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Summary. In the paper some existence results for periodic boundary value problems for
the ordinary differential equation of the second order in a Hilbert space are given. Under
some auxiliary assumptions the set of solutions is compact and connected or it is convex.

Keywords: periodic boundary value problem, Leray-Schauder theorem, convexity of set
of solutions

AMS classification: 34G20, 34B15

This paper deals with the problem

1) —a"(t) + o’z(t) + f(t,2(t), 7' (t)) = h(t),
) z(-n) =z(r), 2'(-n)=2'(n),

where h: (—n,n) = H, f: (—n,n) x H x H — H and H is real Hilbert space with
anorm || - ||, @ € R is a positive constant.

We study the existence, uniqueness and some other properties of the set of solu-
tions.

Similar problems concerning two point boundary value problems are solved in the
papers by Schmitt and Thompson [ST], Mawhin [M] and Gupta [G]. This paper
generalizes some results given in [R].
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PRELIMINARIES

We use the following function spaces:
Ly ((—r, x), H) with the norm ||u||; = llu()|)? dt,

La((—m,x), H) with the norm |[ul|; = ( " [la()|2 dt)&,

-R

C((~n,n),H) with the norm |lullo = sup [|lu(t)|l,
te(—n,x)

C1({-n,n),H) with the norm [lulo = max {[lulo, ll«'llo}-

Throughout the paper we denote these spaces as Ly, L, C, C1, and assume that
h € L;.

First we give an abstract formulation of the problem (1), (2).

Lemma 1 [ST, p. 281]. A periodic boundary value problem (1), (2) is equivalent
to the operator equation
z =Tz,

where
3) Tz(t) = _“ G(t, s) (h(s) - £(s, x(s),a:'(s))) ds,

and G(t,s) is the Green function associated with the homogeneous problem —z" +
a’z =0, (2). (See [GSS, p. 143], [R, Lemma 1].)

When f(t,z,y): (—x,n) x H x H — H is a completely continuous operator, then
also the operator T': C* — C! is completely continuous.

To obtain the existence of a solution to (1), (2) we use the following results.

Lemma 2 [R, Lemma 8]. Let y(t) € C, y'(t) € Ly. Then there are such a,b € R
that

lly(®llo < ally’@)ll2 + blly()ll2-

Lemma 3 (Nagumo type condition). Let R > 0 be a constant, let ®r: R — R
be a positive nondecreasing continuous function such that
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and let p(t) € L.
Then there is M > 0 such that, if z(t) € C!, z"(t) € Ly, ||zllo < R and for almost
every t € (—m, )
llz" @ < el + 2=(ll=" 1),
then ||z'llo < M

Proof. Denote ¢ = ||7'llo = max|z'(t)| = |lz’(t)|l. Let w € H, |lw|]| =
1 represent such a linear functional that (z’(to),w) = [|z'(fo)||l. Denote z(t) =
(z(t),w). Let 7 € R, |7] < &, be such that to + 7 € (—x,n). Then there is £ €
(to,to + 7), such that

z(to +7) = 2(to) + 'r(z'(to) + /E 2"(s)ds )

to

We denote § = |7| and estimate

sl (to)ll < (I2'(s)l) ds | < 2R+ llells + 8*@r(q).

Let Q > 0 be such that —"?—5 32R holds for ¢ > Q.
Now for ¢ > 0 we have

2
09 <2R+dllpl +0° =5 323

ie.
2R ¢’
< — 0——.
The right hand side function has its minimum at § = T
Now if s;z > n, then 88 > ¢. If BR < =, then choosing § = —f we obtain

g < %+ |lell and g < 2||¢]lx-
That means we have obtained the estimate

8R
I'lo = 0 < max (@, %2, 2ol ) =
a

Lemma 4 (Krasnosel’skij’s theorem) [Z, Theorem 13.4]. Let T,, T: 2 C X — X
be completely continuous operators for each n > ng, let Q) be a nonempty open and
bounded set in the Banach space X. Let

sup [Tz — Trz|. 0 forn — oo,
Q
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let the Leray-Schauder degree satisfy
d(I - Ta Qy O) # 0,

and let the equation
z =Tz =Thz + (T(Z) - Ta(2))

have for every T € Q2 and every n 2> ng at most one solution.
Then the set of the fixed points of T is nonempty, compact and connected.

MAIN RESULTS

Theorem 1. Let f: (—n,n) x H x H — H be a completely continuous operator

and
(P1) let there be constantsr > 0 and a, b, ¢, a + % <a?, b>0,c>0, such that

(f(t,2,9),2) > —allz|l® - bllzlllyll - cll=

for every (t,z,y) € (-m,n) x H x H, ||z|| > r or ||y]| > 7,
(P2) for each R > 0 let there exists a positive nondecreasing continuous function ®

satisfying
2
s

DTl ~
such that if ||z|| < R then

“f(t’ x,y)ll < (I)R("y”)

Then there is a solution to the problem (1), (2) for every h(t) € L.

Proof. We estimate the solution to the equation
(4) z =Mz for A€ (0,1).
For z(t) a solution to (4), we obtain
T T 2
(—z",z)dt +/ o’(z,z)dt +/ Af(t,z,2),z)dt = A(h,z)dt,
-n ] MUN —x
where M = {t, ||z(t)|| < r and ||2/(t)|| < r}, N = (~n,n) — M. Then
I1+ el + [ A(f(t.2.2'),2) o
M

- /N (allzl1? + bllellle’l] + cllzl) dt < Alllizllo
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and

'3 ®
le')2 + o®l|zl|Z —m — Aallzl3 +b [ lzlliz'l|dt +c [ Nzl de
-%

-R

+A /M (allzll® + bllzlllla’ll + cllzll) d¢ < lIRflzllzllo,

where m =2t max t,x z).
o128, (2 0),2)

If allz|l3 + b, lzllllz'll d¢ +c [, |zl dt > 0, we estimate

b2
"< (1 —e)2llz'|I2 2
blellls’l| < (1 = &)1/l + g3 el
and obtain

2
(1-@-eP) 1B + (o7 - o = grr gy ol = oV Belels — m

1
~ 2nfalr® = [l (4 el + VERle'la) <0,

that is
A7’} + Azllzl3 — Asllzllz — Aallz’|lz — 45 <O,

where A; are constants. Supposing € > 0 is sufficiently small, A1, 42 are positive
constants.

Then the last inequality implies [[z||2 < Ci, ([Z’||l2 < C2 and by Lemma 2 we have
lzllo < 4/2C1 + V21C; =C.

In case that al|z||Z + b /™ lzllllz’[|dt +c [, [|lzl|dt < O, we substitute this term
by zero and obtain the a priori estimate ||z|o < C as well.

The assumption (P2) and Lemma 3 imply the estimate

llz'llo < M.

This means we obtain the a priori estimate of the solution of (4) in the space C. The
Leray-Schauder theorem implies the existence of a solution to the problem (1), (2).
0

Theorem 2. Assume (P2),
(P3) H is a separable Hilbert space and {e;} is an orthonormal basis in H,
(P4) the operator f: (—m,n) x H x H = H is continuous and bounded,
(P5) h(t) € L2,
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(P6) there are constants a, b, a + %b’ < a2, b > 0 such that

b2
(6)  (ft=zy) - f(t,u,v),2 —u) > —allz —u||* - 7 e = ulllly = ol
for every z,y,u,v € H and every t € (—m,n).
Then there is a unique solution to the problem (1), (2).
Proof. Uniqueness.
Let z;, 2 be two solutions to (1), (2). Then

—xll' + ‘T,Q’ +a2(zl - z2) + f(t$ $1,$,1) - f(t7 z21:["'2) =0

and .

T
Iz} — 252 + o®||lz1 — 22| +/ (ft,z1,2Y) = f(t,22,25),21 — x2) dt =0.

-R

The assumption (P6) implies that

b2
(1= @ =eP)lst = a3l + (o — = g ) llor = zalf <0,
and then
llzy — 2513 =0, [lz1 — 22|53 = 0.
Hence z;(t) = z2(t) for each t € (—mn,x). O

Existence. Let E, C H be a finite dimensional subspace E, = [ey,...,en], let
P,: H = E, be an orthogonal projection on E,, F,, C L, a subspace F, = {z(t) €
Ly, z(t): (—m,m) = E,}, let Qn: Ly((—n,n), H) = F, be an orthogonal projection
on F,,. Further denote z, = Qnz, domL = {z € C', 2" € Ly}, let L: domL — L,
be an operator

Lz = —z" + o’z

and N: C! = C an operator
Nz(t) = f(t,z(t),2'(t)).
We consider a system of finite dimensional problems

(6) -z + a?z, + P f(t,zn,z.) = Poh(t),

@ - Tn(=1) = Ta(x), T(~T) = 2 (n).
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Obviously P, f: (-n,®) X E, X E, = E, is a completely continuous operator.
The assumption (P6) implies by virtue of u =v =0

(7) (P f(t,2,9),7) > —allz||* - bllz|l llyll - cll=ll,

where ¢ = ter?ax ) [|Pnf(t,0,0)].
—7,K
The preceding theorem implies the existence of a solution to the problem (6), (2).

Moreover, the a priori estimates from the proof of this theorem hold. This means
that there are constants independent on n such that

(8) lzallz € C1, lznllz € C2y  lzallo < C

for every solution z, to (6), (2).
A priori estimates (8) and the complete continuity of each of the operators

Tat)= [ G(t,s)P. (h(s) - f(s,a:,,(s),x',,(s))) ds

imply that the set of solutions to each problem (6), (2) is compact both in C* and L.
As we have proved the uniqueness, this last statement is trivial. We use the idea
of this proof also without uniqueness.

oo
Denote the set of solutions to each problem (6), (2) as U, and denote V,, = |J Uk.
k=n

Obviously V41 C V,, and each V,, is a bounded set. Let W, = V,, be a weak closure
of the set V,, in the space L,. Then W, is weakly compact and W4+, C W,,. Hence
there is -
To € ﬂ Wa
n=1
and a sequence z, € V,, such that z,, — zo.

The equation (6) and the a priori estimates (8) imply that ||z.||2 < ¢, where cis a
suitable constant. Now we choose a subsequence, we denote it again by {z,}, such
that

Lz, = -z + o*z, = v in L.

As the graph of the linear operator L is a closed and convex set, it is also weakly
closed and

v = Lxy.
Thus zo € dom L.
Now we prove the inequality
(9) ((L+ N)u—h,u—1z0) >0.
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First let v € dom LN F,,,, z,, € F,, and n > m. We use the inequality (5) to obtain
(L+N)z = (L+Ny,z—y) =z’ =yl + *|lz - |3
T
+] (f(t.2,2") = f(t,y,y"),z —y) dt
—x .

>(1-@1-¢?)z' - 'lI3
2

b
+ (@ -a- g ) le- vl >0

Then

0S((L+N)u—=(L+N)zn,u—z,) = (L+ N)u—-h,u—z,)
—((L+N)z, —h,u—=z,).

ASH=E,®E}, u—2n € Fy, Qu((L+ N)z, — h) € F, and z, is a solution to
(6), we have

((L+ N)zn — h,u —z,) = (Qn(L + N)z,, — h,u — z,) = 0.

Then
0<((L+N)u—h,u—=z,),

and by n = co we obtain (9).
Now we prove that (9) holds for each u € dom L. From the Fourier series for u(t)
we obtain (cf. [R, Lemma 4, 5])

Wt =Y wte v)=Saba amd vH)=Y e,
i=1

i=1 =1

where a;(t) = (u(t),e;) € C! and af(t) € Lz. Denote

un(t) =Y ai(t)e.
i=1
Then u,(t) = u(t) in H for every ¢t € (—n,n). Since
llun(s) — ua (@)l = | Pau(s) — Pru(®)|l < llu(s) — u()ll
and a similar inequality holds also for u],, we have convergences

u, >uinC, wu, =u inC, wu) —u"in L,.
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The inequality
((L+ N)u, — h,upn—x0) 20

for u,, € F,, and the convergences Lu,, -+ Lu, Nu, & Nu imply
((L+N)u—h,u—20) 20

for every u € dom L.
Let now v € dom L, 7 > 0 and u = 9 + 7v. Then

((L+ N)(zo +10) — h,v) 20

and for 7 = 0
((L+ N)zo — h,v) > 0.

The density of dom L in L, implies
(L+ N)zg—h=0.

Theorem 3. Let f be a completely continuous operator. Suppose the assump-
tions (P1), (P2) and
(P6') there are constants a, b, a + 152 = a2, b > 0 such that (5) holds for every
z,y,u,v € H and every t € (—n, =) are fulfilled.
Then the set of solutions to the problem (1), (2) is nonempty, compact and con-
nected.

Proof. We prove that the assumptions of Lemma 4 are fulfilled. The operator
T is defined by (3).

We choose an open bounded set @ = {z(t) € C!, ||z(t)llor < C}, where C is the
estimate of the norm of the solution of (4). The existence of such an estimate follows
from Theorem 1.

The a priori estimate ||z(t)}jo1 < C for a solution z(t) of the equation (4) implies
that

d(I — \T,9Q,0) = const #0 for every A € (0,1).

Denote fn(t,z,y) = unf(t,2,y), where 0 < pn < 1 and p, — 1 for n — co. The
sequence of operators T, is given by

T,z(t) = /_ G(t, s) (h(s) — fn (S,m(s),x'(s))) ds.
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The complete continuity of T implies that T,,: C1 — C? also is a completely contin-
uous operator for every n € N. Now we estimate

sup [[Taz(t) — Tz(t)|| = sup || G(t,s)(1 = pn)f (s, ,2') ds ” <2n(1 - pn)G - F,
z€N €N —-x

* 8G(t,s)

sup [|Tnz'(t) — Tx'(t)|| = sup " 3
z€N €N - t

(1 - W)f(s,2,2') ds || < 20(1 = pn)G1 - F,

where F, G, G; are upper bounds of f, Green’s function and its derivative.
The assumption (P6') implies the inequality

(falts2,y) = falt, u,v), 2 = u) > ~padllz ~ ull® — pabdlle — ull lly - oI,

where pna + pnib? < a?.
Hence (P6) holds for f,. In a similar way as in the proof of the preceding theorem
the uniqueness of the solution to the problem

~a"(t) + o?z(t) + fu(t, 2(t), &' (1)) = h(t) +9(t), (2),

is proved for every g,h € L;.
Consequently, the operator equation

z=The+ (TZ - To3)

has a unique solution for every Z € 2. . ]

Now Lemma 4 implies the statement of our theorem.

Theorem 4. Suppose the assumptions (P1)-(P5), (P6') hold.
Then the set of solutions to the problem (1), (2) is nonempty and convex.

Proof. The proof is similar to that of Theorem 2. We consider the finite
dimensional problem

(10) —z! + &’z + Pof(t,Zn,z)) = Poh + by,

2 Tn(=7) = zn(r), @p(-7) =z, (n),

where ||hn(t)|| < L for each t € (—m,x), hn € Fn.

The assumption (P6) implies the inequality (7). Using Theorem 3 on the subspace
E, we obtain that the set of solutions to each boundary value problem (10), (2) is
nonempty, compact and connected. Moreover, the proof of Theorem 1 implies the a
priori estimates (8) for each solution z, to the problem (10), (2).
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Denote by U, the set of solutions to (10), (2), where h, satisfies ||hn|l2 < kn,

o ]
where k, is a given sequence with k, — 0 for n — co. Denote V,, = |J Ui and let
k=n

W, = conv V,, be the weak closure of the convex hull of the set V,, in L;. Then V,,,
W,. are bounded sets, W,, is weakly compact, W,4+1 C W,, and there is

oo
xo € an

n=1

k
and a subsequence z,, € conv V,, such that z, — zo in Ls. Moreover, z,, = 2 AiYi,

where y; € V., \; € (0,1), Z A; = 1. The equation (10) implies that there is ¢ such

that ||y)|| < ¢, hence also ||a:” || < c. From this estimate we obtain similarly as in the
proof of Theorem 2 that zo € dom L. We again prove the inequality

(11) ((L+N)u—h,u—1z0) 20
By the same method as in the proof of Theorem 2 we obtain that
< ((L+N)u—- h - hm',u—y;) .

Then

k
0< Y ML+ N)u—h— hni,u—ys)

i=1

k
< {(L+N)u-hu-z,)— Z/\i<hniau"yi)

=1

k
<AL+ N)u—hyu—z,) +kn Y Aillu = gill2.
i=1

For n = oo we obtain for each u, ||ul|2 < 2C; the inequality (11). Now again similarly
as in the proof of Theorem 2 we choose u = zo + 7v and derive the inequality

((L+ N)(zo+T1v) —h,v) 20

which, with respect to ||zo|| < Ci, holds for each v, |[v|| < C; and 7 € (0,1). For
T — 0 we obtain
((L+N)zo = h,v) 20
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for every v € domL, |jv|| < Ci, and then (L + N)z:o — h = 0. Hence for every

Zo € ﬂ W, %o is a solution to (1), (2). Moreover, ﬂ W, is the intersection of a
n=1 n=1

decreasing sequence of convex sets.
Now let z;, z3 be two solutions to (1), (2). To prove the convexity of the set of

oo .

solutions we show that there is a sequence k, such that z; € (| W, for i = 1,2.
n=1

Denote z,; = P,z;, ¢ =1,2. Then

—27::,- + azzni + Pnf(t: .’L‘,‘(t),iz(t)) = Pnh(t)a
—Th; + P2 ni + Pof(t, 2ni(t), 25;(t)) = Pah(t) + hni(t),

where
' hni(t) = Pﬂf(t’mni(t)’xixi(t)) - Pnf(tyxi(t)a x;(t)),
and
Nhns @] < ||F (8 Zni (), T0s(8)) — f (8 2:(2), 25(2)) || = Kns
for every t € (—=x,n). Obviously k,; = 0 for n — co. Now if we choose k

max(kn1, kn2), then z; € [} W, for i = 1,2. This means that the set of solutions is
n=1
convex. (]}
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