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A DYNAMICAL SYSTEM IN A HILBERT SPACE
- WITH A WEAKLY ATTRACTIVE NONSTATIONARY POINT
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Summary. A differential equation in a Hilbert space with all solutions bounded but with
no finite nontrivial invariant measure is constructed. In fact, it is shown that all aolunons
to this equation converge weakly to the origin, nonetheless, there is no statxonary pomt
Moreover, no solution has a non-empty 2-set.
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AMS classification: 34G20

In this paper we construct a differential equation with a bounded Lipséhitz contin-
uous right-hand side in an infinite-dimensional Hilbert space, all solutions of which
converge weakly to the origin, nevertheless, there is no stationary point. Further, it
is shown that the £2-set of every solution is empty and there is no finite nontrivial
measure invariant under the flow defined by the equation. The question whether such
a system exists was posed to us by J. Zabczyk. Although the problem seems purely
deterministic, it is intimately related to the problem of existence of invariant mea-
sures for stochastic evolution equations. G. Da Prato, D. Gatarek and J. Zabczyk
in [1] (Theorem 4) established a theorem, which in the very particular deterministic
case reads as follows: Consider a differential equation

z = Az + f(z) '

in a Hilbert space H, where f is a Lipschitz continuous mappingin H and A generates
a compact strongly continuous semigroup e4* on H. If at least one bounded mild
solution to this equation exists, then there exists a (not necessarily umque) invariant
ineasure. ' : ’
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;- Our results show that the assumption on the compactness of e! in the above

theorem cannot be omitted. Moreover, our example indicates that there is no im-
mediate relation between the invariant measures for the Galerkin approximations of
an equation and the invariant measures for the equation itself. In Remark following
the proof of Theorem 3 we will prove that the finite dimensional approximations to
the equation under consideration have invariant measures, these measures have a
weak* limit (in the space of finite Borel measures on the Hilbert space, provided this
Hilbert space is equipped with its weak topology), nonetheless, the limit measure is
not invariant.

MAIN RESULTS
We will prove the following three theorems.

Theorem 1. Let H be an infinite-dimensional Hilbert space. Then there exists
a bounded Lipschitz continuous mapping f: H — H such that all solutions of the
equation

(E) z = f(z)

converge weakly to 0 as t — oo, nevertheless, the equation has no stationary solution,
that is, f(z) #0 forany z € H.

Let z(.) be a solution of (E). Denote by £2(z(.)) the 2-set of z, that is, the set of
all y € H such that
y= lim z(t,)
n==00

for some t,, — 00.

Theorem 2. Let H be a Hilbert space. Let f: H — H be a Lipschitz continuous
mapping fulfilling f(0) # 0. Assume that all solutions of (E) converge weakly to 0
as t — 0o0. Then £2(z) is empty for any solution z of (E).

Let us note that if f: H — H is Lipschitz continuous, then for any § € H there
exists a unique solution z(.,§) of the equation (E) fulfilling £(0,§) = £ and defined
on the whole real line. Let us denote the flow induced by (E) on H by (T,t € R),
that is,

T:: H-—-»H {o—-—-»z(t(), teR.

We say that a nonnegative Borel measure v # 0 on H is invariant with respect to (E)
provided Tiv = v for all t € R, where we set Tiv(A) = v(T;"! A) for any A C H Borel
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measurable. As T; is in fact a homeomorphism, the condition Ty = v is equivalent
to ¥(TyA) = v(A) for all Borel sets AC H. :

Theorem 3. Let H be a Hilbert space, let f: H — H be a Lipsclﬁt: continuous
mapping. Assume that all solutions of (E) have empty $2-sets. Then there is no
(nontrivial nonnegative) finite Borel Radon measure on H invariant with respect
to (E).

Remark. If the space H is separable, then all finite Borel measures on H are
Radon by the Ulam theorem (see e.g. [2], Theorem 1.3.1), hence if all solutions to (E)
in a separable Hilbert space have empty {2-sets, then there is no finite Borel measure
invariant with respect to (E). ’

Remark. If f is the particular mapping we will construct in the course of
the proof of Theorem 1 then the nonexistence of any finite Borel measure invariant
with respect to (E) can be proved without the assumption of radonness even in the
non-separable case.

The paper is organized as follows. In Section I, the mapping f the existence of
which is claimed in Theorem 1 is constructed, in Section 1I it is established that f is
lipschitzian, and in Section 11I the behaviour of solutions to (E) is investigated. In
the last section, the proofs of Theorems 2 and 3 are provided.

I. CONSTRUCTION OF THE MAPPING f

First, let us note that it suffices to prove Theorem 1 in the case of a separable
space H. Indeed, let H be a non-separable Hilbert space, then we can split H into
an orthogonal sum H = H; & Ha, H; being an infinite-dimensional separable Hilbert
space. Let fy: Hy — H; be a Lipschitz mapping such that for the equation

(1.1) z = fi(z)

in H, all the assertions of Theorem 1 hold. Further, define

=iz
: H S L | L
fa: Ha 2 z T+ =[P

Then any solution z to the equation

(1.2) : = fo(z)
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in Hj is of the form:

,
(( @i~ o1+ )'( o (’") 2(0)

=(t) = 2 =)
‘ 2 z(0)

I EOR
(( T=On (om - l=(oN) "+ ) lr (0)u = IOl

t € R, provided z(0) # 0, and z = 0 if z(0) = 0, hence ||z(t)|| — 0 as t — +60. Let
Qi: H — H; stand for the orthogonal projection onto H;, i = 1,2. Define

f: H—*Hv x"—"fl(QIz)$f2(Qﬁx)»

then f is Lipschitz continuous and f(0) = (f,(0),0) # 0. If z solves (E), then Q,z,
Q2z are solutions to (1.1), (1.2), respectively, hence all solutions to (E) have the
required properties.

Therefore, up to the end of the proof of Theorem 1 we will content ourselves to the
case of a separable space H. Without loss of generality we will work in the space £3,
where £; denotes as usual the Hilbert space of all sequences {z;}$2, of real numbers

00
with finite norm ||z} = (¥ ::,?)l/ 2. We start with introducing some notation.
. d=1

Notation. Denote by £* the set of all elements z € ¢, fulfilling z; > 0, z # 0;
by Int M the interior and by cl M the closure of a set M. Let e be the unit vector
ey =1, =0fori=2,... orthogonal to the set Z = {z € £2: z; = 0} and let P
be the orthogonal projection on Z; i.e. Pz = z — zje. Let us fix a real number r,
0 < r < 1, and define the following domains:

={zett:|z|| =1},
Az ={z €ty: 21 <0}
As = {z € cdt*: ||z|| < r/5)},
Ag={zetr: ||zl 2 r/5||Pzl| < r - 221},
As = {zett: ||Pz|| 2 r—2z,,||z]| < r},
As={zetr:r<lzli< 1},
Ar={zett: |zl >1},
={eel: 11 =0,r/5<|lz]| < 1}.



Further, let us introduce a set of mappings:

Pttt —tt, Pz=_
! T =l

P3: Y — £t Pz:i;

: 7 Bl

. + _ re .
Pq.ﬁ — L N . P4z_ _————“P2"+221 ’
Ps: Y — Pa::—ri.

° o il

Note that we have Py(\z) = Pz for all positive A and ||PPsz|| 4+ 2(Psz) = r, which
means that Psz is an element of the cone {z: || Pz|| + 2z, = r}.

Assume that the following hypothesis is fulfilled:

(H;) Let g: clt — R be a bounded continuous function such that ¢ = 0 on
A1 UA3UA7U Z;.

Now we can define the mapping f. First we define a mapping F: A; — {3 by
(1.3) (F(2))i = zi-1 — zia(z) fori=1,...,

where we set 2o = 0 and

00
(1.4) a: Ay —R, z+— sz..lz,-.
i=1

Now we define:
(15) On Alt

f(z) = F(z).
(1.6) On Aj:

‘ - .
f(z) = min(1, ||Pz||)F(PiPz) + (g ~|IPzll)” e+
+ 1 Pz
A +|z D@+ WP=l))

where at = max(a, 0) is the positive part of a number a.

(1.7) On As:
\PzlIF(P.Pz) + (g - upzn)e for Pz #0,
NOEI
3¢ for Pz = 0.



(1.8) On Aqy:

r llz — Pyz||
F(P,P - —||P —_—
WP=F(PiP2)+ (5 - IPPsel) et
f(z) = +q(z)z for Pz # 0,
llz — Paz||
A | il | BN for Pz = 0.
5Pz = Paz° T 1O orre
(1.9) On As:
|lz — Psz||
PPyz ——-—-——-—F P, Pz)+
llz — Paz||
+r ————F(Piz)+¢q(z)z forz; >0,Pz#0,
f(z) =9 | Psz — Paz|| (Fie) + (=) 1 ?
' r MF(H:) +q(z)z forz; > 0,Pz =0,
"Pst - Pqt"
\ rF(P,z) for z; = 0.

(Take into account that ||z|| = r, P, Pz = Pz and ||PPsz|| = r in the last case.)
(1.10) On A¢:
f(z) = ||z||F(Piz) + q(z)=.
(1.11) On A7: ‘
J(z) = F(P1z).
It can be easily checked that f is a well-defined bounded continuous function on
£; since ¢ fulfils (H;).

11. LIPSCHITZ CONTINUITY OF f

Everywhere in this and the next section, the symbols f, F, a will be reserved for
the functions defined in Section 1. Let us add the following supposition about the

function gq. _
(Hz) Let g: cl£t — R be a Lipschitz continuous function.
In the present section we aim at estgblishing the Lipschitz property of the func-

tion f.

Proposition 1. Assume that the funct:on q fulfils (Hy) and (Hz). Then f: £ —
£y is a Lipschits continuous mapping. | -

Proof. To start with, recall that f is continuous on ¢, Let A, Aj be neigh-
bouring domains, z € Int A;, y € Int A;, then one can find A € (0,1) such that
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Az +(1-))y € A;NAj. Hence it is sufficient to establish the lipschitzianity of f on
A, k=1,.
Further, let us note that the inequality

2.1) lloll || Pru — Prof| < 2fju - of|

holds for all u,v € £*. Indeed, we have

_ oy Lol = ol
11 Tullloll "
a(llof = lull) + (u - o)lull
< liel TullTol

< Jlilell = lull] + fhw — oll.

llell

Ilull llvll

The estimate (2.1) yields
9 .
(2:2) IPu—Poll < =llu—vll, wvelt, vl >x>0,

hence we obtain
(2.3) The mappings P;, i =1, 3, 5 are Lipschitz continuous on £* \ Int A3.

Taking into account that ||Pz|| + 2z, 2 ||z|| = r/5 for z € £+ \ A3 we obtain by
an analogous argument

(2.4) The mapping Py is Lipschilz continuous on €+ \ Int As.
Now, the very definition implies that a is Lipschitz continuous on Ay,

lo(z) —a(@) < 20z -yll, l(z)I<1
for any z,y € A;. This yields
(2.5) @I =IF@I = (1-a(2)*)/? <1, z€A,
and
(2.6) I1f@) - fll = IF(z) - Fll <4llz—sll, z,y€ A

Formula (2.6) means that f is lipsi:hitzian on A;, moreover (2.6) and (2.1) yield that
the following estimates '

27 =l IF(Piz) - F(Pw)ll < 8li= - ull,
(2.8) li=llF(Piz) - Il F(Pw)]| < 9ll= - wll,
(2.9) [| min(1, liz||) F(Pr2) — min(1, sl F(Piy)} < 9= — i
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hold for all z,y € £+, These estimates and the Lipschitz continuity of ¢ immediately
imply
(2.10) The mapping f is Lipschitz conlinuous on each of the sets A;, A3, Ag and
A7

Further, we want to prove
(2.11) The function f is lipschitzian on A,.

Due to the obvious inequality |at — b*| < |a — b| valid for any two real numbers a,
b and to (2.9) it suffices to investigate the third term on the right-hand side in the
definition of f on A;. Thus, take z,y € A; and set for brevity I' = (1 + |z;|)(1 +
[I1Pzl]), G = (1 + [1])(1 + ||Pyl]), then

z, Pz w1 Py

r G
T |Gz (Pz - Py)|| + == " y|| |Gzy — 'yi|

I = — ||(G:1)Pz - (T'y)Pyll

1
<||Pz-P ——1|Gz1 — (1 +||Pz||)(1
I1Pe = Pull+ Ferpy 6 ( +IP)(1+ e+

+ |(L+1P=l)(1 + 121 — Pa| + Tl — wil}

z
< ||Pz - Py|| + I llmP:v:ll |Pyll| + = |z1l| + |z1 = wl

____l_nyll 1
1+ |yl 1+ |y

< 2||Pz — Pyl + 2|21 - wl,

and (2.11) follows.
To proceed further, let us realize that

rz rz
5||1‘|| 1P| + 2z,

lsuzu -~ uPzn - 2z

[|Psz — Paz|| =

5(||Pz||+2z
> —
> Ty 90l - 30l = 35,
as, obviously, {|Pz|| + 2z, < 3||z||, z € ¢*. By (2.3) and (2.4), the mappings

P3, Py are lipschitzian on Ay, so the above estimate yields easily that the functmn
z v 1/||Ps — P4|| is Lipschitz continuous on A4, hence also

r |z — Pyz||
zH( 1P Pzl TP Poel

is Llpschxtz continuous on A4 as a product of bounded Llpschltz functions. Usmg
this together with (2.8) and (H3) we get ST
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(2.12) The mapping f is Lipschitz continuous on As.

It remains to investigate the behaviour of f on A5. We start with establishing the
following two estimates:

1
(213) ||P4z — Psz" P '5 1y T E As,
. r— 1zl < 22, T € As.

2.14 PP. 2 A
The proof of (2.13) is straightforward:

re re

Pyx — Psz|| = -
N
r
= W“lpxll + 22y — ||z|||
rey rzy 1

P 2

7 Pzl + 220 7 Bjzf| T
we have used the obvious fact that ||z|| < ||Pz|| + z1 < ||Pz|| + 2z < 3||z|| < 3r for
every z € As. Further,

||Pz|| _ 2rz, <o,

r—||PP. =r|l- =
|r = 1P Pacll| [Pzl + 221 | ~ TPell+221

since ||Pz|| + 2z, 2> r on As.

As the next step, let us realize that the points z, P4z, Psz lie on a lme, hence
|Paz — Psz|| — ||z — Paz|| = ||z — Psz||, = € As, so we can write
f(z) = { f*() +|PP||F(PiPz) + q(z)z  for Pz £0,

(2.15)
f*(z)+4q(z)z for Pz =0

provided z € Int A5, where we set

llz — Paz||

F(P,z) — ||PPyz||F(P,Pz)) ———— for P 0,
. (rF(Piz) — ||PPyz||F (P, Pz)) 1Poz — Pazl] or Pz #
" ey =P for Pz =0
r ) or Pz = 0.
! ||P5z—P4z||

The term g(z)z on the right-hand side of (2.15) is Lipschitz continuous by (Hz).
From (2.4) and (2.8) it is easy to see that the term || P Pyz||F(P; Pz) (defined as 0 if
Pz = 0) is Lipschitz continuous as well if we take into account that || PPsz|| < || P=l|
on As (since ||Pz|| + 2z, > r for z € As). Let us mvest.xgate the function f*. Define

h(g) < rF(P,z) — ||PPyz||F(P,Pz) for Pz #0,
(=) = rF(Pz) . " for Pz =0.
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Again h is a (bounded) Lipschitz continuous function on As. We can split

fz-r'-= llz = Pzl h(z) Ny = Payll h(y)

||Psz — Pyz|| " |1Psy - Payl|
lv=Pull_(, ( le— Pzl llv— Pul )
=17 " _(h(z)-h - h(z
TPes = Pl (P®) = 80) + ([iper=Fal ~ ey = Paaii) )

=U(z,y)+ V(z,y) '

for z,y € Int As. The points P4y, y, Psy lie on a line, so ||y — Psy|| < ||Psy — Payll
for y € Ag, therefore

(2.16) WU (z, 9l < k(=) — A(W)II-
By (2.3), (2.4) there is a constant K such that for all z,y € Int A5 the estimate

llz— Paz|| — |ly— Payll K|z - yl|
[|Psz — Psz||  ||Psy — Payll | = [|Psz — Paz||
holds. Indeed, one has
llz = Pyz||||Psy — Payll — lly — Payll || Psz — Paz||
| Psz — Paz|| || Psy — Payl|
||z =y — Pa(z — y)ll
||Psz — Paz||

+ lly — Payll
[|Psz — Paz||||Psy — Payl

llz =y = Py(z = y)lI + [IPs(y — z) — Py(y — 2)||
= [|Psz — Pyz|| [|Psz — Pyz||

(2.17)

' [1Psy — Payll = || Psz — Paz|||

since, as we have already noted, ||y— Psy|| < ||Psy—Payll- Further, choose z € Int As;
one can assume Pz # 0 (the opposite case being simpler), then

Ia@)I| € |r = IPPazll| |F(Pi2)l| + | P Pez|| |F(Piz) — F(P,Pz)|
|r = |1PPazll] + |P2|| | F(Piz) — F(P,Pz)|

<
<|r- (|PPyz|l| + 8|z — Pz]| < 10z,

by (2.5), (2.14) and (2.7). (Recall that [|[PPsz|| < [|Pz||.) The above estimate
together with (2.17) yields

~Pall__ _ly=Pul
V(z, vl = |Ih(= liz— Py -
el | ey v il vy

: ll= - yll
102, K == UL
S 05 Bz =P
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for all z,y € Int A5. Applying (2.13) we obtain

V(z,y) < 30K||z - |, z,y € Int As.

Invoking the estimate (2.16) we conclude that

(2.18) The function f is Lipschitz conlinuous on As.
This completes the proof of Proposition 1.

IT1. THE BEHAVIOUR OF SOLUTIONS OF (E)

In this section we will use also the following assumption:
(Hs) Let g: clf* — R be such that g(z) > 8zy/r for every Z € Ag and that
inf{g(z): 21 26 >0,r/5+ 6 < ||z|| <1-6} >0 for all § > 0.
It is worth noticing that functions satisfying the hypotheses (H1), (H;) and (Hs)
do exist. For example, we can set

. + 8
a(z) = min {A(1 = llal)*, 8 (el - £) ", =2}, =€t

where A = 8/(1 —r) and B > 0 will be specified later. Obviously, 1 - ||z|| > 1 -~
and 8z,/r < 8 on As, hence

8
M-llel) > =+ ze4s
Since inf{||z||: = € As} > r/V/5, we obtain
r : r_r
- - —=> (V5 —
1-flall < 1= T llell- § > 5(5-1)
for £ € As, so B can be chosen such that
r
M-l <8 (lell-5),  ze s,
which yields g(z) = 8z, /r for z € As. '

We aim at establishing a proposition on the weak convergence of the solutions of
(E) to the origin.

Proposition 2. Let the assumptions (H:), (Hz), (Hs) be fulfilled. Then all solu-
tions of (E) converge weakly to 0 ast — oo.
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The proof will be done in several steps. First, we prove that the set A, is
invariant, which makes it possible to use the particular form of the mapping F and to
derive a formula for the solution z(.,§) with £ € A;. (Recall that z(.,£) denotes the
solution to (E) fulfilling z(0,£) = £.) This formula implies easily that Proposition 2
holds for solutions starting in A;. According to the definition of f this result extends
immediately to solutions z(. ,§) with § € A7UAgUZ,. In fact, the sets A7, Ag and Z;
are positively invariant, and projecting the solutions starting at their points onto A,
one obtains again a solution to (E). Further, we will prove successively: if £&; € Ay,
then z(.,§32) enters A3 in a finite time, if {3 € A3\ Z1, then z(., &3) enters A4NInt £+
in a finite time, if 4 € A NInt £+, then z(.,&,) enters As N Int £* in a finite time,
and finally, if &5 € As NInt £, then z(.,&s5) enters Ag NInt £t in a finite time, which
will complete the proof.

First, let us note that we can define the mapping F by (1.3) for any = € £3,
llz|l = 1, and that the mapping P;, Piz = ||z||~!z is well-defined on £; \ {0}. We
prove several useful identities for these extended functions. Namely, we claim that

(3.1) (z, F(P1z)) =0,
(3.2) | (Pz,F(Piz)) = z3 —a—%-I%F-)—
hold for all z € l‘z, z#0, and

(3.3) (e, F(PiPz)) =0,
(3.4) (z, F(P,Pz)) =0

hold for all z € £2, Pz # 0. Indeed, take an arbitrary z € £z, z # 0. Set z = Pyz,
hence ||z|] = 1 and by the definition of F' one obtains

(2, F(Py2)) = lll(Prz, F(P2)) = llzll(z, F(2)) = lell 3 2 (2

i=1

el (51 - j”:,,._l,,.) = lell(a(2) — lzl?a(2)) = .

i=1 j=1
Further,

(Pe, F(Pi2) = (e mie, () = a0 F R
= —gy)(F(Pi2)h = zi(Przha(Piz) = =] T
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thus (3.2) is valid. As (Pz); = 0 we have (F(P,Pz))1 = 0 and (3.3) follows. Finally,
we get

(z, F(P\Pz)) = (Pz + z1¢, F(P,Pz)) = (Pz, F(P\Pz)) + 2y (e, F(P,Pz)) = 0

by (3.1) and (3.3). Subtracting (3.2) from (3.1) and taking into account that e =
(z — Pz)/z, for arbitrary z # 0 with z; # 0 we obtain

a(Plz) .

=l

(3.5) (e, F(P1z)) = —21

obviously, (3.5) holds for any z € £5, z # 0.
The next step is to prove

(3.6) The sets Zy and A7NZ are invariant, that is, Ty(2,) C Z1, Ti(A7NZ) C A7NZ
for allt € R.

Towards this end, let us define an auxiliary mapping
»
10°
Certainly, g is a bounded Lipschitz mapping (cf. the proof of (2.9) which can be
easily modified to the present situation); furthermore, g = f on A; U A7U Z;. Let
Z be a solution to (E) fulfilling #(to) € Z; U (A7 N Z) for some ¢y € R. Let y be a
solution of the problem '

(3.7 y=9(y), y(to) = Z(to).

There exists § > 0 such that y is defined on I = (¢, — §,t0 + §). (In particular,
lly(®)|| > r/10 for t € 1.) We have

dlly(I?
dt

9(z) = min(L, ||z|)F(P1z),  z €Ly, |l=l| >

= 2(y(2), 5(t)) = 2(x(t), 9(¥()))

= 2min(1, lly@)ll) (¥(t), F(P1y()))
=0

by (3.1), for all t € I. This means

3-8) Nyl = llp(tolll = li2@to)ll, te€T,

1(t) = (e, 9(y(t))) = min(1, ||y]]) (e, F(P¥(1)))
(3.9) = —y1(t) min (1, H!?%‘)T) a(Piy(t))
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by (3.5). As ¢ (to) = 0, the uniqueness of solutions to (3.9) yields that y:(t) = 0 for
any t € I. This together with (3.8) implies that y(t) € Z; U (A7 N Z). Due to the
fact that f = g on Z; U (A7 N Z) and to the uniqueness of solutions to (E) we have
y(t) = z(t), ¢ €l. Therefore, we have proved that if Z(to) € Z; U (A7 N Z) for some
to € R, then there exists § = §(#(f0)) > 0 such that

(3.10) #(t) =0, )l = |1Z(to)ll
for t € (to — 6,t0 + 6). Finally, set

t; = inf{s € R: Z fulfils (3.10) on [s, 0]},
t, = sup{s € R: Z fulfils (3.10) on [to, 5]}

Suppose that, say, t; > —oo, then z(¢;) € Z;U(A7NZ) by continuity, so Z fulfils (3.10)
on (t; — 6(Z(t:)), to], which contradicts the definition of ¢;. Hence (3.10) holds for any
t € R, moreover, the second equality in (3.10) implies that not only Z; U (47 N Z)
but both the sets Z;, A7 N Z are invariant.

Using an analogous argument we will prove
(3.11) The sets A; and A7 are invariant.

Consider a solution Z to (E) such that #(to) € A; U A7 for some ¢, € R. We can
assume that ;(to) > 0, the other case being covered by (3.6). Again, let y be a
solution to (3.7), find A > 0 so that y may be defined on J = (tq — 4,0 + A) and
lly(®)|| = r/5 for t € J. Then

duyg)ll2 =2(y(1), §(t)) = 2(y(), F(Piy(2))) = 0

by (3.1), so |ly(t)ll = |ly(to)|] for ¢t € J. Furthermore, y1(t) > 0 for t € J, since
otherwise y will reach the set Ay N Z or A7 N Z which is impossible according to
(3.6). Hence we can complete the proof of (3.11) proceeding as in the proof of (3.6).

Now we will investigate the solutions to (E) with initial data from A;. Let £ € 4,
then the solution z = z(.,§) starting at ¢ fulfils z(t) € A, for all t € R by (3.11),
hence

1
(3.12) 2(1,€) = € + / F(e(s,6)ds,  t30.
0
As F is given by (1.3) wé can check easily that (3.12) holds if and only if
| R A S : |
zi(t,§) = ;f,-(::})—! exp { -/0 a(2(s,€)) ds}, i=12,...,teR
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(Recall that o denotes the function defined by (1.4) and we set zo = 0.) Let k be
the index such that & = ... = &1 =0, & #0. Then =z;(. E)__Ofor 1igk~1

and for every | > 0 we have
k4l 5j¢k+l-i

o zeqlt) j=k (k+1-j)!
(313) 11.5.12-; zk+l+l(t) —t—orgo k441 fjtk+l‘+l-j_

As ||z(., 8|l = 1, (3.13) yields that tlil& zi(t) = 0, i € N. We have proved
(3.14) If€ € Ay then v;'-lior.pz(t,ﬁ) =

Here and in the sequel, we denote by w-lim the limit with respect to the weak
topology of the space £5.

The result just proved has immediate consequences. First, take x € A7. By (3.11)
(or by (3 6), if x3 = 0) we know that

(3.15) =) =lIxll,  za(s,x) 20,  fors>0,

hence setting y(t) = Pyz(t||x||,x), t > 0, we obtain a function fulfilling y(t) € A,,
t > 0. We prove that y solves (E). Indeed,

dy() _ z(tlxl)
Tdt ( l=(¢lxIDI )

- W{“z(tllxn)“ PPl

_ I, . .
o C UMW CRC EC )

= F(Piz(t|Ix|})) = F(y(t))
by (3.15) and (3.1). Hence (3.14) yields that

z(tlxl) _ _ =z(CixID
ll=CellxIDlI ]
converges weakly to 0 as ¢ — 0o. We conclude
(3.16) Let x € Az, then »g:l.iorgw(t,x) =0.
The same procedure yields also
3.17) IfE € Zy thct;;\n_‘r:l.ig.pz(t,f) =0.

=
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Further, we want to apply an analogous trick to the solutions starting at As.
Towards this end we establish

(3.18) The set Ag is positively invariant, that is, T;(As) C A¢ for every t > 0.

Taking { € A¢ NInt £+, we may assume ||{|| < 1 since otherwise { € A,. First, let
us suppose that ||{|| > r, i.e. { € Int Ag, and set

{ =sup{s > 0: z(r,() € Ag NInt £* for all r € [0, 5)}.

As Int Ag is open, necessarily { > 0. By (H3) we have (setting z = (., ) for brevity)

2
= 2|z(t)l| (z(2), F(P1z(t))) +2(=(t), g(2(2))=(t))
= 2¢(z(t))ll=(R)|I* > 0

for t € [0,£). It follows that ||z(.)|| is nondecreasing on [0,). Assume that { < co,
then ||z(£)|| > ||z(0)]] > r, but one can have neither z,(f) < 0 (as the set Z; is
invariant) nor ||z(f)|| > 1 (as A, is invariant). Hence z(f) € Int As, which easily
yields a contradiction that proves (3. 18) in the case [|(|| > r. Finally, note that if
Il = r then 2

d“‘( C)" (0) >0

by (Hs), so z(s0,¢) € Int Ag for some so > 0 and we can apply the above procedure.
Now, set y(t) = Piz(t,¢), t > 0. Again y(t) € A, forallt > 0 and

dy(t) _ _ 1
dt " l=(®)])? {Ilz(t)ll(||z(t)||F(P1z(t)) +q(z(8))=(t))

_ WIT (2(), F(Pz(t) + a(=(0))=()) z(t)}
= F(Pe(t) = F(0),

thus y solves (E) and by (3.14) we have w-limy(t) = 0. This implies
(3.19) Let ¢ € AgNInt£¥. Then v;r-ligxz(t,() =

In the rest of the proof we aim at establishing that all solutions with initial con-
ditions from A;, i = 2,...,5, enter the set Ag in a finite time.

(3.20) For any § € Az one can find to € Ry such that z1(t0,€) = 0, ||Pz(to,§)|| < %;
that is, z(to,£) € Aa.

Let us set

to =sup{s > 0: z(r,§) € A for all r € [0, 5)}.
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The set A; is open, so obviously ¢, > 0. We want to prove that ty < co and has the
desired properties. To this end, note that the following estimates hold:

d||Pz()|”

o = 2(P=(t), Pi(t)) = 2(P=(t), (1))

_ 221(t)
T (L4 DA+ 1P

for t € I =[0,¢) by (1.6), (3.1) and (3.3), and

(3.21)

) IPz()I” <0

(3.22) 210) = (e,8) = (5 - IP=l)* >0, el

We have to discuss two cases. First, let ||P§|| < r/5. As ||Pz(.)|| is nonincreasing
by (3.21), we obtain ,
5—‘1(‘)25—||Pf">0, tel

in accordance with (3.22), hence there is t; < oo such that z;(t;) = 0; obviously
t; = to. Second, let ||P€|| > r/5. Set

; r
ty = inf {s 2 0: ||Pz(s,8)| = 5}

Then z,(t,€) = & < 0 for t < t3, hence the inequality in (3.21) is strict, in fact,

dIP=@)) . _& -

(3.23) it ST+l 5+r

<0

for ¢ < t2. The estimate (3.23) yields that for some u < to one has ||Pz(u,§)|| < r/5
and the first part of the proof applies.

Further, we want to prove
(3.24) If o € A3 is such that || Po|| < '5-:, then there ezists to € Ry such that z(to, o) €
AsNiIntet.

The proof is analogous to that of (3.20), so we only sketch it. Let I C Ry be
an arbitrary interval such that z(t,0) € As for t € I. Using (1.7), (3.1) and the
orthogonality of e to the range of P we obtain

d||Pz(t)||?

(3.25) -

= 2(Pz(t),#(t)) =0
for any t € 1. Moreover,
£1(t) = (e, 2(0) = £ - IP=(0)
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by (3.3). As ||P¢|| < r/5, the formula (3.25) implies that inf{1(t): ¢t € I} > 0 and

(3.24) follows. (Note that the restriction ||P¢|| < r/5 is inessential, since if ¢ € A3,

lIPell = r/5, then ¢ € Z; and we can invoke (3.17).)

(3.26) For every ¢ € Aq N LY there ezists to > 0 such that z(to, ¥) € As NInt £+,
We can proceed as in the preceding proofs. Again, let I C Ry be an arbitrary

interval such that z(t,9¥) € A;NInt £ for t € I, then

621 &0 = (0i0) = (§ - 1Pl Tk PO 4 oa(0) )

for t € I by (3.3),

2 -—
d"t}:)“ =2 (-;- - "PPaz(t)") "l}‘:):it()t) _P;,jit()tlgn zl(t) + 2q(a:(t))”z(t)||2

for t € I by (3.4), and

d||P=(t)|?
dt

by (3.1). Taking into account the assumption (H3) and the fact that ||PPsy|| < r/5

for y € A4, y1 > 0, we see that the functions ||z(.)||, ||Pz(.)|| and z, are strictly

increasing on I, therefore the proof of (3.26) can be easily completed.
The last step is a bit more complicated.

(3.29) Take & € As N LY arbitrary, then there ezisis to > 0 such that z(to,§) €
AgNintet.

First, note that if z(u,§) € A4 N As for a u > 0, then

(w20

by (3.27) and (3.28), so the solution z(.,£) can never return to A4. By (3.6), the set
Z, is inaccesible for z(.,£) as well. Let us assume that

(3.28) =2q@=ONPzO?, tel,

(3.30) z(t,§)€e As  forallt > 0;

we will show that this assumption leads to a contradiction. Using (1.9) one obtains

dIP=@)® _ .
A2 = a(pa(t), ()

- Py
=1 II'II’:g()t) - ;:,,(:());" (Pz(t), F(Pyz(t))) + 2q(=(t)) (Px(t), z(t))

2(¢ t) - P.
= 2ra(Pyz(t)) ,T,-‘é)’" "5!,:’(:()‘) = gi‘()t';" + 29(=(2))IIP=(t)II?
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for any ¢ > 0 by (3.1) and (3.2). (We have assumed that Pz(.) # 0, the opposite
case can be treated similarly.) This yields

————-——d"Pd’;(t)“ = ra(Pyz(t)) i

2w
SR rOIZI0]

le) =Pl 23)
Poe(t) — PaxO Te@NTP=0T * 1Pl

+g(z(@)IIPz(t)ll-

Moreover,

i1(0) = ~ra(Pua(t) A m A= POl 20 + ata)ma(0

> —ﬁti)")—l +a(z()21(t)

by (3.3) and (3.5), so it follows that

d(||Pz(2)|] + 221(2)) S5 _ z3(t) _ 2rzy(2t)

dt o ll=@NIP=ON =]

(3.31) +q(z(®) (I1Pz ()| + 221(2))
zi(t) 2rzy(t)

? " Te@niP=on - Tap +AEOr

Choose 7 € (0,7?] such that for y € As fulfilling 0 < y; < 7 one has ||y|| > /2 and
||Pyll > /2. Since g(y) > 8y1/r on As we obtain

d(IlPz(t)ll +221(2))

(3.32) —

>0 if 0<z1(t) <y
by (3.31). Further we have
O _ sqaeiizol?
t
by (3.1) and (3.4), thus
(339) SO0 - gaeyyieten.

As q > 0 by (H3), (3.33) yields that ||z(.,£)|| is nondecreasing on R,.. Furthermore, if
we suppose that li‘m ‘i!l)lf z1(t) > 0 then (Hs) implies that inf{ g(z(t)): ¢ > u} > 0 for
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some u > 0, hence (3.33) yields ‘lim l=(t)|| = oo, but this contradicts the assumption
~00
(3.30). Thus we have

(3.34) li&g}le(t) =0.

If limsupz3(t) < 7, then there exists u € Ry such that z;(t) < v for all t > u.

t—
As ob:ioously [|Pz(u)|| + 2z1(u) > r, we obtain by (3.32) that one can find A > 0
satisfying

WPz(l + 221(2) 2 ||Pz(u+ 1)|| + 221(u+ 1) 2 r+),  t2u+l

Since ||Pz(t)|| < r for every t > 0 we obtain z;(t) > A/2 > 0 for all ¢ > u+ 1, but
this contradicts (3.34). Hence one has limsupz1(t) > v and it is possible to find
tn,8n € Ry, tn — 00, 8, — 00, such tha‘t—.zof(t,.) = z1(sp) = v/2, z1(t) < v/2 for
t € (tn,8n), 21(t) 2> 7/2 for t € (8n,tn41), n € N. The sequence {||z(tn)||: n € N} is
nondecreasing by virtue of (3.33), the sequence {z1(t,): n € N} is constant, hence
also {||Pz(ts)l}: » € N} is nondecreasing. By (3.32) there exists 4 > 0 such that
[|Pz(t2)||+221(t2) > r+p, since necessarily z,(s) < ¥ for all s in some neighbourhood
of t3. Hence we have

Pzt + 221() > |Pz(ta)ll + 221(ta) 2 7+ 4, € (tn,5n), nEN.
Using again the estimate ||Pz(t)|| < r we obtain
In
31(‘)? 5, t e(tn)sn)» n€N.

Therefore
z1(t) 2 min (g—, %) for all t > tq.

This contradicts (3.34), so we see that the assumption (3.30) can never be satisfied,
the solution z(.,£) leaves As in a finite time and (3.29) follows.

Having established (3.29) we have completed the proof of Proposition 2. Moreover,
Proposition 2 implies that f(z) # 0 for all z € £3, z # 0. As f(0) = re/5 by (1.7),
the proof of Theorem 1 is completed as well. a



1V. PROOFs OF THEOREMS 2 AND 3

Proof of Theorem 2. Let z%(t) be the solution of (E) fulfilling z°(0) = 0.
Since f(0) # O there exists t° > 0 such that z°(t°) # 0. Suppose now that there
exists a solution z(.) with a nonempty §2-set, i.e. we can find y € £, t, — o0 such"
that y = limz(t,). Since z(t,) converges weakly to 0 we can conclude that y = 0.
Let v, be the solutions to (E) with v,(0) = z(t,); obviously va(t) = z(t +tn), ¢ > 0.
Continuous dependence on initial data yields v,(t°) = z(tn + t°) — z%(t°) # 0,
n — 0o, which is a contradiction with the weak convergence of {z(t, +¢°)}3%, to 0.

a

Proof of Theorem 3. Assume that g # 0 is a nonnegative finite Borel
Radon measure invariant with respect to (E). The Radon property of y implies that
there exists a compact set K in H such that 4(K) > 0. Denote by d(y, K) the
distance of a point y to the set K. As before, denote by z(.,y) the solution of (E)
fulfilling z(0, y) = y and by (T}, t € R) the flow induced by (E). Further, set

e(y) = litll'l‘glfd(x(t, y)’ K)»

7(y) = inf {t > 0: d(z(s,y), K) > min (‘-(221 1) forall s > t},
K,={y€e K: r(y) <n},

for y € H and n € N. Obviously, the functions ¢, 7 are Borel measurable, 7(y) < oo
forally e K.

Assume that there is yo € K such that e(yo) = 0. Then we can find a sequence of
real numbers ¢, > n and elements u,, € K such that |ju, — z(tn, 30)|| < 1/n. Since
K is compact we can find a subsequence {u,} of {u,} such that u, — u € K,
s — oo. Certainly limz(t,,y) = u and we have u € £2(z(.,y)). This contradicts
the assumptions of Theorem 3, hence we have €(y) > 0 for every y € K.

Obviously, the sets K,, are Borel as the function 7 is Borel measurable. Thus there
exists n such that pu(K,) > 0. Set By = K,, Biy1 = {z(n,y): y € B;} = T.(B)),
i=1,2,..; we claim that B; N B; = @ for i # j. By uniqueness of solutions, T, is a
one-to-one mapping, thus B;NB; = @, i < j, is equivalent to By N B;_i31 = 0. Now,
for j > 1 we have B; = {z(n(j —1),y): y € Ka}. By the definition of K, this yields
d(z,K) > min(e(T;()l._l)z)/Z 1)> 0 forany z € Bj,so B C H\K,ie. K, = By is
disjoint with B;. Hence, by the o-additivity and invariantness of u we have

(=]

p(H) 2 Y u(B;) =Y n(Tuii-1)(B1)) = Y u(B1) = 0,
j=1 j=1

i=1

which is a contradiction.

421



Remark. Now we will show that one cannot use Galerkin approximations to
decide whether there is an invariant measure for the equation (E).

Consider the equation (E) with the right-hand side defined in Section 1. Let
{ei}f21, & = {8ij}321, &ij being the Kronecker symbol, be the standard orthonor-
mal basis of £3. Let V,, be the linear space spanned by {e;,...,en}, let 1T, be the
orthogonal projection onto V,,. Consider the Galerkin approximations

(4.1) - In = (Ma f)(yn)

to (E), n 2 1. As (ITof)(en) = 0, the point e, is singular, therefore the system (4.1)
admits at least one invariant measure, namely, the Dirac measure concentrated at
the point e,. Denote this measure by pu,, let po be the Dirac measure concentrated
at the origin. Let us denote by £ the space £, endowed with its weak topology, let
Cw be the space of all bounded continuous real functions on £§ with the supremal
norm, let C;, stand for its dual space. (Note that Borel probabilities on £; belong to
the space CJ,.) As e, — 0 in the weak topology of £;, we have (see [2], Corollary 2
to Theorem 1.3.5) up — po in the weak* topology of the space C;,. Obviously, the
measure o cannot be invariant for the equation (E). a

Finally, we will sketch the proof of the statement contained in the second remark
following Theorem 3. Let H be a non-separable Hilbert space, let f, f;, H;, @i, i =
1,2, have the same meaning as in Section 1. In particular, f(z) = f1(Q12)® f2(Q2z),
z € H, fa(y) = —|lvlly/(1 + |lyl|?), y € H2. Let p # 0 be a finite Borel measure on
H invariant with respect to (E). We will prove that

(4.2) p{z € H:||Qaz|| < R} = p(H)  for every R 2> 0.
Assume that u{z € H: ||Q2z|| < R1} < p(H) for some Ry > 0. Then there exists

R3 > Rj such that denoting L; ='{z € H: R; < ||Q2z|| < R2} we obtain u(L,) > 0.
Given R;, Ra we can define by induction the following quantities:

Ran = Ran-3,

1 1
= = — Rpn— - Ran-
= p- 2n‘ ( o Ran 2) )

R?n—l=l{((3n+ 1 —R26—3)2+4)1/2— sy + 1 - Rayn-3
2 Rzn—3 ; - n RZn—a n-— ’

’ n
tn =Zs,

k=2
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forn € N, n > 2. Set L, = T;_(L;), n € N, n > 2. Let us realize that if z is a
solution to (E) then ||Q22(.)|| solves the equation

72

If 7-, 7+ are two solutions of (4.3), 7(0) < [|Q22(0)]] < 7+ (0), then, by uniqueness,
7-(t) < ||Q2z(t)|| € 7+(t) for all ¢ > 0. This easily yields L, C {z € H: Rzn-1 <
[|Q22z]l € Ran}, n 2 2,80 LoN Ly, =0, m # n. Since p is invariant we have
#(Ln) = p(Ly) and as before we obtain u(H) = oo, which is impossible. Therefore
(4.2) holds and u(H) = u(H1). But H, is separable, thus u is a Radon measure and
Theorem 3 applies.

Acknowledgement. Thanks are due to Jan Seidler for essentially helping me
with the formulation of many statements and for the simplification of many proofs,
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