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A-NOTE ON THE PARABOLIC VARIATION
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(Received May 14, 1998)

Abstract. A condition: for solvability of an integral equation ‘which is connected. with
the first boundary value problem for the heat equation is investigated. It is shown that if
this condition-is fulfilled then the boundary considered is %-H&lder. Purther, 'some simple
concrete examples are examined.
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tion
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Let ¢ be a continuous function with bounded variation on a compact interval {a, b),
K = {lp(t).1]; £ € (a,b)}.

For [z,t] € R?, a1 > 0,'a < +00, let n, +(r;2) denote the number (finite or +co) of
points of the set

2
Kﬂ{[E,T]EW;t—T= (—hgé:xx) <t <r}.

For fixed [z,£] € R?, r >0, the function n.,(r,; ) is a measurable function of the
variable « € (0,+00) and thus one can define

oo
1 Vi (riz.t) :/ e ngu(r, @) da.
0

Note:that the function Vi (40c0;:;+) is called the parabalic. variation of the. set
{curve) K. Parabolic variation was defined in 2] in connection with the study of a
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heat potential in R?. Note that boundedness of the parabolic variation is a condition
for the existence of limits of this potential on K and for the validity of an analogue
of the jump formula:

For [z,t] € R?, ¢ > a, let o, ; be the function defined on the interval (a, min{t, b})
by

z = p(1)
2 = et
(2) az(7) T
The function o, has locally finite variation on (a,min{z, b}) (under the assumption
that ¢ is of finite variation on {a,b)) and

min{t,b}
omea(n) d(varas (7))

® Viclriz,t) = /

max{a;t—r}

whenever max{a,t — r} < min{t, b} [otherwise Vie(r; 2,1) = o}
Let [z,¢] € K, t > a. It is known that if Vic(r; z,t) < +oc for some r >0 then
there is a limit (finite or infinite)

4 Guult) = lim apel(r)

[by this equality the value o, (¥) is defined]. Further, let G be the function defined
on R by

0, t=—00,
5 Q) =2 rt
) ® / e dn, > o0,

=00

The condition

; 2 ol 2
(6) Tl_%:_ Les&;,)w [-\—/—«EVK(r,cp(t,,t) + il ﬁG(avm,t(t))H <1

plays a role in connection with the first boundary value problem for the heat eqnation
on the set
{z.t] € R t€ (a,0), o> 0(t)}

or on the set
{lz: ] € R? L€ (a,b), 2 <)}

Analogous conditions appear also in connection with the first boundary value prob-
lem for the heat equation on sets of the form

{z e B2t e(ab), v <z <w(D)}
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where 1, @2 are continuous functions of bounded variation on (a,b)., Under the con-
dition (6) the relevant integral equation has a solution and the Fourier problem ¢an
be represented by the heat potential. It was shown in [1] that under the condition (6)
the just mentioned integral equation is solvable also in the space of all bounded Baire
functions and that the corresponding Neumann series converges.

Let us prove the following two assertions:
Proposition 1. Let ¢ be a Lipschitz function on {a,b): Then

B 2 . i o
(7. TE}I& tes(lf},)@ [%VK (riglt),t) + ‘1 T ﬁG(a¢(¢),t(t)>|] =0

Let @ be a continuous function of bounded variation on {a,b), a < o’ < b < b and
suppose that ¢ is Lipschitz on {a', V). Then

S 2 . .
® rlfgdr it [%VK (it t) + Jl - TEG(&W@"“)) ” =0

forany 6 > 0,6 < b —al.

Proof. If is Lipschitz on (a,b) then clearly ay(y+(t) = 0 and thus
2 -
11 - ﬁG(%«t),t@))l =0

for each £ € {a,b).
Recall a well known fact that if F' is‘a non-negative continuous function on an
interval J . RY, f, g continuous functions of locally bounded variation on J then

/dear(fg)</F|f|dvaxg+/JF1gidvarf.
J J

Let k€ R® be such that for any ti,2 € (a,b)

o) — @lt2)| < klty — tals

259



then |o/(7)] € & for almost all 7 € (a,b). Using the expression (3) for Vi we get for
te(ab)ir>0,

32

Vie(rs (), t) =/ o }e"“i“”‘m d. var a4 (7)
masela it
2 plt) — W(T)
</ dfvar
max{a,i—r} 2‘\/

< dT var{o(t) — (1)
~/ma>.{a, 1o} 2\/ (e )
1
+/ (t) —ip(1)|d; var
mitx{a,t—-ﬂi ) = el0) 2Vt -1

t ! . t
{7 / i
< dr + k= ) d T
/mx{a,m} Wi-T m‘a,x{u tor) ( o

3. dr
<=k
2" Jenfoiory 2V T \/‘

Now we see that (7) is valid.
Denote for a while

= {le®),f]; 1€ (e, 2) ).
Fix§>0,0<b ~a'. Thenforr>0,r<dandte (o +&b)
Vie(rie(8),t) = Vie (r0(t), 1)

The second part of the assertion follows now from the first-part applied to. the
interval (a’, ¥): 0

1f the condition (6) is fulfilled then the absolute values of limits

o) = o(r)
) = lim e

[t € (c.b)] are bounded by a finite constant. This fact alone doesnot imply that ¢'is
%-Hb‘lder, Nevertheless, the following assertion is-valid.

Proposition 2. Let ¢ be a continuous function of bounded variation on {a,b). If
the condition (6) is fulfilled then ¢ is §-Holder on (a,b).

Proof. Letr >0 be such that

(9) e [TVK( ie(1),t) +‘1~*—-G(a W, z(t))} A<l
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Then, of course, 5
;1 - %G(%(t),t(n)} <A

foreach t € (a;b) and hence there is a ¢y € R* 'such that for each t € (a,b)

oot = i [H 20 <

Choose k € RY, k> ¢p such that
k
(10) %. / e da> )
tJo

Suppose that 'is not 3-Holder continuous on (a,b): Then there are t1,» € {a,b),
|t1 —t2] <7, such that

(11) le(tr) = e(t2)] > 26/t — 1ol

We can assume that t1:> 5. Put

et =elr)
¢ = Jopan )] = 1&‘,’3_ W

We bave ¢ <k of course. Let 0 >0 be such'that
c+o<k.

Then there'is ane > 0, £ < #; — 1y such that

(12) [elt) —eln)] < 2(c+ Vi =7

for any.7-€:(t1:—¢,t1); Let us show that-whenever a.€ RY;
cté<a<h

then

(13) Pt (10) 2 1;

recall that for [2,#] € R?, a,7 > 0 the symbol ny:(r, @) stands for the number of
points of the intersection.

Kﬂ{[‘fﬁ]ﬁ Rt 7= (§2-af£-)2’ 0<t—T<r}.
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Consider for example the case ¢(t2) > @{ti). Given a > c+6 put

& plty)
7

2 )2, O<ty =7 <, §><,0(t1)},

p={lerern-r=(
If[6,7] € b, T € (o — &, 1) then (12) yields
£ olt) = 20/F =7 > 2c EOWE =T > o(T) = ¢(n),
that is
a4 £> p(r).
It [6,7] €p; 7 = by, then (11) yields (if o < k)

E— o) =20/ — o < 2kVE — b < t2) — o(t1),
that is
£ < elty):

This, together with the fact that for [£,7] € p, 7 € (t1 — e, ty) the inequality (14)
holds; implies that

Knp#l,

which means that ()4, (r,0) > 1 for any o € (¢ +§,k), indeed. Since § > 0
was arbitrary we see that (13) is valid for any o € (c;k). Similarly in the case
oltz) < plt).

Since

2 2 fld g}
;l—<\—/;6’(q)|-—-«ﬁjﬂ e da‘
for ¢ €*R* we now obtain [using (1) and (10)]

2
—ﬁVK(r;w(n),tl) + [1 = %G(%mh(tl))i

>l/ke~a2d LR e

2T c ﬁ/oe der
2 k_z

=—‘ﬁ/0e°‘da>)\,

but this contradicts (9). o

262



Now let us evaluate the values of the term

}1& e [%VK (rsp(t),t) + 1= %G(%m,z(t))ﬂ

in the following three simple particular cases.

Example 1. Let (a,b) = {0,1) and
o(t) = ki
on (a,’b), where k > 0.

i1

Figure'l

Denote
K={l6re®ire(0,1),6=k/7)

and consider a point [kv/B, 8] € K, where 8 € (0,1). For &> 0 denote further

kB N2

Pa= {[{,'f] eRip—1= (M@) 6) ,T<ﬂ}.
Tt is easy to see that K Npy # 0 if and only if o % The dashed parabola in
Figure 1 corresponds to the case o = g and the solid parabola p, to the case o < g
Fora < % the intersection K N p, contains just one point. Now we see that if r > 0,
B <1, then
1 forae (O,%),
0 foro> %,

NeyBa(T Q) = {
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and tlm.s for such r.% \\c¢ alwaV'- h,iv

.iikli
it
/2
"o
—ea?ovs fi -

o, 00w sYv dffetd (> « ) <0 C>

it is (Visy to sec 1hdt for pach +

10 fora~l.

IK ii'-"

1), [r:0,0)-0.
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ilKsr hanci,

P = iKY ¢ K%

s
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Altogether;

k
b, o, 00 - St - & [
Example 3. Consider the case (a,b) = (~1,1),
(1) = ky/Il,
where k > 0. By example 2 we have
5

lim  sup [%Vx(r;tp(t),t) + 11 = %G(O‘w(tm(t))ﬂ = »\%/ﬁ

0416 (~1,0)

e da.
It follows from Proposition 1-that for any € >0, £ < 1, we have

! 2 2 -
te 109 =t -0

Thus it suffices to examine points [k+/B,; 8] for 3 > 0 near zero.

t

Figure 3
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Let 7 €(0,1), 8> 0, 8 < %. Denote

{ 5,71 €R%B ~T=(——-—~H£M2};\/B)2,T<5},
{[ ]Gpa7§>k‘\/—}

—{f, }€pu<»§<k\/_}
oo—.KU{f,T € R?; 1 €(=00,0),6 = kv/=7}.

It is easy to see that K Nps = { for any o > yfora= ’° the mtersectxon Kps
is a singleton, and KN pZ consists of two pomts whenever a€ (0

Now consider Ko N pE. Elementary calculation yields that Ko, ﬁ pj{ #0if and
only if o € (0;£), and for o € (0, %) the intersection Ko, M'p7 is a singleton. If
a€(0,5), {[6,7]} = Ko N pf then

iy 2
kfk +2fm/k 27

—4a?

Thus we see that 7, ,F,8(r0) =0 for a > &, (s g) =1and
28 pp(ha) <3
for o € (0, £). Here nieypplria) = 3 if and only if

") . S /B +2I§aﬁw TR

Given ap € (0, %) then there is a 3 > 0, 8 < /2 such that for each o € (0, ag) the
condition (x) is fulfilled: Now one can see that for = € (0,1)

k
sup Ve (r; kfﬁ -—3/26’“2da
BE(0,e) Jo

Since arp(sy,+() = 0 for £ € (0,1) we obtain

oA

lim . sup [}Vz((r el ’1 o "“G(%(i)t( ))H :3%_/0 e da.

=0t te(=1,1)
As
2o e 1
— 2 da =~
ﬁ./o e o= =
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for
¢~ 0:304570194 ..

the condition

A 2 A 2
f{l}gﬂ;ﬁl&) [WVK (rio@), 1) + ll = ’ﬁG(ap(t),i(t>)'} <1

is not fulfilled for all k£ > 0 but only if

k <0:609140388 . .-
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