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Summary. In [3] a metric on a system of isomorphism classes of ordered sets was defined.
In this paper we define another metric on the same system and investigate some of its
properties. Our approach is motivated by a problem from practice.
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The following practical problem can be considered as a motivation. The usual su-
periority in an office (organisation) can be represented in a natural way as a partial
ordering on a finite set of working positions and it yields a “hierarchy of employees”
working on these positions. Formally, let an ordered set (P, <) represent a superi-
ority on a set P of working positions (i.e. p; <1 p2 for py,pz € P if the position p;
is directed by the position p;). Further, let E(P) be a set of employees working in
the given office on the positions from P (thus |E(P)| = |P]) and let e1(p1) <1 ez(pz)
(e1(p1), e2(p2) € E(P)) iff p1 <y p2. Now assume that a reorganization yields a new
ordering represented by <,. One wishes to move the employees to positions in the
new hierarchy in such a way that the previous hierarchy of employees (E(P),<1)
agreed “as much as possible” with the new one (E(P),<2). Hence, we wish the
cardinality of the set

{(e1,€2) € E(P)*;e1 # e2 and e1 <1 €2 ¢ 1 <2 €2}

to be maximal.

Throughout this paper all ordered sets are assumed to be finite. If R is a binary
relation we will often write aRb instead of [a,b] € R. We will write a || b(R) if neither
aRb nor bRa holds. As usual, we denote the cardinality of a set A by |4].
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Let R be an ordering (i.e. a reflexive, antisymmetric and transitive binary relation)
on a set P and let S be an ordering on M, where |P| = |M|. Let F(P, M) denote
the set of all bijections of P onto M. For any bijection f € F(P, M) we denote by
dy the number defined by

() ds = [f(R)\ S| +|S\ f(R)|

where f(R) = {{f(a), f(0)]; [a,}] € R}.

It is obvious that
1" ds = R +|S| - 2|f(R)n §|.

Lemma 1. For any ordered sets (P,R) and (M, S) with |P| = |M| and any
bijections f, g € F(P, M) the following conditions are satisfied:

2) dr=d, #ff |f(R)NS|=|g(R)N S|,
@) dr<d, iff |f(R)NS|>|g(R)NS],
@3) [F(R)NS| = |RN TSI

Proof. (2)and (2') follows from (1'). Further, [a,b] € f(R) NS if and only if
77 a), f7H )] € RN FTHS),

which proves (3). ju]
Definition. Let (P, R) and (M, S) be ordered sets with |P| = |M|]. The number
d((P,R),(M,S)) given by the equality

(©) d((P,R),(M,S)) = min{dy; f € F(P,M)}

will be called the distance of the ordered sets (P, R) and (M, S).
Remark 1. We will often write d(R, S) instead of d((P, R), (M, S)).

Remark 2.  The bijection f for which d(R,S) = ds can be regarded as “the
most isotone” mapping of (P, R) onto (M,S). If f is an isotone bijection of an
ordered set (P, R) onto an ordered set (M, S), then d(R, S) = dj.

Theorem 1. Let & be an arbitrary system of ordered sets having the same
cardinality. The function d on the system . given by (4) is a pseudometric.
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Proof. It follows from Lemma 1 that d(R,S) = d(S,R) for any ordered sets
(P,R) and (M, S).
Let (P, R), (M, S) and (Q,T) be ordered sets with |P| = |M| =|Q|, and let
d(R,S) =dy;, d(S,T)=d, d(R,T)=d.
The inequality
(a) ds +dg 2 dy
is equivalent to the inequality
|R] +1S| = 2lf(R) N S| + |S| +|T| - 2|9(S)NT| > |R| +|T| - 2[h(R) N T,
ie. to
(b IS+ [R(R) N T| 2 |f(R) N S|+ |g(S) N T
From the minimality of dy, we have djo, > dy; this implies
lg(F(BRNNT|< |M(R)NT| by Lemma 1,
therefore to prove (a) it is sufficient to show that
© 1]+ lg(f(R) AT > £(R) N S| +|g($) N T,

Without loss of generality we can assume that SNT = §. Then we can write (c) in
the form

(d) [SU(fR)NT) 2 I(f(R)NS) U (9(S)NT)).
Now, we will show that there exists an injective mapping
@: (FIR)NS)U(g(S)NT) — SU(g(f(R)NT).

We will distinguish two possibilities:

1. If [a,b] € f(R) N S, then we put p(a,b) = [a,}].

2. Let [a,b] € g(S)NT, i.e. there exist elements z, y such that g(z) = a, 9(y) = b,
[z,y) € S. If [z,y] & f(R) we put ¢(a,b) = [z,y], otherwise p(a,b) = [a,b]-

It is not hard to verify that ¢ is injective, which completes the proof. =}
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Remark. In the previous proof we have not used the fact that the relations
R, S and T were reflexive, antisymmetric and transitive. Consequently, the function
d is a pseudometric on any system .% that contains relation structures of the same
finite type which have base sets (universes) of the same cardinality. In this case

d((P;Ri,...,R.),(M;51,...,5.)) = d((P,R1), (M, 51)) +... +d((P,Rx), (M, 5,,)).

Corollary. Let .% be a system of classes of isomorphic ordered sets. The
function § defined on % by

8P, A) =d((P,R),(M,S))

for any elements P, 4 € &, (P,R) € &, (M,S) € #, is a metric on .

Remark. We identify the functions § and d throughout this paper.

Lemma 2. Let (P,R), (M,S) be ordered sets, |P| = |M| and d(R,S) = d;. If
aRb, a # b for some elements a,b € P, then f(b)Sf(a) does not hold.

Proof. Suppose to the contrary that there exist elements a,b € P such that
aRb, a # b and f(b)Sf(a). It is sufficient to show that there exists a bijection g:
P — M such that dy < dy.

Let the map g: P — M be defined as follows:

g(z) = f(z) forall z€ P\{a,b},
g(a) = £(b), g(b) = f(a)-

We will prove that |f(R) N S| < |g(R) N S]. Let [u,v] € f(R)NS. We distinguish
the following cases:

1 ou= f(z) = g(x) ¢ {f(a), f(B)}, v = f¥) = 9(y) ¢ {f(a), f(b)}. This yields
[z,y] € R, consequently [u,v] € g(R)N S.

2. u= f(z) = g(x) ¢ {f(a), f(b)},v = f(a) = g(b). Then [z,a] € Rand [z,b] € R
(as [a,b] € R), hence [u,v) € g(R)N S.

3. u = fb) = g(a), v = f(z) = g(z) ¢ {fla),f(b)}. This again leads to
[u,v] € g(R)N S.

4. u= f(z) = g(z) ¢ {f(a), f(1)}, v = f(b) = 9la). Then either

a) [#,0] € Rand [z,a) € R

or

b) [z,b] € R and [z,a] ¢ R.

5. u= f(a) = 9(b), v = f(z) = g(x) ¢ {F(a), f(B)}. Then cither
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a) [a,z] € Rand [b,z] € R

or

b) [a,z] € R and [b,z] ¢ R.

The cases 4a and 5a immediately give [u,v] € g(R)N S.

On the other hand, in the case 4b we have [r,s] = [g(z),g(b)] € g(R) N S and
[r,s] = [f(z), f(a)] ¢ F(R)NS and in the case 5b we get [r, s] = [g(a), g(z)] € g(R)NS
and [r,s] = [f(b), f(z)] ¢ F(R)NS. We proved that |f(R)NS] < [g(R)NS|. Observe
that [9(a), g(B)] = [(8), £(@)] € g(R) N S and [g(a), g(b)] = [F(b), f(a)] ¢ F(R)NS.
The proof is complete. a

Theorem 2. Let (P, R), (M, S) be ordered sets such that |P| = |M|. Ifd(R, S) =
dy and m is the least (greatest) element of the ordered set (P,R), then f(m) is a
minimal (maximal) element of the ordered set (M, S).

Proof. It follows from Lemma 2. [m]

The following example shows that in Theorem 2, the words “least” and “greatest”
cannot be replaced by the words “minimal” and “maximal”, respectively.

Fig. 1 Fig. 2

Example. Let (P,R) and (M,S) be the ordered sets drawn in Figures 1 and
2. respectively. The mapping f: P — M is given as follows: f(a) = A4, f(b) = B,
fl)=C, f(d)=D, fle)=E, flg) =G, f(i)=J, f()=H, f(k) =K.

Then d(R,S) = dy = 8 but neither f(a) nor f(b) is a minimal element of (M, S)

Problem. Let (P, R) and (M, S) be arbitrary ordered sets with |P| = {M].
Does there exist a mapping g: P — M and minimal elements z € P, y € M such
that d(R,S) =d, and g(z) =y ?

Lemma 3. Let (P, R:) and (Py, Ry) be ordered sets and let (P, x P2, R) be
their direct product. Then |R| = |Ry| - |Ra]-

Proof. It follows immediately from the definition of a direct product. ]
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Theorem 3. Let (P, R) be the direct product of ordered sets (Py, R1), (P2, Rz)
and let (M, S) be the direct product of ordered sets (M1, S1), (M2, S2). Ifd(R1,8;) =
dy and d(R3,S2) = d,, then

1
() AR, S) < 5 - (Rl [Rel + 15| - |Sa] = IS1] - [Baf = |Rul - 1Sa]+
+ds - (IRa| +18:]) + dg - (Ru] +|S1]) — dy - dy).

Proof. We will denote by f x g the mapping Py x P» — M; x M, for which
(f x g)(z,y) = [f(z), g(y)). First, we show that

(e) I(f x g{R) N S| ={f(R1) NSy| - |9(Re) N 5.

Indeed, [a,b] € f(R:) and [c,d] € g(R,) if and only if there exist elements z,y €
Pi, u,v € P, such that f(z) = a, f(y) = b, glu) = ¢, glv) = d, [z,y] € Ry
and {u,v] € R, which is satisfied if and only if [(f x g)(z,u),(f x g)(y,v)] =
lla,c],[b,d]] € (f x g)(R). Evidently, [a,8] € S1 and [c,d] € S, if and only if
[la, ], [b,d]) € S. Therefore, [a,b] € f(R1) NS and [e,d] € f(Ry) NS, if and only if
[la, <], [b,d]] € (f x g)(R) N S. Consequently, this implies (e). Now, it follows from
dfxg = |RI+ 18|~ 2-|(f x g)(R)N S| (by Lemma 3 and (1')) that

1
dyxg = 5 (1Rl [Rel +151] - ISzl = [S1] - |Rel = |Ra| - |Sal+
+ds - (|Ra| +52]) +dy - (1R1| + |S1]) — dy - dg).

The last equality implies (5), which completes the proof. [m]

Example. Let (P,R) and (M,S) be ordered sets drawn in Figures 3 and 4,
respectively. Let the mapping f: P — M be given as follows: f(a) = 4, f(b) = B,
f(€) = C. 1t can be verified that d(R, S) = dy = 2, dyxs((P,R) x (P,R),(M, S) x
(M,S)) = 18 but d((P,R) x (P,R),(M,S) x (M,S)) = 12 (the last equality was
verified by a computer).

b C B

Fig. 3 Fig. 4
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Definition. Let (P, R) and (M, S) be ordered sets with |P| = |M] and let f be
a bijection of P onto M. The number dy given by (1) will be called an f-distance
of ordered sets (P, R) and (M, S). If d; = d(R, S) we will say that f is an optimal
mapping between ordered sets (P, R) and (M, S).

Lemma 4. Let f be an optimal mapping of an ordered set (P, R) onto (M, S). If
an element b covers an element a in the ordering R and if f(a) || f(b)(S), then f is an
optimal mapping of the ordered set (P, R\{[a, b]}) onto (M, S) and d(R\{[a,b]},S) =
d(R,S) - 1.

Proof. It is obvious that the f-distance of the ordered sets (P, R\ {[a,b]}) and
(M,S)is d(R,S) - 1. Now, we prove that  d(R\ {[a,b]},S) > d(R, S) — 1. Assume
to the contrary that there exists a bijection g: P — M such that the g-distance of
(P, R\ {[a,b]} and (M, S) is at most d(R, S) — 2. Then the g-distance of (P, R) and
(M, S) is at most d(R, S) — 1, which is a contradiction. [m]

Let (P, R) be an ordered set. If ¥ is a family of linear orderings (chains) whose
intersection is the relation R, then % is said to be a realizer of R. The dimension of
an ordered set (P, R) was defined as the minimal cardinality of a realizer of R (by
B. Dushnik and E. W. Miller). As usual, we will denote the dimension of an ordered
set (P, R) by dim(P, R).

Lemma 5. Let (P, R) and (M, S) be ordered sets of the same cardinality such
that d(R,S) = 1. Then

{dim(P, R) — dim(M, S)| < 1.

Proof. Without loss of generality we can suppose that P = M and R =
S\ {{a, 8]}, where a is an element covered by b in the ordering S. Therefore,

dim(M, S) € {dim(P, R), dim(P, R) - 1, dim(P, R) +1}.

Theorem 4. Let (P, R), (M, S) be any ordered sets with |P| = |M|. Then

(©) d(R,S) > |dim(P, R) ~ dim(M, S)|.

Proof rLetd(r,s)= ds, S(R)\ S = {lar, b}, - -, [ar, b;]} and
S\f®) = {lar+1,br41); - -, [@r4s, br45)}. Because f(R) and S are orderings on
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M, the relation f(R)NS is an ordering on M, too. Without loss of generality one can
suppose that b; covers a; in the ordering f(R) and that for every i € {2,3,...,r} the
element b; covers a; in the ordering f(R)\{[a1,b1), ..., [ai_1, b;_1]}. This guarantees
that f(R), f(R)\ {lar,ba]}, .- FRY\{lar,b1]),. s [ar,0]} = F(R)NS are

orderings on M. Hence, it is readily seen (Lemmas 4 and 5) that

d(f(R), f(R)\ {lar, b1]}) = 1 > | dim(M, f(R)) - dim(M, f(R) \ {[as, 11]})],
d(f(R)\ {[ar, ba]} F(R) \ {[a1, bi), [a2, Ba]})
=12 |dim(M, (&) \ {[a1, 0a]}) — dim(F(B) \ {[a1, b1], [az, ba]})1,

etc. This implies that
() d(M, F(R),(M, f(R)NS)) =7 2 |dim(M, f(R)) — dim(M, f(R) N 5)|.
Similarly, one can obtain
(k) d((M, S),(M, f(R)N S)) = s > |dim(M, f(R) N §) - dim(M, 5)|.
Consequently,

d((M, f(R)),(M,S)) = r+5 > |dim(M, f(R)) — dim(M, S)|.

Since the ordered set (M, f(R)) is isomorphic to the ordered set (P, R), the proof
is complete. ]

Remark. Letm, k be natural numbers with n > 3, 0 < k < n — 2. We show
that there exist ordered sets (P, R) and (M, S) satisfying the conditions d(R, S) = k,
dim(P, R) = n, dim(M, S) = n — k. The statement is obvious for k = 0 and k = 1.
Let k > 2. For the ordered set (P, R) we can take the standard ordered set which
has the cardinality 2n and the dimension n (see Fig. 5). Furthermore, we can put
M =Pand S=RU{[0,1},[2,3],...,[2k — 2,2k — 1]} (see Fig. 6).

1 3 2k—-1 2n-1

Fig. 5
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Problem. Let (P,R) be an ordered set with dim(P, R) = n and let (C,S)
be a linear ordered set (chain) with |P| = |C|. What is the minimal and maximal
distance d(R, S)?

We recall that for an ordered set (P, R), the M6bius number of (P, R) is given as

follows:
n{P)

w(P,R) = -1+ 3 (-1)ei(P),
=0
where n(P) is the length of the longest chain of (P, R) and c;(P) is the cardinality
of all chains whose length is 7.
The analogue to (6) for the Mobius numbers does not hold. For instance, if (P, R)
and (M, S) are the ordered sets drawn on Figs. 7 and 8, then d(R,S) = 1 but the
Mébius numbers of (P, R) and (M, S) are u(P,R) =0, u(M,S)=1—n.
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