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ON SOME APPLICATIONS OF HARMONIC MEASURE
IN THE GEOMETRIC THEORY OF ANALYTIC FUNCTIONS

JAROSLAV FUKA, Praha, Z. J. JAKuBowsKI, LédZ

(Received April 7, 1993)

Summary. Let 2 denote the well-known class of functions of the form p(z) = 14+q12+..
holomorphic in the unit disc D and fulfilling the condition Rep(z) > 0in D. Let 0 < b < 1
b< B, 0 < a < 1, be fixed real numbers and F a given measurable subset of the unit circle
T of Lebesgue measure 2na. For each 7 € (—n,n), denote by Fr = {§ € T; e Tt € F}
the set arising by rotation of F through the angle 7. Denote by 2(B,b, a,F) the class
of functions p € & satisfying the following condition: there exists 7 € {—n,n) such that
Rep(e'o) > B ae. on Fr and Rep(e'’) > b a.e. on T\ Fr.

In the paper the properties of the class 2(B, b, a;F) for different values of the parameters
B, b, @ and measurable sets F are examined. This article belongs to the series of papers
([4], [5], [6]) where different classes of functions defined by conditions on the circle T were
studied. The results of papers [5], [6] are generalized.*

Keywords: harmonic measure, Carathéodory functions, extreme points, support points,
coefficient estimates

AMS classification: Primary 30C45

As usual, we shall denote by C the complex plane, by D = {z € C; |z| < 1} the
unit disc, by T = {2z € C; |z| = 1} the unit circle. In our further considerations,
we shall treat T on the one hand as a subset of C with the induced topology, on
the other hand as a set homeomorphic to T, namely, as the subset (—r,n) of the
real line R, endowed with the factor topology R/2nZ where Z is the set of integers.
Therefore we shall sometimes treat the function f(e®): T — C as a function f(t):
(—r,n) — C.

* The research of the first author was supported by the internal grant No. 11957 of CSAV.
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Let 22 denote the class of functions of the form
(1 p(z2)=14+qz+...+qp2"+...

holomorphic in the unit disc D with Rep(z) > 0 in D ([2]).

Let us recall some properties of real parts of functions from £, which will be
essential in what follows:

(a) Every function Rep(z), p € £, has the Poisson representation by means of a
unique positive measure ([3], pp. 21-24, [7], pp. 11-12)

eli+z

(2) ) Rep(z) = " Re

-n

du(t)

eit — 2

where dp(t) > 0 and f_‘fn dp(t) = 1; conversely, every function p holomorphic in D
whose real part is given by (2), where du(t) > 0 and ff“ du(t) = 1, and for which
Im p(0) = 0, belongs to 2.

(b) Let du(t) = f(t)%t; + do(t) be the Lebesgue decomposition of the represent-

ing measure g with respect to the normalized Lebesgue measure g—t on (—m, ), i.e.

T
ff" f(t)dt < oo, f > 0 almost everywhere (a.e.) on {(—=, ) with respect to f_,’—; and
do is singular. Then Re p(z) has nontangential limits a.e. on (—n, n) (to be denoted

Rep(-)) and
(3) Rep(e'?) = f(e'’) a.e. on(—n,7)
(see [7], Chapter 1, Th. 5.3.).

In [5] the following subclass .@(B,b;a), 0<b<,b< B, 0<a<l,of & was
introduced: p € .@(B.b; a) if there exists an open arc I = Io(p) of T of length 2ra

such that

(4) li—l'en Rep(z) 2 B for each 2o € I
and

(5) lim Rep(z) 2 b foreach zo € T\ I,.

z—2p, 2€D

Among other results, the following properties of ?(B,b;a) were proved in [5]: 1) a
necessary and sufficient condition on the parameters B, b, a for (B, b;a) to be
nonvoid was given; 2) 33(3, b; ) is compact in the topology given by the uniform
convergence on compact subsets of D; 3) (B, b; ) is not convex.
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In this paper we generalize all these results to the situation where arcs are replaced
by measurable subsets of T.

The authors are indebted to Prof. M. Essén for suggesting this generalization
during his visit in Prague in 1991.

We start with the following reformulation of conditions (4), (5).

Lemma 1. Let I, C T be a given open arc and let p € 2. The following
conditions are equivalent:

(c) p fulfils conditions (4) and (5);

(d) p fulfils the conditions

a.e. on I,,

(6) Rep(e’) > B
>B aeonT\I,.

(7 Rep(e'

Recall that Re p(e'?) are nontangential limits of Re p which exists a.e. on T by (b).

Proof. (c) = (d). Clear by (b).
(d) = (c). Assume there exists a point zg € I, for which  lim Rep(z) =

z—29, z€D

B’ < B. Denote D(z9,7) = {z € C; |2 — 20| < r}. By the definition of limes
inferior, there exists an € > 0 such that Rep(2) < BJ;LI < B on D(z,€) N D and,
simultaneously, the arc D(zo,€) N T does not intersect the complementary arc T\ I,.
Then (6) cannot be fulfilled on the subarc of I, of measure 2 - 2re > 0. Similarly we
proceed in (7). ]

Now, we are in position to give our main definition.

Definition 1. Let 0 < b < 1,0 < B, 0 < a < 1, be fixed real numbers and F
a given measurable subset of the unit circle T of Lebesgue measure 2ra. For each
T € (—x,n), denote by F, = {€ € T; e”'"¢ € F} the set arising by rotation of F
through the angle 7. Denote by (B, b, a;F) the class of functions p € 22 satisfying
the following conditions: there exists 7 = 7(p) € (==, n) such that

(8) Rep(e®) > B ae onF,
and
9) Rep(e'?) > b ae.onT \F,.

It follows directly from Definition 1 that, for B > 1, the class P(B,b,a;F) does
not contain the function po(z) = 1, z € D. If B < 1, then, clearly, po € 2(B, b, a;F)
for arbitrary admissible values of the parameters b, a and the set F.
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In our further considerations, if it is not otherwise stated, we shall always assume
that B, b, a, F and 7 fulfil the conditions from Definition 1.

Theorem 1. If P(B,b,a;F)# 0, then

(10) 1> aB+(1-a)b

Proof. Let pe 2(B,b,«a;F). So, there exists 7 = 7(p) € (—=n,n) such that
(8) and (9) are fulfilled. Let w(-;F;) be the harmonic measure of the set F, with
respect to D, i.e.

T . it
(11) w(z;F;) = El;‘-/ XFr(e”)Ree—.—-t—Z-dt

- et — 2

where x o is the characteristic function of the set &. Clearly, 0 < w(z,F;) < l'in D
and, by (3), w(e'*;F;) = 1 a.e. on F; and w(e*;F,) = 0 a.e. on T\ F,. Put

ur(2) = b+ (B — b)w(z;F;).
Then u,(z) = b a.e. on F; and u,(2) = b a.e. on T\ F; (again in the sense of

nontangential limits). Since, by (8) and (9), Re (p(e'?) — ur(e!)) > 0 a.e. on T, we
have, for each z € D, by (2) and (3),

} 2 it B n . it
Rep(z) = / Re eit t2 du(t) > —1-/ Rep(e') - Re e“ 2

-n

et

it o lt z
/ B-Re S dt+l/ b Re St dv = ur(2),
2n T\F,

hence
(12) Rep(z) 2 b+ (B — b)w(z;F+), z€D.
For z = 0 we obtain, with respect to (1) and w(0;F;) = a, inequality (10). O

Remark 1. Inequality (12) corresponds to the well-known two-constant theo-
rem for bounded holomorphic functions ([1], p. 39).
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Theorem 2. Let condition (10) hold. Then, for each T € (—n,x), there exists a
function pg, € P(B, b, a;F) such that Repg,(e'’) = B a.e. on F, and Repg (') =
b ae on T\F,.

Proof. Since the disc D is simply connected, therefore the function
(13) h(z;F;) = w(z;F;) +iw*(z;F;),

where w*, w*(0) = 0, is the harmonic conjugate of w(z;F;), is holomorphic in D for
each 7 € (—n,n).
Let the equality in (10) hold. Then

(14) e, (2) = b+ (B -b)h(z;F;), z€D,

has the required property.

If Ba+b(1—a) < 1, then the function pg (z) = b+ (B —b)h(z;F,), z € D, fulfils
(8) and (9) but does not belong to (B, b, «;F) since pg.(0) = Ba + b(l — a) < 1.
So, it is natural to achieve the required normalization by adding a proper multiple

of 2::%;, v real. Since we have 5—:—% =0 a.e. on T, therefore, clearly,

pe.(2) = e, () + (1= ) ts, s,
where
(15) n = Ba+ (1 — a),
is the required function. O

Corollary 1. The class 2(B,b, a;F) is nonvoid if and only if inequality (10)
holds. If in (10) the equality holds, then

P(B,b,a;F) = {pr, ; T.G (=m,n)}

where pg, is the function (14).

Proof. Thefirst assertion follows from Theorems 1 and 2. The second, assertion
follows from (1), (12) and the minimum principle for harmonic functions ([1], p. 39).

a
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Theorem 3. The class 2(B,b,«;F), where B, b, « satisfy condition (10), is

compact in the topology given by the uniform convergence on compact subsets of D.

Proof. Since P(B,b,a;F) C & and the class £ is compact, it suffices to
prove that P(B,b, «;F) is closed in 2. So, let {p,}5%, be an arbitrary sequence
of functions in (B, b, a; F) converging to a function p € 2 uniformly on compact
subsets of D. For every p, there exists 7, € (—r, n) such that (8) and (9) are fulfilled
onF, and T\F,, respectively. From {7,}32, we can select a subsequence {7, }§,
converging to some 7 € (—=n,x) for k — oo (if ,, — =, we put 7 = —n). Without loss
of generality we can suppose 7 = 0 (by considering the functions p,(z) = p» (ze‘i" )
and denote the subsequence by {7, }3~, again. Since F,, = {¢!™¢; £ € F}, we have
XF., (€)= xf(ei™€), for each £ € T, and since X¥ is integrable on T, and thus, the
mapping T — ¥, where 1, (t) = x¢(e{"*7)), is continuous in the L'({—=x,r))-norm
(see e.g. [10], Th. 9.5, p. 183), from

XF., (eit) _ XF(eit) - XF(ei(t-—r,,)) _ XF(e“)

we obtain

" . . .
(16) / 'XFr,. (eu) - XF(C")] dt -0 asn — oco.

-T

Now, fix z € D. The harmonic measure of the set F,, with respect to the point
z€Dis

- — l , it eit+2
(17) wzFr) =5 [ xe, (@ Re (555 ar,

and so, by (12), we have
(18) Repa(z) 2 b+ (B - b)w(t;F,,).

We can take limits for n — oo on both sides of (18). From the assumption we
have that pn(2) — p(z), z € D, as n — co. On the other hand, by (16) we have

(19)  1olsiF) — (i)l = | [ (xe) - xe, ) Re (555) |

it _ o
1 14]z) [ . ’
S m1— e Xk, () — x¢(e")|dt — 0
-n

if n — oo.
Consequently, by (18) we have
(20) Rep(z) 2 b+ (B — b)w(z;F) for each z € D.
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Now, by (20), by property (b) and by the boundary properties of w(z;F), we
obtain for the function p inequalities (8) and (9) on F and T \ F, respectively, so
p € 2(B,b,o;F). a

Remark 2. It is evident that in the proof of Theorem 3 we have shown, more
generally, that 22(B,b, a;F) is closed in £ in the topology given by pointwise con-
vergence. Moreover, from (19) it follows that w(z;F;,) — w(z;F;) uniformly on
compact sets in D if 1, — 7.

3.

In this section we shall study sets EZ2(B, b, «; F) and supp 22(B, b, o; F) of extreme
points and support points of £(B, b, «;F), respectively.

Let us recall ([8], p. 44, p. 91) that 1) a point 2 € A C .X (.X is a vector space over
C or R) is called an extreme point of Aifa,be A, 0<A<1anda=Aa+(1-A)b
implies a = b = z; 2) if X is a topological vector space over C or R, then a point
z € A C X is called a support point of the set A if there is a continuous linear
functional J on X such that Re J is nonconstant on A and Re J(z) = max{Re J(o);
o € A}.

For this purpose we denote, for a fixed 7 € (—x, ), by 2(B,b, «;F, 7) the set of
all functions from Z(B, b, «; F) satislying (8) and (9) on F; and T\F,, respectively.
Clearly, Z(B, b, «;F, 7) is convex, compact and

(21) P(B,b,a;F)= | ] 2(B.b,a;F,7).
TE(—m,T)

Proposition 1. (i) 2(B,b,o;F,7) = {pe, + (1 — 9)p; p € P} where pg, is the’
function (14) and 0 is given by (15).

(i) For every T the correspondence p — pg_ + (1 —n)p between the classes 2 and
P(B,b,«;F, 1) is one-to-one,

(iii) p € P(B,b,«;F,n) if and only if p(z) = p(e'”z) € P(B,b,a;F, 11 + 7).

Proof. (i) For 5 =1 this follows from the second assertion of Corollary 1. So,
let 0 < 9 < 1 and take ¢ € #(B,b,«;F, 7). Put p(2) = 1—_’7,—’((1(.2) - pe,(2)), z € D.
By (12), (13), (14) and the minimum principle we have Rep(z) > 0, z € D, and since
q(0) = 1 and pg,(0) = 5, therefore p(0) = 1,s0 p € £ and ¢ = pr, + (1 — n)p.

(ii) and (iii) are obvious. a

Now, denote by &'(B,b, a;F, ) the set of all p(z;7,F.) € 2(B,b,a;F, ) of the
form

4,

<

(22) p(z;7,Fz) =b+ (B =b)h(z;F:)+(1-=1n) , 7v-real, z €D,

e
el — 2
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and by &#(B, b, a;F, ) the set of all s(z;F;) € P(B,b,«a;F, ) of the form

(23)  s(ziFr) = b+(B-bh(xF) + (1= S Mt s ep,
k=1

1 -2z’

whereA,c 0, Z,\k..landlxkl—l m=1,2,.

From Proposmon 1, from the description of extreme points and support points of
2 given in [8] (p. 48 and p. 94) and from (21) we immediately obtain

Corollary 2. For arbitrary admissible B, b, o, F, 7, we have

(24) EZ(B,b,a;F,7)= &(B,b,a;F, 1),

(25) supp (B, b,a;F, 1) = S(B,b,a;F, 1)

(26) EZ(B,b,;F)C | &(B,ba;F,7).
T€(~m,%)

Proof. Assertions (24) and (25) follow immediately from Proposition 1, from
formulae (22) and (23) and from the description of extreme points and support points
of 2 given in [8], Theorem 5.2 and Theorem 7.3, respectively. Formula (26) follows
directly from (21), (24) and the obvious inclusion EJ A; C | JEA;. O

Theorem 4. Let p € P(B,b,a;F) have an expansion (1) in D. Then, for n =
L2,..,

(27) lan| < 2[(3 - b)-—l—‘/ e-i"'dt|+ 1- 7,].
2n F
This estimate is sharp and is attained only for functions (22) where
y= —l(arg/ et dt +2kn), kel
n

(for [ e”i"tdt = 0 we put arg [ _e""*dt =0).

Proof. Since it is'sufficient to verify estimate (27) for the extreme points of
P(B,b,a;F) (see e.g. [8], Th. 4.6, p. 45), by (26) we have only to make sure that the
estimate holds for all functions of the form (22) for all 7 € (—n,n) and is attained
on some of them. So, we have only to write the Taylor expansion of the functions

(22). Since

e“+z - -—mt n
S 1+2Z €D,
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and the series converges uniformly in (—x,r) for |2| < ¢ < 1, We can integrate term
by term and obtain by elementary calculations (cf. (11), (13), (15), (22))

e“+zdc et + 2
Pz, ,)-b+(B—b)/ + (1= )

et — 2 21 et —z

=1 +QZ [(B —b / —int 44 +(1 - 1})e*in'y] 2",

n=1

hence |
qn = 2[(8 - b)ﬁ‘/': e'i'“ (“;-l-(l - n)e’i"‘y] .

Denoting ¢, = arg f¢ e ™ dtif [~ e~ "t dt £ 0 and putting ¢ = 0 in the opposite
case, we have

qn = 2[(3 ——b)zL

~i"t dt ‘ + (l —_ 1’)9"‘.(71’Y+‘Pr)] ei(p,

hence

2n F,

= ‘2‘(8 - b)—Ll/ e”intdy l + (1 = p)eimrten)

2n F

Since the first term of the sum is nonnegative, we obtain the estimate (27). O
Remark 3. Using definition (15) of , we can rewrite the estimate (27) as
follows:
(28) |q,,[g~2[1-b-(3-b)(a-l /e-‘"‘dm )]
2n F

Remark 4. When the parameters B, b, a lie on the boundary of the three-
dimensional set given by the inequalities in Definition 1 and inequality (10), we

obtain the following limiting cases:
2(0,0,a;F)= 2, a€(0,1),
P(B,B,a;F)= 2, a€(0,1), Be€(0,1),
P(B,b,a;F) = { P, of the form (14), 7 € (-n,7)}, a€(0,1), n=1,
P(B,b,0,F)=2, 0<b<1,b< B,
P(B,b,1;F)=2Pp, 0<bg<B<I,
21,1, 0;,F) = {po}.

65



Here $3, 0 < B < 1, is the class of functions (1) with values in the half plane Rez >
B. Passing suitably to the limits, we obtain form (28) the well-known coefficient
estimates in the classes 92, ([9]) and £ ([2]).

As we have mentioned above, the classes 2(B,b,a;F, 1) are convex and hence
also connected. In this section we shall discuss the question of convexity aud con-
nectedness of the class (B, b, ; F). In the sequel we denote by €(A) the normalized
Lebesgue measure on T (£(T) = 1). We shall need the following geometric lemma.

Lemma 2. Let F C T be a closed set, {(F) = o, 0 < o < 1. Then for each
T € (—n, nt) there exists § > 0 such that ¢{(F, 4+, NF,) < ((F;) for each h, 0 < |h| < 6.

Proof. Without loss of generality we can choose 79 = 0 and Fy to be perfect
(because the set of isolated points of Fg is countable and hence a set of Lebesgue
measure zero). Denote by D, the set of density points of F¢ (i.e. £ € Df, if and only
if lim gfg%(_e,ﬂl = 1 where B(&,r) is the subarc of T with centre at the point § and

r—0

2(B(&,7)) = 2r). Then (see [10], Exercise 11, p. 177) €(Dg,) = €(Fo) = a > 0. Hence
each interval containing a point of Fy contains a point of Dg,. Denote Go = T \ Fo,
50 £(Go) = 1 — ¢(Fo) = 1 — a > 0. Gy is an open subset of T, hence (/g is the sum
of a nonvoid finite or countable family of mutually disjoint open arcs GG C T. Let
UG;,) 2 UG;) for every i and put § = €(Gy,). The endpoints &, & of G;, are lying
in Fy. So, by rotating Fo through any angle h, |h| < 8, Gi, NFq contains & and
&1, and so, in any case, a point { € Dg, and an arc B(§,79). Take 0 < r < rg such
that £(Fo N B(&,r)) > %C(B(f,r)’) = r. Then FoNF, C Fo\ (Fo N B(£,7)), so
l(FQ th) < Z(Fo) —-—r< E(Fo), (].e.d. (]

Theorem 5. If0 < a < 1, then (B, b, «;F) is not convex.

Proof. By Theorem 2 there exists a non-constant function p € 2(B,b, «;F)
such that Rep(ei®) = B a.e. on F, Rep(e'?) = b a.e. on T\F (cf. (12)). By similar
arguments as in the proof of Lemima 2 there exists 7 # 0 so that {(F, NF) < a.
Define p,(z) = p(e~272), z € D. Obviously, pr € 2(B,b,a;F, 7). Join p, p,
by the segment py = Ap; + (1 — A)p, 0 < A < 1. Clearly, pA(0) = 1. One has
Repa(€) < Ab+(1-X)B < Bon T\F, for A > 0 and Repx(§) < AB+(1-A)b< B
on T\F for A < 1. So, Repx(€) > B can be fulfilled only a.e. on F, NF. Hence, for
each A € (0,1), pa does not belong to (B, b, a;F). O
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Theorem 6. P(B,b,«;F) is arcwise connected (and thus connected).

Proof. Let p,p» € 2(B,b,«a;F). Then there exist 7,72 € (—n,n) such that
pr € P(B.b,a;F, 1), k = 1.2. Since the classes L(B,b,a;F, 1) are convex, we
can join py, p2 by a segment with pr,., +1 =1, pr,, +1 -1, respectively, and then
pr,, +1—nwith pg_ 41— by thearcr — p, +1-1, 11 <7 < 72 (cf. Remark 2).

(]

Remark 5. In the case B < 1, the assertion of Theorem 6 is obvious because
po € P(B,b,a;F) for each 7 € (—n,n).

Remark 6. All the properties of the class 22(B, b, «;F) which we have exam-
ined up to now (i.e. compactness, convexity and connectedness) require non-trivial
means from real analysis for their proofs, but can be proved almost trivially if we
restrict our attention to the classes 2(B,b,«;F, 7). In this context, the following
properties can be of some interest.

Lemma 3. For each 7 € (—n, ) we have

’!1_1‘7(1) “F”" NF;) = (F;).

Proof. We can suppose 7 = 0 and write F, = Fy. Since Xf,nF, = XFh * XFo»
we have

T dt o dt
£(Fo) — ¢(Fn NFo) = / (XFo — XFo * XF = / (XFo — XFo 'XF,.)2—1;

- -n

n dt T dt
= XFo(XFo — \’F..)z—Tt < ] IxFo — XFIJE;

-R

* dt
= [ e+ 1) - e 0l
where we denoted ¥F,(t) = xF,(¢'!). But ’Einzl f:ﬂ [YEo(t + h) — YEy (1) dt = 0 (see
e.g. [10], Th. 9.5, p. 183) and ’Ilin?)Z(Fo NFy) = (Fo), q.e.d. (W]

Theorem 7. Let 1) < 1. Then there exist 7; = 7;(F), i = 1,2, such that for each
T € (-7,7), i = 1,2, we have

(i) P(B,b,a;F,7) # P(B,b,a;F,0) for 0 < |7| < 7, if F is closed,

(ii) 2(B,b,a;F, )N P(B,b,a;F,0) # 0 for || < .

Proof. (i) By Lemma 2 there exists 7 > 0 such that, for each 7 € (—'r,., 1),

one has ¢(FNF,) < {(F). Hence the function pg(z) = b+(B-b)h(z; F)+(1-n)5Es

e~z
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7 real, z € D, does not belong to P(B,b,a;F,7) since Repg(e?®) = b < B ae. on
F, \F, and &F, \F) = &F,) — &(F, NF) = ¢F) — {(F NF,) > 0.
(i1) Define
f(e*)=B onFUF,,
fE*)=b on T\ (FUF,)

and

p(z) = 5= /f it e"+ (t, z €D.

Then Rep(e'?) = B a.e. on FUF,, Rep(e") =bae. on T\ (FUF,). It is clear that
Re p fulfils condition (8) a.e. on F and F, and condition (9) a.e. on T\F and T\F;.
An easy calculation gives

(29) p(0) = 51; _“ fle®)dt = n+ (B = b)[((F) — ¢(F UF,)).

However, by Lemma 3, lin’(l) ((FUF;) = £F). Hence, by (29) and on account of
T—
7 < 1, there exists 72 > 0 such that p(0) < 1 for |7| < 7. Then the function

~ e 4z
p(z) = p(2) + (1 - p(0)) —» 7 real, z €D,

belongs to p(B,b,a;F, 7)N P(B, b, «;F,0) for each r € (=72, T2). O

Next, we introduce

Definition 2. Let 0 < b< 1,0< B, 0 < o < 1, be fixed real numbers. Denote
by 2(B, b, a) the class of functions p € & such that the exists a measurable subset
F of T of Lebesgue measure 2ra such that p € #(B, b, a;F).

It follows directly form Definition 2 that

(30) - P(B,b,a) =] P(B,b,0a;F)
: F

where F C T satisfies the conditions mentioned above.
Let p € P(B,b,a) have the expansion (1). Then form (30) and Theorem 4 we
obtain

(31) 'in 2(1 - ”) + (B b)Qn; n=12,...,
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where
(32) Qn = sup {Q,.(F) = l/ e~y I}, n=12...,
FeF F

and F is the st of all measurable subsets of the circle T of Lebesgue measure 2na.
Estimating roughly the real and imaginary parts of [¢ e""t dt, we obtain Qn(F) <
4na for each F € F, therefore @, < oo, n=1,2,...

In view of the rotation-invariance of the Lebesgue measure on T we have
JeeTmMdt=e"" [0 e dt, F € F,7€(-n,n). Takingr = 7% = Larg [ e™™ dt,
we obtain @, (F) = fFr‘ cos nt dt. From here we easily see that

(33) Q, = sup / cosnt dt .
F

FeF

The following lemina is the clue for estimating Q,,. We write m(A) for the
Lebesgue measure of A C R.

Lemma 4. Let a,b € R and let E C (a,b) be a measurable subset of the interval
(a,b) and f a bounded nondecreasing function on {a,b). Then

a+m(FE) b
(34) / f(t)dtg/Ef(t)dts/b S0 de.

-m(E)

Proof. Choose € > 0 arbitrarily. Clearly, it is sufficient to suppose 0 <
m(E) < b— a. By definition, there exist a compact set F' and an open set G such
that F C EC G and m(G\ F) < ¢/(2M) where 0 < M < oo is the upper bound for
|flon {a,b). From E\F C G\ F and G\ E C G\F it follows that m(E\ F) < €/(2M)
and m(G \ E) < €/(2M), respectively. G is the sum of disjoint open intervals Iy,
k=1,2,...

00

Moreover, |J I D F and hence one can choose a finite set of disjoint intervals I;,

k=1

8
Iy, ..., I, such that I = |J I D F. We order them in such a way that a; < as <
k=1
... < a, where ay, is the left endpoint of It, k = 1,...,s, and outside of {a, b) we put

f=0. Then m(I\ E) S m(G\ E) <e/(2M) and m(E\ I) < m(E\ F) < g/(2M).
Since both the sets EU (/'\ £) and TU(E \ I) are decompositions of I U E in two
disjoint sets, we have

/Ef(l)(lt+/l\E S dt = /;f(t)dt+/£v f(t)dt,
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and so

/Ef(t)dt =/lf(t)<lt+/E\l f(t)dt+/,\E[—f(t)] dt.

However,
/ fOdt <M -m(E\NI)< M -¢/(2M) =¢/2
E\I
and
/ ()] dt < M -m(I\ E) < M -¢/(2M) = ¢/2,
I\E
hence
(35) . / f(t)dt < /lf(t)dt+s.

It remains to estimate [, f(t)dt = Z f, (¢)dt from above. In view of the

translation-invariance of m on F and smce f is nondecreasing, we have, for any ¢, d,

a < c<d<b, and for each r € (0,0 - d),

d+r d+r
/f(t)dt—/ fe-nac< [ fayd.

c+r

Let c = ax,d =bg, 7 = b—by— Y. m(l;) where Iy = (ai,bi). Since ri €

i=k+1
(0,6 — by), therefore
bedre b= kg M)
(36) / f(t)dt < / f(Hde = / f(H)dt, fork=12,...,s
I ax$ri =T, m(l;)
and also
b
(37) / f(t)dt € / F(t)dt.
1, b-m(1,)

By adding (36) and (37) we obtain

/ f(t)dt /‘mm f(t)at,

/f(t)dt</b it f(t) dt +e.

and so, by (35),

-1

Since € > 0 was arbitrary and F C I C G, the right-hand side in inequality (34)
is proved. The proof of the left-hand side in inequality (34) follows the same lines.
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Remark 7. If g is nonincreasing on (a,b), then, applying Lemma 4 to the
function f = —g, we obtain

b a+m(E)
(38) /b y(t)dtg/Eg(t)dtQ/ g(t)de.

-m(E)

Theorem 8. Let p € P(B,b,a) have the expansion (1) in D. Then, for n =
1,2,...

B -
(39) Janl < 2]

b .
sinan + 1 —1;].

The estimate (39) is sharp and is attained only on the function p*(z) = p(ez;F),
le] = 1, z € D, where

n
. . ) _ 2kni —QT QTn
F=Fn=kL—Jan and Fnz{zET,z-e n el TSQQ“n—
and so
(a+2k)n/n

B-b et 4z 1+
(40) p(z;F)=b+ 5 Z / dt+(1+7)

z
et — 2 1-2’

z€D.
k=l(—a+2k)1t/n

Proof. Fixn and divide the interval (—=x, ) into n disjoint subintervals

T = <n—n+2(k— l),n-n+2k ), k=1,2,...,n, if nis odd

n n
and
Tk=<n—n+2k_l,n_"+2k+l), k=1,2,...,n—1,
n n
n n o
Tn_<n—;,n)u<—n,—n+;), if n is even.
Then
) n
(41) Qn(F) = Z/ cosnsds
k=1"FOTk

(here and in the sequel, a subset of the unit circle T is identified with the set of
the corresponding points of (—n,n)). Denote m(F NT;) = 2ray. Since cosns is
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increasing on the left half 7}! of T} and decreasing on the second half T2 of T (for
neven, k=n:T) =(n— %) T =(-x,—x+ L)), we obtain by (34) and (38)

r=nd2b=l +21mf’
0< / cosnsds < / cosnsds, k=1,...,n, for nodd
FOTy

r=nd2hol _opq(l)

and
K-n";tm: +2K0£2)
0</ cosnsds < / cosnsds, k=12 ...,n—-1
FNTy
n =2k _onq (Y
and
r —n42nal®
0< / cosnsds < / cosnsds, + / cos nsds
FnT,
u—2m~{,') -n

if n is even, where 2n(v£i) =m(FNT}),i=12 Since cosn(—n+2k+ 1) =1 for
nodd; cosn(—n + 2k) = I, cos(xnn) = 1 for n even and cos(—z) = cosz, these
integrals are not greater than

oM 4@ e ey
n_“i:k_|+2“ K 5 k "—n'ill' +2n k > K

/ cosnsds, / cosnsds,

oM 402 o) 402
n=ntdk=l _on_k —k n=nd2k _op Tk "k &

QNG

_“+gngk__;_“.£_

cosnsds + / cosnsds,
(1) o (2) -=%
n—2n> :n
respectively.

However, ag) + 0122) = «ay, and so we finally calculate

2 .,
/ cosnsds £ —=sinnrag, k=1,2,...,n;
FT, n
thus we have
n 2 n
(42) / cosnsds = Z/ cosnsds < — Z sin nrag.
F k=17FnTe n k=1
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Now, we notice that 2ra; < %‘5 and, of course, 0 < ar < a,s500 < ap < min('l—‘, a).
Hence (31), (32), (33), (41) and (42) imply

lgn] < 2(1 - 7I)+ p{ Zsmmmk}

where the upper bound is taken over all systems (a,...,a,) such that 0 < ap <

min(i, «) and Z ai = a. But because 0 € o < 1, we have 0 < nrnay < x. On the

interval (0, ) the functlon sinz is concave and so

1o 1 ¢
- E sin nray < sin — E nnay = sin ax.
n k=1 n k=1

The equality holds if and only if o = &, k= 1,2,...,n (notice that £ < %)

The form of the extremal functions is a consequence of the formn of the set F
shown in Theorem 8 and follows form formula (22). Since 2(B,b,a;F, UF;) =
P(B, b, a;F) for an arbitrary measurable set F; and an arbitrary set Fy of Lebesgue
measure 0 therefore, for a fixed n, the function (40) is the only function realizing the
maximum of |g,| in the class 2(B,b,a).

The theorem is proved. O

From Definitions 1 and 2, Lemma 1 and Theorem 8 we get

Corollary 3. Let p € (B, b;a) have the expansion (1) in D. Then, for n =
L,2,..,

B-b .
(43) lgal < 2[ sinan+ 1 — 1;].

Remark 8. The estimate (43) for n = 1 is sharp. For n = 2,3,..., it is not
sharp because the function (40) belongs to the class 2(B, b, a) but not to (B, b; a).
The sharp estimate in the class #(B, b;a) for n = 2,3, ... is ([6])

lgnl < 2[

lsm nax|+1— 1;]

The estimate can also be obtained directly from (27).
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