Mathematica Bohemica

Lubomir Balanda; Eugen Viszus
On Liouville theorem and Holder continuity of weak solutions to some quasilinear

elliptic systems of higher order
Mathematica Bohemica, Vol. 117 (1992), No. 4, 373-392

Persistent URL: http://dml.cz/dmlcz/126063

Terms of use:

© Institute of Mathematics AS CR, 1992

Institute of Mathematics of the Czech Academy of Sciences provides access to digitized documents
strictly for personal use. Each copy of any part of this document must contain these Terms of use.

This document has been digitized, optimized for electronic delivery and
stamped with digital signature within the project DML-CZ: The Czech Digital
Mathematics Library http://dml.cz


http://dml.cz/dmlcz/126063
http://dml.cz

117 (1992) MATHEMATICA BOHEMICA No. 4, 373-392

ON LIOUVILLE THEOREM AND HOLDER CONTINUITY OF WEAK
SOLUTIONS TO SOME QUASILINEAR ELLIPTIC SYSTEMS
OF HIGHER ORDER

LuBoMiR BALANDA, Praha and EUGEN Viszus, Bratislava

(Received December 7, 1990)

Summary. The aim of this paper is to show that the Liouville-type property is a sufficient

and necessary condition for the regulanty of weak solutions of quasilinear elliptic systems
of higher orders.
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INTRODUCTION

In this paper we shall deal with quasilinear elliptic systems. More precisely we
shall consider the following problem.

Let @ be a bounded domain with Lipschitz boundary in R®, n > 2. Let us
denote o(n, k) = (""':"1), o(n, k) = (”tk), n,k € N. We shall study weak solutions
u € H(Q) N H2=12(Q) to the system

N

Y Y (~)D* (A (2, 8(w)) D) = Y (~1)lelDgh,
01 J= Jalgm: lel€m,

i=1,...,N, in Q.

By a weak solution of (0.1) we mean a function u € Hm-(Q) (HXQ) = H™(Q)x.. X
H™~(Q), H™i(Q) — Sobolev space, m; > 1fori=1,..., N, u= (u!,...,uN)—see
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(5]) such that

N N
DD / AP (2,6(u)) DPui D*pidz = DD / 9. D*pidzr,
ii=1|a ?n i=1 lal‘mi
(02) lpi=m; !
v € [D@)V.

8(u) = {D*': ja| < mi—1,i=1,...,N}.
We shall assuxhe that
N
(0.3) AP eC@xR"), k= 3 o(n,mi - 1),
i=1
there exists ¥ > 0 such that
N
XY AP0 > v,
i,i=1|a|=m,
(0.4) Bl=m;
N
(z,) e xR, ¢¢ R?, v= Za(n, m;),

i=1

0.5) g€ L5(Q), pl=—P
( a ( ) pa m'_la|+l)

wherep>n, p> 2(m'§1X{m.'} +1).
For M > 0, G > 0 let us denote

[M] = {u € H®(Q) N H2=1°(Q): u is a solution to (0.1)
and "u"Hm-l “(n) M},

, N
[C]={oa €12 (R): 3= 37 llghll es o < G),
i=1 Jalgm;
A=AM) = swp § T 14282, 0)

AR

S(u)={D*:|aj=m; -1, i= 1,...,N},

b1(u) = 8(u) \ 62(u).

Let 2 = (81,-..,8n), 8 € NU{0}, i =1,.., N. We shall use the nota-

tion P:' = {(P,...,PN): P;isa polynomxal such that deg(P;) < s;}. Denote
B(z°,R)={z€R": |z—z°|< R} and r = Z e(n, m; — 2) (we put g(n, ~1) = 0).
i=1
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Definition 0.6. We say that the system (0.1) has Liouville’s property (L), if for
every z° € Q, £ € R" every function v € H{(R"™) with bounded derivatives of order
m — 1, solving in R" the system

(0.7) E > (1)l D> (A (° 56,(.;))0%1(:)) 0, i=1,...,N
i=1|a|=m;

|1Bl=m;

N
(i- DY / AZP (2°,€,62(v)) D°v (2) D¢ (2) dz = 0, soe{D(R")]")
6,j=1|a|l=mgn

18l=m;

is a polynomial from the set PN_,.

Definition 0.8. We say that the system (0.1) has the property of regularity (R)
if for every z° € Q, £ € R", M > 0 there exist n > 0, ¢ > 0 and u € (0,1) such that
every weak solution u (in R") of the system (0.7) with |D*u!| < M,i=1,.., N,
la| = m; — 1 belongs to the space C=L#(B(0, 7)) and ||ulom=1.s 57y, < €

It will be proved in this paper that the property (L) implies the interior reg-
ularity of solutions to the system (0.1), i.e. if u is a weak solution to (0.1) then
u € C2=L#(Q), where ' C Q, p€ (0,1- %)

It will be also shown that (R)=> (L).

These results generalize the results of [4]. In [4] the analogous assertions are proved
for quasilinear elliptic systems of the second order.

The history of the regularity problem and Liouville’s property is described in
(2], [4).

The authors are indebted to Professor J. Neéas for valuable advice concernmg the
paper.

1. SOME LEMMAS

Let us denote

vt Ry=r" | (2: S Ipe)- (D“u'),«nu’) de,

B(°,R) i=1 |a|=m;-1

u € H2=1(B(z°, R)), where by (D*u);e g we mean the mtegral mean value D*u'
in B(z°, R). SR
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Lemma 1.1. Let A}"’ be constants with |AJ] Pl < L, L > 0 and let (0.4) be
satisfied for A“p Let u € HZ.(B(0,1))NH==L (B(O 1)) be a solution to the system

N
(1.2) Z E / AP DPuiDpidz =0, ¢ € [D(B(, 1))]”
.,.=1 =m;
" =;I|=::'B(o'l)
Then there exists a constant A = A(n, N, L, m,v) such that for all0 < ¢ < 1

(1.3) U(0,e) < A*U(0,1).

The proof of this lemma is analogous to that of Lemma 2 in [3]. Using the Lax-
Milgram lemma we could prove

Lemma 1.4. Suppose that u € [M], z° € Q. Let (0.3), (0.4), (0.5) be satisfied
and let the right-hand sides of the system (0.1) belong to [G]. Then there exists
Ry = Ro(A, M), 0 < Ry < dist(z% 89Q) such that for all R € (0, Ro] the linear
elliptic system

(1.5)
E Y )D*(AF (2, 6(u)) D) = Y (-)lIDog, i=1,...,N,
j=1lalgm; lalgm;
|18l=m;

has a unique weak solution in H3*(B(z?, R)).

Since (1.5) is uniquely solvable for R £ Ry we may decompose any solution u of
the quasilinear system (0.1) in the following manner:

(1.6) u = YR+ WR,
where vg € H3*(B(z°, R)) solves the system (1.5) and
N
an 3% / A3 (2,8(u)) DPwhDPgidz = 0, ¢ € [D(B(2", R))]™
=1 };}::;a(.o,n)
Now we shall investigate vy, wﬁ.

m 1.8. Let the assumptions of Lemma 1.4 be satisfied. Let vg be de-
fined as above with 0 < R < Ro,  CC Q. There exists a constant ¢; =
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c1(n, N,m, A, M, v, Ry, G) such that the following holds uniformly with respect to
z° € Q' and uniformly with respect to the class [M]U [G]:

(1.9) VR(z° R) < e1R*%, R € (0,min{1, Ro}}.

Proof. Let vg € HP*(B(z% R)), R € (0, min{1, Ro}], be a weak solution to
(1.5):

N
S Y [ aPEsw)p o
ij=1 Ial(miB(zo’R)

(1.10) 181=m;

N
=y Z ¢iD%p'dz, p€ [D(B(z°,R))]N.
i=1 |“|(miB(,o'n)

Let us denote the left-hand side of (1.10) by a(vr, ¢). Putting ¢ = vg and using the
Holder inequality, the fact that the norms are equivalent and (0.4) we have

1
(1.11) a(vr,vR) 2 'i'VlvR'?I!-(B(s",R)):

where the constant %u is obtained by the choice of the constant Ro in Lemma 1.4,
and |- |g=(B(s0,Rr)) includes derivatives of order m only. The relations (1.10), (1.11),
the Holder inequality and the fact that p, > 2, (m; — |a|)(p—n) 2 0,i=1,.., N
imply

N

1 .
i lorlimpeo,my € 3 2 / 95 D*vidz
"i=1 |al€mig(o R)

< caGR?™ % |vR|ya(p(eo,ry)-
From this inequality we have

N
(112) "Davh"L’(B(z“,R))Sc3{2 Z ||g::"[,r.".(n)}Rm‘-|al+*—:’

i=1 |a|gm;

algm;, i=1,...,N
and
(1.13) lvr|Hm(B(eo,R)) < 4(A, M, v, Ro,G,n, m,N)R*'?.
Now (1.13) and the inequality |
V(z°, R) < R™"cs R*|vrlim(p(eo,n))
imply (1.9). | a
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Remark 1.14. In what follows we shall often extract subsequences without
changing the notation, if there is no danger of misunderstanding.

We have a fundamental lemma due to E. Giusti [3]:

Lemma 1.15. Let M > 0, G > 0 and u € [M]. Suppose that assumptions (0.3),
(0.4), (0.5) are satisfied for the system (0.1). Let the right-hand sides of (0.1) belong
to the class [G] and let A be the constant from Lemma 1.1.

Then for all T € (0,1) there exist g = eo(1, M), Ro = Ro(r, M) such that for
z°% € Q and 0 < R < min{Ry, dist(z°, 8Q)} we have

(1.16) WR(z% R) < €2 = WR(2°, rR) < 2AT*WR(2°, R).

Proof. Let ussuppose that the lemma is not true for some 7. Then there exist
{e,}21, 6, = 0, {R, )}, R, = 0, {2*}2, C Q, z* = 2° € O and {u,}52, C [M]
such that

W*R(z*,R,) = €2

and
Qo WeR(2*, TR,) > 20T W*F (2*, R,) = 2A7%€2.

Fors=1,2,...let q, € P,_,,’i’___,_ be such that
(1.18)

D°¢i(z)dz = / D*wip (2)dz, j=1,...,N, |a|<m;—1.
B(s*,R,) B(z*.R,)

On the ball B(0,1) define

hi(y) = R}_mje:l["’in,(z‘ +Ry)-¢(z*+Ry), ji=1,...,N,
ho(v) = (h}(w), - .., AN (v)),

and put z = z, + R,y.\We' have

) N
(1.19) H,(0,1)= / Y Y IDHG) - (D°K)oaPdy=1, s=1,2,...
B(O,l) j=l Ial:m,--l
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and

(1.20) H,(0,7) =
N
= [ X % KW - (0°KesPay
B(0,7) i=1|al=m;-1
N .
=Ry Y / ID"wp (2) — D*gi(2) ~ €2 (D hi)o.r }dz

i=llal=m;=1p(zs +R,)
? E.—zwlﬁn(z" rR’) > 2A1'2-
Now let ¥ € [D(B(0, 1))]N
Put ¢ = ] RPHY(5E), i =1, ..., n, in (1.7), where wg = w,r,. Using the

transformation z = z* 4+ R,y and the fact that D/ R (z* + R,y) = ¢, R;1 DPhi(y),
|8] = m;, we have

N
(1.21) > 3 / Ry~1l B3 () DP b (y) D* ¥ (v) dy = 0,

i,j=1 lal{m.-
ipl=m; )

where B:;E(y) A"’p (z* + R,y,6(us(z* + R,y)))-
The definition of hi(y) and (1.6) imply

(1.22) D®ui(z’ + R,y) = R™i=1-lelg, Dohi(y)
+D*g(z* + R,y) + D*vig (2* + Ruy),
j=l"-'7N: 0=|a|€m5-l.

From (1.12) it follows that

Dl (z' + Ryy) =0 inL*(B(0,1)), a:lajgmj-1, j=1,...,N.
and consequently '
(1.23) D°v}g (z* + R,y) =0 ae.in B(0,1), a:laj<mj-1, j=1,...,N.
Using (1.18), (1.19) we haveforj=1,.., N

(1.29) "h{"ll"i“(a(o,l)) <c, 8=12,...,
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and this inequality implies

(1.25) Rms=1-lelg, D*hi(y) = 0  a.e. in B(0,1),
lal<mj -1, j=1,...,N

and

(1.26) ki — K in H™~Y(B(0,1)), j=1,...,N,

ie. D*h{ — D°K in L?(B(0,1)), amj—1.
The polynomials in (1.18) may be written in the form

g(z)= Z dr’z®, z=z'+R,y.
lalgm;-1

By induction, using the form of the coefficients ¢};* and (1.22) we could prove: there
exists a constant K > 0 such that

(1.27) |d*|< K, j=1,...,N, a:laj<m;j—-1, s=12,....

It follows from (1.27) that for j =1, ..., N, |a| < m; — 1 there exist subsequences
{ci*}e2, such that

(1.28) dr =d, 8- o0

Put ¢(z)= Y dz% j=1,.., N. Itisclear that
lajgm;-1

D°¢i 3 DPq;, j=1,...,N, B:|Bl<m;—1

(in Q).

By the relations |D?g¢i(z* + R,y) — D°¢i(2* + R,y)| = 0 and |[DP¢’(z* + R,y) —
DPgi(z°)| =3 0 in B(0, 1) we have

(1.29) DPg(z* + R,y) = D°¢(2°) in B(0,1),
i=1...,N, B:|B|<m;—-1

Using (1.22), (1.23), (1.25) and (1.29) we have

D’u{(z' + R,y) — D"qj(zo) a.e. in B(0,1),
B:1Bl<mj-1, j=1,...,N.



This and the fact that {,}{2; C [M] imply that

62D |gn € M, 4=(0"s--c1qm),
(0.3) implies
(1.30) B (v) = 45F (2°,6(a(z"))) 2. in pq,1).

Now let 0 < t < t; <1, x € P(B(0,11)), 0 < x < 1in B(g 4,) and x =1 in B(0,2).
Let us put ¢ = hiy2, k = m._ax{m.'}, i=1,..,N, iy (1‘21). Using the Leibniz

formula we have

N .

> Y % [ (5)rrmghwn HwDh )0 dy =o.
ot Y

451 ai<me <2 B,

Using the equality D=7(x?*) = x* - Z2=7(x?*) where Za-7 contains derivatives of

the function x, we have
(1.31)
N
oy / AP (2* + Ry, 8(us(2* Ry)) (DB (y)x*) (DS (v)x*) dy

i,j=1]al=mig ¢
Ipi=m, 1)

=Y T (T 2+ T X)) [ (O)rregoe o

$,j=1|fl=m; ‘|la|=m;1<a |a|<miT€%" g(o 1)
x DYK(y)2°77 (x**) dy.

Denoting the left-hand side of (1.31) by (LS) and the right-hand side by (RS) and
using (0.4) and the Holder inequality we have

N
wzv), Y /wah';.x*|=dy=u.1.

=1 |a|=mip(o,1)
IRS)I < er(1)(J2) 2 lhallmzrimo,1yy
It follows from these inequalities that
(1.32) Js € cs(t)(']')%“hl"}l'—"‘—‘(B(o,l))’
and using (1.19) we have
Jo < °9""'";1"—"(a(o,1)) < cxolhnﬂm_—;(a(o’l)) g enhy(0,1) = en(t).
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The inequality lh,ﬂm_( B(ot)) € J, < ¢11(t) and Poincaré’s inequality imply

(1.33) llh‘lﬁf-"‘—(ﬂ(o,t)) s C]z(t), t € (0, l), 8§ = 1,2, ceee

Using the imbedding theorem we obtain from (1.33) that

hy —h in  Hm(B(0,t))
(1.34) D°hi — D*h* in L%*(B(0,t)), |la|=m;, i=1,...,N
h, = h in  HT=1(B(0,t)).
Now let us choose t = t, = 1 - -1, r = 1,2, .... Thanks to the diagonalization
process there exists a subsequence {h,}S2, such that
(1.35) hy — hin H2(B(0,t,)), reN,

(1.36) D*hi — Dk in L?(B(0,t,)), r€N, |a|=m;, i=1,...,N,

(1.37) h, — h in H2=L(B(0,t,)), reN.
Let ¢ € [D(B(0, l))]N. The Dominated Convergence Theorem and (1.30) imply

(1.38) BZf - Dy — AZE(2°,6(q(="))) D*¥ in L3(B(0, 1)),

ijs

i,j=1,...,N, a,B:|a|=m; [B]=m;,

(1.39) RM-lelgPpayi .0 in  L%(B(0,1)),

ijs

i,j=1...,N, afB:la|<mi, |B]=m;.

It is clear that for y € [D(B(0, 1))]N there exists r € N such that supp ¥ C B(0,¢,).
Now using the limiting process and (1.36), (1.38), (1.39) we conclude from (1.21)
that

) | |
140 2 ¥ /A:;-"(z°,6(q(x°)))D"h"(y)D°¢‘(y)dy=o.

§,j=1 |a|=m,>B 0.1
iBl=m, 2

The Holder inequality, (1.19) and (1.26) imply that H(0,1) < 1. Using the fact that
H,(0,7) — H(0,7), 7 € (0,1) and (1.20) we have

(1.41) . H(0,7) 2 2A7? >0
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and

(1.42) H(0,1) > ™H(0,7) > 0.

I‘fow (1.41) and Lemma 1.1 (applied to the system (1.40)) ‘imply
2AT2H(0,1) < 2A72 < H(0,7) < AT2H(0,1),

i.e. H(0,1) = 0. This assertion contradicts (1.42). 0

Remark 1.43. Let M > 0, G > 0, u € [M]. It follows from the inequality
(1.12) that there exist constants 7;(G) and R(M) such that for all z € Q and
0 < R < min{dist(z, 8R), R}

N i ]
(1.44) (X = & [ i0oiaras) <mre,
i=1|aj=m;-1 B(z,R)

where
w=]1l--—-.

Let A be the constant from Lemma 1.1 and let 7 € (0,1) be such that
(1.45) VAT K ™ < %

Put 12 = 11(7” + 7-%). It is clear that there exists ko € N such that kor«(¥o=1) —

r':'neaxkr“'(" ) = ¢y 3 1. Now let &0 = €o(7, M), Ro = Ro(7, M) be the constants

from Lemma 1.15 apd let R; be chosen in such a way that

(1.46) 0 < R; < min{R,, R},
(1.47) com2RY < -622,
(1.48) WRY < %e

Put § = Ry(1 - 2—%)
Lemma 1.49. L.t p € [0,w). Then there exists a constant ¢ > 0 such that for

all z° € Q, Ry < qist(z°, 00) (R, satisfies (1.46), (1.47), (1. 48)) and u € [M] the
following assertions pold:

wm(zo,Rl) < (542)2 >uE Cm_-l.ﬂ(g(zo_)’ %),
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and
llullgm=sn (B &

Proof. Let u € [M] and z € B(2°6). Put R, = Ry — |z —z°| > Ry - 6,
" Re < R1 < Ro. 1t is clear that B(z, R:) C B(z°, R1).

We shall prove that
(1.50) W*R=(z, R;) < €2.

Using (1.6), (1.44), (1.48) and the definition of § we have

, N i

(W=R=(z, R.)) < (R:"Z ) / ID"w:R.(y)—(D"w:;m.),o,n,l’dy)
i=1 ‘al:m"—lB(t,R,)

i

N 2

< (R;"Z > ID"wéoal(y)—(Da»wlnn.)=°,nll2dy)
i=1 |a|=ma—1B(s,R=)

1

. 3

(g T [ i)
i=1|al=mi-1p; R.)

i

N . 2
+(R:"Z > / | ’fv‘,n.(y)lzdy)

*=tlel=mi-1p(z; R.)

R 3
< (Rl :.5) [(Wnl(zogRl))% +71R‘1“] +71R‘: < €.

It follows from Lemma 1.15 that if W*R(z, R) < €3, 0 < R < Ry, then
(1.51) W=R(z,rR) < 2Ar’W*R(2, R).
Using (1.45), (1.44) and (1.51) we have

N ‘ : }
(W"fn(z, TR))% < (‘r‘"R"" z 2 / |D*w}, r(y) - (Daw;}z)z,rnlzdy)

i=1 lal=mi-1p(s rR)
< VIRr(W*R(z, R))} + 1 2 RY 4 (TR
g (WER(e, R))* +y2R".
By induction we obtain .
(1.52) (W Re (2, TkRz))% < T (WoRe(z, R,))% |
‘ +72kr*-DWRY  VEeN.
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Using (1.52), (1.47) and (1.50) we have
(W”'h R: (z, ‘rkR,))% < T“"'{eo‘rk(“"“) + %T""k‘rk("’“l‘)} .

Because lim 7%(@=#) =0, lim kr*(@=#) = 0, it is clear that there exists a cons
k—oo k—oo ‘ tant
73 such that

(1.53) (W= Re(z, 74 R.)) ¥ < yar*, kEN.
Now (1.6), (1.44) and (l‘.53) imply that |
Uz, T R.)) < (W™ Re(z, e R)) Y 4y (4 R
< ™M (ya+ nrH@THRY).
It follows from this estimate that there exists a constant 44 such that
(1.54) (U(=, r"&:))* <71, keN.
Let 0 < ¢ < Ry — & < R:. Then there exists k € N such that IR, L p < 7k R,.

Using (1.54) we obtain

N
CU@<Y, X [ 100 - (06 n iy
=t lal=mi=1p(z,o)

< (T R.)" -U(z,7*R.)

and 2
™U(z,0) UG, ™ R:) <7 (R )"
T
The latter estimate implies that
.
U(z,0) < L o™

(R, — 6)28

and

N 2
- (n+2x) () — iy, (2 T4
WY Y [ 10 - (0" < e
=1 lal=mi-1p(z g

e€(0,R ~6), =ze€B(°9).

This estimate, the definition of Campanato space and the imbedd'uig theorem imply
that the assertion of our lemma is true. : a
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Remark 1.55. Using (1.6), (1.44) it is a matter of simple calculation to prove
that for z € Q, 0 < R < min{dist(z, 8Q), R} and u € [M]

(Wh(z, R)? < (U(z, R)? +m R,
UG R < Wr, R) +m R,
From these estimates we obtain the identity
lim infU(z,R) = lim inf WR(z, R).
R—0+ R—0+
Lemma 1.49 and Remark 1.55 immediately imply

Lemma 1.56. Suppose that u € [M] and the right-hand sides of the system (0.1)
belong to [G]. Let (0.3), (0.4), (0.5) be satisfied. Let Q' be a domain such that
Q' C Q. Let

(1.57) | Jim infU(z,R) = 0

uniformly with respect to z € ' and u € [M].
Then u € C==L#(¥), p € (0,1 - %) and the a-priori estimate
(1.58) ' ||u||cz:_x_.p(‘—,7) < ¢(M,G, A, v, dist(', 69))

holds uniformly with respect to the class [M]U [G].

2. MAIN RESULTS

Theorem 2.1. Let u € [M] and let the right-hand sides of the system (0.1) belong
to [G]. Let Q' be a domain such that ' C Q. Suppose that (0.3), (0.4),(0.5) and
the condition (L) is satisfied. Then there exists a constant ¢ = ¢(M, G, A, v, ') such
that

n
”“”c.’.".i-#(ﬁ) <¢, peE (0, 1- ;)

Proof. For all z° € ¥ and R > 0 we shall define the transformation Teor:
y = Tpog(z) = ’—"R'—o For u € [M] we define on O, = Trog(Q):

; u'(z° + Ry) D" (z°) ,
) uzop(y) = pmi—1 Z ——y" ifm; >1
(2.2) o Rm=t lri<m;i-1 Rmi-i-hilyl

wop(y) = u'(z°+ Ry) ifm=1.
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From (2.2) it follows that

(2.3) D°uog(0) =0, Jajgmi—-2, mi>1, i=1,...,N,
(2.4)
0
D(a+ Ry) = R Doui )+ Y0 Roolp, (M) e
'7'("‘0’“: 7.
agy

laj]<mi—-2, m>1,i=1,...,N,
By « being constants which are related to the derivative of “y7”.

(2.5) D*u'(z° + Ry) = D*ulop(y) ae.in Ogop, laj=m;-1,i=1,...,N,
. RD*u'(z° + Ry) = D"ui..,n(y) a.e. in Ogogp, |a|=m;, i=1,...,N.

Let us choose a number a > 0. Then there exists Ry > 0 such that for Vz° € '
and 0 <-R < R,; B(0,2a) C Ogop. From (2.5) and (2.3) it follows that D*ul,p,
o] < m; = 1,i =1, ..., N, are bounded uniformly with respect to z° € ' and
0 < R < Ry. Clearly there exists a constant ¢ > 0 such that for all z° € &' and
0<RKRo

(2-6) lluzorll gm=2(p(o,2a)) < t-

Now let ¢ € [D(O0g)]"N. Putting R™i+! -¢‘("',,—’°) € D(R) in (0.2) as a test function
and using the transformation z = z° + Ry we have
(2.7)

N
DD Rmi=1el+1 420 (2° + Ry, 6(u(z" + Ry))) D°v/ (z° + Ry)D*¢'(y) dy

i,j=1 ;
WJ Ialf;‘;osl’n

N
= > j[ Rmi~lel+1gl (2% + Ry) D¢ (y) dy.

=1 lalgmig’, .

Let x € D(B(0,2a)) be such that x = 1 in B(0,a), 0 < x < 1 in B(0,2a). Using
the notation from the introduction, (2.5) and putting ¢* = uiep-x?*,i=1,.., N,
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= m'ax{m,} in (2.7) we have

N
A“" (2° + Ry, 61 (u(z° + Ry)), 83 (usr(¥))) - (Do oR(y)X ")
5 o

x (D*ulon(v)x* (v)) dy

=4i2(22+22)

i,j=1|8l=m; ‘a|=m;7<a |a|€{m; v
o R'”"'""A?jp (zo + Ry, & (u(";o + Ry)), 6, (uz"R(y)))
B(0,2a) v
- 2k
x (DPulop(y)x* (y)) DTaop @277 dy

- N
+Z Y [ Reeleinigieoy Ry)D* (o g (W)X () dy,
=1 Jal<mip(0,24)

where Z°“Y(x2") is introduced in (1.31).

Let ‘us denote the left-hand side of this equality by (LS), the first term on the
right-hand side by (RS;) and the second by (RSz)-

Using (0.4) we have

2

D / |Duio (W)X (8) ?dy < (LS).

i=1lal=mip(g,24)
Using the fact that Af;-p are uniformly bounded and the Holder inequality we obtain
[(RS1)! € ellusorllrm=1p(o,2a7 *-
(0.5), the Leibniz formula, the Holder inequality and the boundedness of x*(y) imply
I(RS2)| < 27 % + callusenllg=zr o 2a))-
Using the inequality (LS) < |(RS1)| + |(RS2)| and (2.6) we obtain the estimate
J<eadb 4.

This estimate and (2.6) imply that there exists a constant cg = c¢(¥, 8, M, G, A) such
that for a.ll z eﬁ- Re (0 R}, u € [M]

@. 8) : " lluserllzm(po,0)) < ¢s
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Now we shall prove that (1.57) holds uniformly with respect to z° € {¥ and u € [M].
Let us suppose the contrary. Then there exist {z*}g2, C &, z* — 7 € {V,
{Re}2; CRY, R — 0, {ux}2, C [M] and € > 0 such that

(2.9) U(z*,Re) > €.
The estimate (2.8) implies that there exists a subsequence {ugzrg, }§2, such that

u,,,km — Pin Hm-(B(O,G)),
uh.:.m b d P ill H-"'_"J_(B(O, a))’
Da“iz*R. — D°P* ae.in B(0,a), |a]<mi—1,i=1,...,N.

Putting a = r, r € N and using the diagonalization process we obtain for all r € N

(2.10) upzrp, — P in H2(B(0,r)),
(2.11) Upzrg, — P in H2=L(B(0,r)),
(2.12) D*ujup, — D°P* ae.in B(O,r), la]<mi—1,i=1,...,N.

From (2.5) and (2.12) it follows that there exists a constant 7 > 0 such that
(2.13) |ID°P| <7, Jal<mi—1, i=1,...,N.

Now let € [D(R™)]V. It is clear that there exist r, R; such that suppy C B(0,r) C
O:or for all z° € ¥ and 0 < R < R;. Putting ¢ = ¢ in (2.7) we have

N
o ) / Ry 1422 (2% + Ry, 61 (ur(z* + Ra)), 62(uperr, (1))

i,j=1]al<m;
lel<minor)

(2.14) x D o (y)D*¥(y)dy
N
=Y Y [ RPTMGLE* + Ru)DW () dy.
i=l|alg¢mipg(o r)

The fact that the functions A:’jp and D*y* are uniformly bounded and the formula
(2.10) imply

N
> Ry 1 A28 (z* + Ry, 61 (ue(=* + Rey)), 62 (waorp, (3)))
(2.15) $,i=1 }gllfmi B(0,r)
=m;

X D"u{zmk - D*y* dy — 0 for k — oo.
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Iflal]=mi,i=1,..., N then RL"""’I =1,z* + Ryy — % for k — co. Because
H™=1%(Q) O H™~1P(Q) 00 C™i~%(Q), it is clear that u} — P¥in C™~2(Q) (i.e.
D°u, 3 D°P'on, |a| K m—2,i=1,..., N) and &; (u(z* + Ry)) — 61 (P(3))
in B(0,r), k — oo.

From (2.5), (2.12) it follows that

82(urerra(¥)) — 82(P(y))  ae.in B(0,r), k — co.

Using (0.3), Lebesgue’s dominated convergence theorem and (2.10) we obtain

(2-16) / AP (2* + Riy, 61 (ur(z* + Riy)), 62(usorr, ()
B(0,r)

x DPul o (y)D*¥(y)dy

— [ 47G6(P@),5(P0) D P )D¥ (1) dy
B(0,r)

fork—o00,1,j=1,..,, N, |a|=m, |B] =m,.

The fact that p{, > 2 (i=1, ..., N, |a| < m;), the transformation z = z* + R,y
and the Holder inequality imply

(2.17)

Rple¥igi (2% + Ryy)D ¥ (y) dyl
B(0,r)
comin g [ e
. B(z*,rRy)

< CsRim_MH)(l—})G — 0 if k¥ — oo.

From (2.15), (2.16) and (2.17) it follows that

.
Y T [42Ear@).arw) D PeD e d=o,
(2.18) ij=1|a|l=migs

|1Bl=m;

¥ € [DR™)V.
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The condition (L) and (2.13) imply that P € Pp_,. Using (2.5), (2.9), (2.11) and
the transformation ¢ = z* + Riy we have

N
0<eg liminfR;"Y Y / |D°ui(2) = (D*u})ern, [*dz
oo i=1 lal:m‘—lﬂ(t'.ﬂu)

N
< Jlim inf) > N / |D*u}zu g, (v) = D* P'|*dy = 0.
i=1 |°'=m‘_18(0,l)

This implies that (1.57) holds uniformly with respect to z° € € and u € [M).
Lemma 1.56 implies the assertion of the theorem. a

By the standard method from [2], [4] we shall prove

Theorem 2.19. Suppose that the system (0.1) has the property of regularity (R).
Then it has Liouville’s property (L).

Proof. Let z° € Q, £ €R” and let u be a solution (in R™) to the system
N

> / A28 (29,€,2(u(2))) D () D (2) d = 0,
(2.20) lJ=1:;I=m.‘|u

|=m;

¢ € DRV,
such that for M > 0
(2.21) [D*u | < M, |el<mi-1, i=1,...,N.

For R > 0 we define ‘(R
. u .
ugr(y) = —R'v_nTg'l)"’ i=1,...,N.
It is clear that
{Dau;(y) = D*u(Ry), |aj=m;—=1, i=1,...,N,

2.22 . ;
(2.22) Dul(y) = RD*v*(Ry), |a|=m;, i=1,...,N.

Let ¢ € [D(R™)]V.
Putting <p(%) as a test function in (2.20) and using the transformation z = Ry
we have

N
(2.23) )DD f 43 (%€, 62(ur())) D ui(v) D' (3) dy = 0.
i,j=1|aj=mign
|1Bl=m;

391



(2.21), (2.22) and the property (R) imply

(2.24) |D*uk(y) — D°uk(0)] < clyl*,
lal=mi—1,i=1,...,N, R>0, y€ B0,n), n>0, p€(0,1)-

Let us choose z € R". Then there exists Ro > 0 such that yr = § € B{0,n) for all
R > R,.
Using (2.24) and (2.22) we obtain

- S
(2.25) |D%u'(z) — D*u*(0)] < TR la| = m; -1,

i=1,...,N, R2 Ry.
For R tending to infinity we have
D°u(z) = D*u'(0) forallz€R", |la|=m;-1,i=1,...,N.

This fact implies that u € PY_,. m]

Remark 2.26. Using the method from [2], [4] we could prove that the system
(0.1) has Liouville’s property (L) for n = 2, i.e. for plane domains.
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