we have

> (1B =) <IX[=p'e.
el

If By # {x1}, then I* = I, p* = p, |E}| = |E1| — 1 and (1) is verified.

If By = {1}, then I* =T — {1}, p* = p—1 and (1) is also verified.

(b) There is no vertex belonging to single edge, but there exist two edges E;p and
Ejo such that Ejo C Ejp. Since, by induction hypothesis, the theorem is true for the
partial hypergraph H* = (X, & — {Ej}), it follows that

Y. (Bl-q) <iX|-p
iel-{j0}
(obviously, p* = p). Moreover,
[Ejol = q=|Eig N Ejpl —¢<0
and (1) is verified. The theorem is proved. ]

Obviously, Theorem 2 for ¢ = 2 yields

ST{EI-2) <X -2 <|X|-p,
el

that is, the result of Lovész from [2].
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