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Summary. The problem of integrating factor for ordinary differential equations is inves-
tigated. Conditions are given which guarantee that each solution of

61F(z,y) + y’a2F(x,y) =0

is also a solution of
M(z,y) +y'N(z,y) =0

where 81 F = uM and G2 F = pN.
Keywords: integrating factor

AMS classification: 34A05

Introduction. Let G be an open set in the Euclidean plane and let f be a function
differentiable on a one-dimensional interval I such that the graph of f is a part of G.
Let F be a function differentiable on G; let 1 F and 8;F be the first order partial
derivatives of F. It follows from well-known elementary theorems that

&1 F (z, f(z)) + f'(2)F (z, f(z)) = 0

for each z € I if and only if the function F(z, f (z)) (z € I) is constant. Thus, the
differential equation

(1) 0, F(z,y) +y'F(z,y) =0
is, in this sense, equivalent to the “non-differential” equation

(2) F(z,y) =c.
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- Now suppose that M, N and u are functions on G such that
3) - O F =uM, O8,F = uN.
It is obvious that each solution of
(4) M(z,y) +y'N(z,y) =0

is also a solution of (1). The present note investigates the question whether each
solution of (1) is also a solution of (4). The function y is usually called an integrating
factor (i.f.) for the equation (4).

Authors of elementary textbooks dealing with differential equations caution us
that, in general, it is not easy to find an i.f. for a given equation. We could easily
correct this statement writing “nontrivial i.f.” instead of “i.f.”, but this would not
remove the main difficulty. If we wish to go from (2) to (4), we must cancel u. We
might, of course, suppose that u(z) # 0 for each z € G, but this would be a loss of
generality. A “reasonable” i.f. still may have “many” zeros. If, e.g., G is the whole
plane and f a function differentiable on (—o0, 00), if, further

(5) uz,y) =y - f(z)

and if (3) holds, then, clearly, f is a solution of (1), but it is not obvious whether f
is also a solution of (4). It follows, however, from the theorems proved in this note
that this is the case, i.e. that we may cancel even integrating factors like (5). (The
equation y + 2zy’ = 0 and the function F(z,y) = zy? may serve as an illustration.)
We suppose only that the functions M and N are continuous and that the set of
zeros of u has no interior point. (It is easy to see that this condition is fulfilled
by each “practical” nontrivial i.f.) Under this condition, equations (4) and (1) are
equivalent, i.e. we can solve (4) by means of (2).

Conventions. The word function means a mapping to the set R = (—00, ). Let
M and N be functions on a set G C Rx R. By a solution of the equation (4) we mean
a function f differentiable on a nondegenerate interval I C R such that (z, f(z)) € G
and M (z, f(z)) + f'(z)N(z, f(z)) = 0 for each z € I. (If z belongs to the boundary
of I, then, as usual, f'(z) denotes the corresponding unilateral derivative.) The
meaning of a statement like “f is a solution of (4) on (0,1]” is obvious. When we
say that an equation

(6) My(z,y) +y'Ni(z,y) =0

is equivalent to (4), we mean that M; and N; are defined on G and that the system
of all solutions of (6) is the same as the system of all solutions of (4).
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Lemma. Let a, b € R and o, 8, A € (0,00). Let F be a function continuous on
the set
S=la-a,a+a] x[b-p,b+ ]

and let |F(z)| < A for eachz € S. Let 0 < o < min(a, 3/)); define J = [a—0,a+0].
Then there are § € (0,0), € € (0,83) with the following property: If |a; — a| < §,
|b1 — b| < €, then there is a function f on J such that f(a;) = b; and that

|f(z) bl < B, f'(z)=F(z,f(2))

for each x € J.

(This is a special case of Corollary, p. 23, [1].)

Theorem 1. Let G be an open set in R x R. Let F, M, N, u be functions on
G. Let F be differentiable, let M, N be continuous and let O, F = pM, o F = uN
on G. Let f be a solution of the equation (1) on an open interval I. Suppose that
a € I and that

(7) M(a, f(a)) + f'(a)N (a, f(a)) # 0.

Then pu = 0 on some neighborhood of the point (a, f(a)).

Proof. Set b= f(a), P = (a,b). We distinguish two cases. _

1) N(P) # 0. For each z € G for which N(z) # 0 set V(z) = —M(2)/N(z).
Further set A = V(P) — f'(a), n = |A|/4. By (7) we have n > 0. There are a, 8 > 0
such that [a — a,a + a] C I and that

|f(#) = b—(z—a)f'(a)l <mlz—a| (|z-a|<a),
V(z,9) -V(P)|<n (z-a|<a, ly—b <pP).

Let 0 < ¢ < min (a, 8/(|V(P)| +n)); set J = [a — 0,a + 0]. According to Lemma
there are § € (0,0), ¢ € (0,8) with the following property: If |a; — a| < & and
|by — b] < e, then there is a function g on J such that g(a;) = b; and that

8)  lg@@) bl < B, ¢'(x) =V(z,9(2) (zeJ).

We may suppose that € + 6|V(P)| < no. Set U = (a — d,a + 8) x (b—¢,b+¢€). Let
(a1,b1) € U, let g be as above and let z € J. Define

b=@-ayvE)+ [ "¢ -VP)d,

ai

& = f(z) —b— (z - a)f'(a),
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E=b—b+& —&. As g(z) = by + (z — a)V(P) + &, we have
9(z) - f(x) =b1—b+ (z—a)(V(P) — f'(@)) + & — &2 = (T~ a)A +&.
It is easy to see that
€] < e +68|V(P)| + 2n0 + 70 < 4no = o|A].

Therefore one of the numbers g(a + ) — f(a + 0), g(a — o) — f(a — o) is positive
and the other negative. It follows that f(zo) = g(zo) for some zo € J. According
to (8), the function F(z,g(x)) (z € J) is constant; since f is a solution of (1), the
function F(z, f(z)) (z € J) is constant as well. Thus F(a1,b) = F(a1,9(a1)) =
F(z0,9(z0)) = F(zo, f(z0)) = F(a, f(a)). We see that F is constant on U. Since
N #0o0n U, we have p = N™10, F = 0 there.

2) N(P) = 0. Then, by (7), M(P) # 0. For each z € G for which M(z) # 0 set
W(z) = —=N(z2)/M(z). Define A = |f'(a)| + 1. There are a, 8 > 0 such that

|f(z) - bl < Alz —a| (jz-a|< @),
W(z,9)| < B4)™" (e-al<a ly-b<p)

Let 0 < 7 < min(3,aA); set K = [b—7,b+7), L= (a—TA"},a+7A™!). According
to Lemma there are é € (0, ), € € (0,7) with the following property: If |a; —a| < §
and |by — b| < €, then there is a function h on K such that h(b;) = a1 and that

(9) |h(y) —a| <, hK'(y)=W(h(y),y) (yve€K).

We may suppose that § < 7/(34). Let U = (a—§,a+6) x (b—¢,b+¢). Let (a3, b)) € U
and let h be as above. For y € K we have |h(y) — a| < |h(y) — h(b1)| + a1 —a] <
27/(3A4) + 6 < T/A, thus h(y) € L. For z € L we have |f(z) — b < 7. Set
Sj = {{z,y) ; z € L,sgn (y—f(2)) = j} (G = -1,0,1), T = {(h(y),%) ; y € K}. The
sets S—1, S) are open and disjoint; the set T is connected, (h(b+7),b+7) € TN S,
(h(b—T7),b—7) € TNS_1, T C S_1US,US;. It follows that TNSy # @. This means
that there are zo € L, yo € K such that yo = f(z0), Zo = h(yo). According to (9), the
function F'(h(y),y) (y € K) is constant; the function F(z, f(z)) (z € L) is constant
as well. Thus F(al,bl) = F(h(bl),bl) = F(h(yo),yo) = F(Io,f(.’l:o)) = F(a,f(a)).
We see that F is constant on U. Since M # 0 on U, we have p = M~19,F = 0
there. a

Theorem 2. Let G, F, M, N, p be as in Theorem 1. Let the set {z; u(z) # 0}
be dense in G. Then (1) is equivalent to (4).
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Proof. It is obvious that each solution of (4) is also a solution of (1). Now
suppose that Iy is a nondegenerate interval, ag € Iy, f is a solution of (1) on Iy and
that M (ao, f(a0)) + f'(a0)N (ao, f(ao)) # 0. Let I be the interior of Ip. It is easy
to see that there are a;, az,... € I such that a, = ap and f'(a,) = f'(ao). If we
choose a = a, with n sufficiently large, then (7) holds. From Theorem 1 we get a
contradiction. m|

Remark. We may easily construct “unreasonable” integrating factors as fol-
lows: Let G and F be as in Theorem 1 and let ¥ be a function differentiable on R.
It is easy to see that ¢'(F(-)) is an integrating factor for (1). Let e.g., ¥(t) = t3
fort > 0,% =0on (—00,0] and let M =0, N =1 on R x R. Then (4) becomes
y' = 0 and the function u(z,y) = ¢'(y) is an i.f. Even the well known equation
NOp— MOqu = (02M — O1N) -  is fulfilled. Multiplying by u we get y'¢'(y) =0
which is satisfied, for instance, by each nonpositive function differentiable on R.
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