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Summary. The domination number v(G) of a graph G and two its variants are considered,
namely the signed domination number vs(G) and the minus domination number v~ (G).
These numerical invariants are compared for graphs in which the degrees of vertices do not
exceed 3.
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1. INTRODUCTION

In this paper we will consider finite undirected graphs without loops and multi-
ple edges. We will study three numerical invariants of graphs which concern the
domination.

If z is a vertex of a graph G, then N{z] denotes the closed neighbourhood of =,
i.e. the set consisting of z and of all vertices which are adjacent toz in G. If fisa
function which maps the vertex set V(G) of G into a set of numbers and S C V(G),
then £(5) = % f(a).

The conce;tE bof the domination number of a graph is well-known. A subset D.of
V(@) is called dominating in G, if for each vertex z € V(G) — D there exists a vertex
y € D adjacent to z. The minimum number of vertices of a dominating set in G is
called the domination number of G and denoted by v(G).

There is still another definition of 7(G). A function f: V(G) — {0,1} is called a
domination function, if f(N[z]) > 1 for each x € V(G). The minimum of f(V(G))
taken over all domination functions f of G is called the domination number ¥(G)
of G.

Both definitions are equivalent. If a dominating set D is given, we may take the
function f such that f(z) = 1 for z € D and f(z) = 0 for z € V(G) — D; then f
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is a dominating function and f(V(G)) = |D|- On the other hand, if a dominating
function f is given, we may put D = {z € V(G) | f(z) = 1}; then D is a dominating
set and |D| = f(V(Q)).

In [1] the signed domination number and in (2] the minus domination number were
introduced. A function f: V(G) = {~1,1} (or f: V(G) = {~1,0,1}) is called a
signed (or minus, respectively) dominating function of G, if f(N[z]) > 1 for each
z € V(G@). The minimum of f(V(G)) taken over all signed (or minus) dominating
functions f of G is called the signed (or minus, respectively) domination number of
G. The signed domination number of G is denoted by vs(G), the minus domination
number of G by v~ (G).

The dominating function and the signed dominating function are particular cases
of the minus dominating function. Hence v~ (G) < 7(G), 7~ (G) < 7s(G) for every
graph G.

By G? we denote the graph whose vertex set is V(G) and in which two vertices
are adjacent if and only if their distance in G is 1 or 2. The independence number
(@) is the maximum cardinality of an independent set in G, i.e. of a set of vertices
which are pairwise non-adjacent. The symbol §(G) (or A(G)) denotes the minimum
(or maximum, respectively) degree of a vertex in G. In what follows we will study
graphs G with A(G) < 3.

2. MINUS DOMINATION NUMBER
We prove two theorems comparing ¥~ (G) with v(G).
Theorem 1. Let G be a graph, let A(G) = 2. Then

7 (G) =1(G).

Proof. Let f beaminus dominating function of G such that f(V(G)) = v~ (G).
If f(z) # —1 for all z € V(G), then f is a dominating function of G. Therefore
Y {(G) = f(V(G)) = v(G). Since v (G) € ¥(G) as well, we have v~ (G) = 7(G).
Thus we suppose that there exists a vertex ug € V(G) with f(u3) = —1. Then ug is
adjacent to two vertices uz, us such that f(us) = f(us) = 1; otherwise f(N[us]) <0
would hold. The vertex uz (or u4) must be adjacent to a vertex u; (or us) such that
f(ur) =1 (or f(us) = 1, respectively). We will change the values of f in u3 and u4
to 0. If us is not adjacent to a vertex with the value —1 or if us = uy or us = ug,
then the function obtained from f in this way is also a minus dominating function of
G. Thus suppose that u is adjacent to a vertex ug with the value —1 (even after the
change). Then ug is adjacent to u7 and u7 is adjacent to us; both u7 and us have the
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value 1. We consider ug instead of us and proceed in the same way. After a finite
number of steps we obtain a vertex usxyo for a positive integer k such that either
U3gk42 = U1 OF Ugkt2 = U2 OF Uzrtz has degree 1 or usr42 is adjacent to a vertex
Ugp+3 with the value 0 or 1. Then we may change the values of f for all u; with
i =0 (mod 3) from —1 to 0 and for all uy with ¢ =1 (mod 3), ¢ > 4 from 1 to 0. We
obtain a new minus dominating function f; of G such that f,(V(G)) = f(V(G)) and
f1 assigns the value —1 to less vertices than f does. If f; assigns —1 to at least one
vertex, we repeat this procedure and proceed in this way until we obtain a function
g such that g(z) # —1 for all z € V(G) and g(V(G)) = f(V(G)) = v~ (G). The
function g is a dominating function of G and ¥(G) < v~ (G), hence v~ (G) = ¥(G).

(m]

Theorem 2. For each positive integer k there exists a connected graph G with

8k vertices such that A(Gy) = 3, v~ (G) = 2k, v(G) = [{k].

Proof. First we construct a graph H. We put V(H) = {uo,ur,u2, u3,v1,v2,
vz, wy,w2}. The edges of H are uouy, ujuz, Usus, Usvy, vivs, Va3, UtW1, V1W1,
uaws, vaws. If we identify the vertices ug, v3, we obtain a graph Gi. Now for k > 2
let Hy, ..., Hj be disjoint copies of H. Fori =1,...,k—1 we identify v in H; with
up in Hiy1 and, moreover, vz in Hj, with uo in Hy. The graph thus obtained will be
Gi. Now we construct a function fo: V(H) — {—1,0,1} in the following way. We
put foluo) = folus) = fo(vs) = 0, Fo(wr) = fo(uz) = fo(vr) = folvz) =1, folwn) =
fo(wz) = —1. Further we define f: V(Gi) — {-1,0,1}. In G; we may simply say
that f = fo. For k > 2 each vertex z € V(Gy) is contained in H; for some ¢ and
corresponds uniquely to a vertex zo € V(H); we may put f(z) = fo(zo). We have
F(V(G)) = 2k and thus v~ (G) < 2k. Now for i = 1,..., k denote by H] the graph
obtained from H; by deleting the vertex corresponding to uo. The graphs Hi, ..., H,
are pairwise vertex-disjoint. Suppose that v~ (Gx) < 2k — 1 and let g bi the minus
dominating function such that g(V(Gy)) = v (Gk). Then vy~ (Gi) = EQ(V(flé))
and there exists 1 such that g(V (H{)) < 1. If no vertex in Hj is labellzed by —1 in
g, then at most one is labelled by 1 and all others by 0 and evidently g(N|[z]) <0
for some = € V(H}), which is a contradiction. If exactly one vertex in HJ is labelled
by —1, then two vertices adjacent to it are labelled by 1 in order that its closed
neighbourhood might have the sum of values of g at least 1. As g(V(H})) < 1, all
other vertices must be labelled by 0 and again g(N[z]) < 0 for some z € V(HJ),
which is a contradiction. If there are at least two vertices labelled by —1 in V(H}),
then their closed neighbourhoods must be pairwise disjoint (as A(G) = 3 no vertex
may be adjacent to two vertices labelled by —1) and each of those neighbourhoods
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must contain at least two vertices labelled by 1. This implies that g(V(H])) > 2,
which is again a contradiction. We have proved that vy~ (Gx) = 2k.

Evidently 7(G1) = 3 = [g -1]. Suppose that ¥(Gx) < [gk] for some k > 2.
If k is even, then v(Gi) < %k — 1. Let D be a dominating set in Gy with v(Gx)
vertices. Consider the (pairwise disjoint) subgraphs H{UH3, H{UHy, ..., H;_ UHk
of Gi. Then at least one of these graphs contains less than 5 vertices of D; without
loss of generality let it be H{ U H, and let Do = D N V(H{ U Hz). Only the
vertex corresponding to u; in H; and the vertex corresponding to vz in Hy may be
dominated by a vertex of D — Dy. Thus Dy is a subset of V(H] U Hy) such that
|Do| € 4 and each vertex of V(H{ U H,) different from u; in H] and v3 in Hy is
dominated by a vertex of Dy. By exhausting all cases we can show that such a set
Dg does not exist, which is a contradiction. Hence v(Gy) > %k for k even. Now we
can construct a dominating set D with |[D| = 3k in such a way that in each H; for
i odd we take the vertices corresponding to ui,us, vz and in each H; for ¢ even we
take the vertices corresponding to us,v,. We have proved that v(G) = (%k] for k
even. For k odd the proof is analogous.

Conjecture. Let G be a regular graph of degree 3. Then

77(G) =(G).

3. SIGNED DOMINATION NUMBER
Here we will compare 7,(G) with a(G?) and ¥(G).

Theorem 3. Let G be a graph with n vertices, let A(G) < 3. Let V; be the set of
all vertices of G of degrees 0 and 1 and of all vertices which are adjacent to vertices
of degree 1 in G. Let a be the maximum number of vertices of a subset of V(G) — Vo
which is independent in G2. Then

75(G) =n — 2a.

Proof. Let f be a signed dominating function of G such that f(V(G)) =
Ys(G). Let V¥ = {z € V(G) | flz) =1}, V™ = {2 € V(G) | f(z) = -1}
Each vertex of V'~ must be adjacent to at least two vertices of V+; therefore it can
have degree neither 0 nor 1. A vertex z which is adjacent to a vertex y of degree
1 cannot be in V7; otherwise f(N[y]) = f(z) + f(y) = f(y) — 1 < 0. Therefore
V= C V(G) — Vb. Suppose that two vertices », ¥ of V~ are adjacent in G2. Then

408



either they are adjacent in G, or there exists a vertex z adjacent in G with both z
and y. As A(G) < 3, we have f(N[z]) € f(z) + f(y) + 2 = 0 in the former case,
f(N[z]) € f(z) + f(y) + 2 = 0 in the latter, which is a contradiction with the fact
that f is a signed dominating function. Therefore V= is an independent set in G2.
We have f(V(G)) = [V*| = |V-| = n— 2{V~|. On the other hand, let 4 be an
independent set in G* such that A C V(G) — V;. Let g: V(G) = {~1,1} be such
that g(z) = ~1for all z € A and g(z) = 1 for all z € V(G) — A. If z € A, then
z ¢ Vo and z is adjacent to at least two vertices; let y, z be such two vertices. As A
is independent in G?, the vertices y, z are not in 4 and g(y) = g(z) = 1. Therefore
g(Nz]) = g(z) +9(y)+9(z) = —-1+1+1=1. If z ¢ A and z is adjacent to a vertex
y € A, then the degree of z is at least 2 and x is adjacent to a vertex z € A and to no
vertex of A different from y. Then g(N[z]) > g(z) + g(y) + g{z) =1+ (-1)+1=1.
The function g is a signed dominating function of G. We have proved that a subset
M of V(G) is the set of vertices in which some signed dominating function has the
value —1 if and only if M is a subset of V(G) — V, which is independent in G2. This
implies the assertion. O

Corollary 1. Let G be a graph with n vertices, let §(G) > 2, A(G) £ 3. Then

75(G) = n - 2(G?).

Theorem 4. Let G be a graph, let ¢ be the number of its connected components.
Then

7s(G) = v(G} € 2c.

Proof. Each connected component of G is a path or a circuit. Consider a path
Py, with m vertices; let its vertices be uy,...,un and let its edges be u;uit; for i =
1,...,m — 1. Evidently v(Pn) > [é‘-m] If m =0 (mod 3) or m =2 (mod 3), then
the set D of all u; for i = 2 (mod 3) is a dominating set in Pp, with [%m] vertices. If
m =1 (mod 3), then DU {um} is such a set. We have y(P) = [$m]. Now if fis a
signed dominating function of Py, we have f(u;) = f(ug) = f(um—1) = flum) =1
and if f(u;) = f(u;) = —1, 7 # j, then |i — j| > 3 (see the proof of Theorem 3). We
can choose the function f such that f(u;) = —1 if and only if i = 0 (mod 3) and
i € m~2; otherwise f(u;) = 1. The function f is a signed dominating function of Pp,.
Denote V* = {z € V(Pn) | f(z) =1}, V™ = {z € V(Pn) | f(z) = —1}. Evidently
V™ has the maximum number of vertices among the subsets of V(Py) which are
independent in P2 and contain no vertex of degree 1 and no vertex adjacent to a
vertex of degree 1; we have f(V(Pn)) = m —2[V™| = 7,(Pr). f m = 2 (mod 3),
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then |V=| = (m — 2) and 7,(Pm) = 2(m+ 1) + 1, 7:(Pr) = 7(Pm) = 1. Tm =0
(mod 3), then [V~| = im ~ 1 and 7s(Pm) = %m +2, ¥s(Pm) —v(Pm) = 2. If
m = 1(mod3), m > 4, then [V=| = L(m — 1) = 1 and %(Pn) = 5(m +2) + 2,
Ye(Pm) — v(Pm) = 2. Trivially, for m = 1 we have 7,(P) = 1, 7s(P1) = v(P1) = 0.
Now consider the circuit C,,, with m vertices. We have v(Cm) = [%m.l We choose
the function f such that f(u;) = —1 if and only if i = 0 (mod 3); this is evidently
again a signed dominating function such that f(V(Cm)) = 75(Cm). If we again
denote V= = {z € V(Cn) | f(z) = —1}, then |V~| = [4m]. Therefore for m =0
(mod 3) we have 75(Cm) = §m, 7:(Cm) — ¥(Cm) = 0. For m =1 (mod 3) we
have ¥5(Cm) = $(m + 2), %,(Cm) = ¥(Cm) = 0. For m = 2 (mod 3) we have
7s(Cm) = $(m + 1) + 1, 7:(Cim) = 7(Cm) = 1. The domination number of a graph
is the sum of domination numbers of its connected components and the same holds
also for the signed domination number. This implies the assertion. [m]

Corollary 2. Let G be a regular graph of degree 2, let ¢ be the number of its
connected components. Then

75(G) =7(G) < e

Theorem 5. Let G be a regular graph of degree 3, let its number n of vertices
be divisible by 4, let a(G?) = in. Then ¥(G) = in, v:(G) = in, ie.

75(G) = 27(G).

Proof. Let Abe an independent set in G? such that |4 = in. Ifz € A,y € 4,
z # y, then the distance between z and y in G is at least 3 and thus N[z]NN{y] = 0.
As G is 3-regular, |N[z]| = 4 for each 2 € V(G). We have [ U N[x]‘ =in-d4=n
z€A
and thus |J N[z] = V(G). The sets N[z] for z € A form a partition of V(G). This
z€A

implies that 4 is a dominating set in G and v(G) < |A| = in. The domination
number of a 3-regular graph cannot be less than in, therefore v(G) = in. By
Theorem 3.we have 75(G) = n — 20(G?) = in. m]
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