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Summary. We prove a polynomial growth estimate for random fields satisfying the
Kolmogorov continuity test. As an application we are able to estimate the growth of the
solution to the Cauchy problem for a stochastic diffusion equation.
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1. INTRODUCTION

The main purpose of this paper is to give a growth estimate for random fields
satisfying the famous Kolmogorov test for the existence of a continuous version.
Growth estimates for this version (for parameters tending to infinity) are important
in many applications. As an example we will consider the growth of the solution
to the Cauchy problem for a linear stochastic diffusion equation. This behaviour
determines a function space in which the solution of the corresponding semilinear
equation will exist. The paper is divided into four sections. In the next section
we prove the main result. Then we discuss the Gaussian case. The final section is
devoted to applications.
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2. MAIN RESULT

Let (9,3, P) be a complete probability space. Denote by N the set {1,2,...}. We
shall prove the following assertion.

Theorem 2.1. Let Z = (Z(r)),epe be a random field with the property that
there exist constants v > 1, k 2 0, a > d and ¢ > 0 such that

E|Z(r) = Z(s)]" <c-n"-|r —s|®

for all n € N and any r,s € [—n,n]*. Then the following holds:
(i) There exists a pathwise locally Hélder continuous version Y of Z.
(i) For any & > 1 this version satisfies the inequality

Y ()l <ns- ( T ‘gm;)

for any v € R? where s is a random variable with P({0 < ns < o0}) =

Proof. (i) The conditions of the Kolmogorov continuity test are satisfied on
[=n,n]¢, n € N, which by a standard argument implies the existence of a pathwise
locally Hélder continuous version Y of Z on R% From now on we will deal only
with Y. ]

(ii) In order to show the growth estimate for ¥ we will use the following auxilary
result.

Lemma 2.2 (Garsia [3]). Let¢: R — Ry and p: [-v/d,Vd] — Ry be continuous

even functions, where p is increasing for u € [0, \/3] and p(0) = 0, while ¢ is convex
and lim ¢(z) = co. If f: [0,1] — R is a continuous function with the property
T—00

/[01 ./0 (0,14 (pf(:_ Sl/i? ) dsdr =: B(f) < o, e
then

lt—s|
) - sen<s [ e (22 anw

holds for all t,s € {0,1]%, where ¢~ is defined by

sup{r € R: ¢(r) < u}, u = ¥(0),
P u) =
' 0, else.
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Put now a = (1/2,...,1/2) € R* and define random fields Y(™: Q x [0,1]¢ - R,
neN, by
Y™ (r) := Y(2n(r — a)), r € [0,1]%

Set € := o — d. We obtain
EIY™(r) - Y(s)|* = E|Y (2n(r — a)) = Y(2n(s — a))|
<con®-2n(r — s)|4te
=20t prtdte |p g the,
In order to apply Lemma 2.2 we put

¥(z) = |z|”, z € R?

and

p(z) = jg:|2—a3"£ . (log ’z')Z/u, lz| < Vd,

where

=Vd-exp(v/d).

Furthermore, define
() yn)
B(Y™) / / (y (r) = (s )> dsdr
, [o,1)¢ J[0,1]¢ (Jr = s|/Vd)

Q= Z(Zn)-(d+6+s+n) . BY™),

n=1

and

where § > 1. As in Walsh [9], proof of Corollary 1.2, we get
EB(Y™) € co(d,&,v) - (2n) T,
which implies
oo
0< EQ < ¢o(d,e,v) - 2(270)"‘{ < 00

and hence 0 € Q < oo P a.s. Now we shall proceed pathwise. For this purpose we
fix an w € Q such that Q{w) < 0o. Obviously, we have

B(Y(“)) < (zn)d+§+s+m Q<
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for every n € N. Applying now Lemma 2.2 to B(Y'(n)) and Y(») we arrive at

etn 2/v
V) = YO (3)] < en(de,v) - ) SF5= - QU e —sfere - (log 1)

for any 7, s € [0,1]¢, compare again Walsh [9]. This yields

Y (r) - Y(s) =

Y(")(;—n +a —Y("’(;—n + a)

odn 2 2/v
< eald, 6,5,k w,0) - 0 e sl (log B Zﬂs[)

for r,s € [-n,n]? and hence

prere, 2 2/v
Y <Y O]+ cald: b, ) - n 52 r1¢/ - (10g T7)

for r € [-n,n]?. Consequently, if n — 1< |r] <n,neN, weget n < |r|+1 and

" 2/v
V(] < ¥ O]+ cald, b, ,0) - (] + 12525 gt - (10g 2L,

Il
Since |r| > 1 implies |r] + 1 < 2|r| we can continue in this case by
<Y O] + ca(d, 6,6, 5,1, w) - || £
Moreover, we know that
sup |Y(r)| < oo.
Irl<t
Therefore, we finally have

Y ()] < e(d, b€, k, v,0) (1 + fr| 25522

for any r € R? and almost all w € Q, which completes the proof.
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3. THE GAUSSIAN CASE

Intuitively, it is clear that the growth estimate should be better if we additionally
know that Z is Gaussian. In fact, we obtain the following assertion.

Theorem 3.1. Let Z = (Z(r)),ers be a centered Gaussian random field such
that there exist constants € > 0 and k > 0 with

E|Z(r) = Z(s)? < c-n® - |r — s|°

for any r, s € [-n,n]%, n € N. Then there exists a pathwise locally Holder continuous
version Y of Z with the property

Y@ <7 (1+ VI Tog(T +111)) Pas.

for any r € R, where n is a random variable with P({0 < < 00}) = 1.

Proof. The existence of a locally Holder continuous version Y of Z follows
immediately from Theorem 2.1 and the well-known fact that

EE™ = (2p— )N - (E€7)?

holds for centered Gaussian random variables . In order to apply Lemma 2.2 we
choose
¥n(x) = exp (22 /(3 - 2°en”*?))

and

plw) = (Va-u)”.
Let Y™ be the random fields defined in the proof of Theorem 2.1. By virtue of
E[Y (™ (r) - Y ()]® < 2en e - |r — |t
for r, s € [0,1]¢ it follows that

Y (r) — Y (s)
p(r — s|/vd)

is a Gaussian variable with mean zero and second moment less than 2°cn~+e which
leads to 1 < EB(Y ™) < V3, n € N, where

o YO)(r) - (s
?(Y ) /w,mf[o,udw"< (I — s|/Vd) >d8dr'
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Set

00

Q= Zn_‘s -B(Y™)

n=1
for § > 1. Because of EQ < oo we can choose an w belonging to a set Qg with

P(%) = 1 such that Q(w) is finite, and proceed by a pathwise consideration. We
obtain -1 (u) = (3 - 2°cn®*e - log(u))!/2, u > 1. From

B(Y™)>1

we get

Ir—si (n)
e -yoer<s: [ (D) a

u2d

Ir—si
< 4eV/3 - 2¢cde/2nxte / \/l log B(Y (™) — 2d - log(u)| - u®~* du
0
. fr—s| . |r—s|
< cale,d) - nF* [/ /|log B(Y ™)| - u2~! du +] Vog(u)| - ut ! du}
0 o
<cs(e,d) - n e

r—s|
x [(|logQ[1l2+|6~10g(n)]1/2)|7‘—s|‘/2+/ |log(u)|*/2 »ué“du].
0

The integral is bounded from above by
< cgle) - [|r — |2 | log|r — s|[1/2 + 1] .
Hence

Y (r) = Y(s)| € cr(e,d,8,5,w) - n'E

y Ir—s| e/2 Lo 1/2()+1 |r—s|> 1/2 o
2n g n %8\ 2n

holds for r,s € [-n,n]?. Using the same argument as in the the general case we
finally arrive at

1Y (r)] < esle,d, 8, k,w) - [1+ (17 - log(1 +[r)/2],

proving the theorem.
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4. APPLICATIONS

4.1. Wiener fields. First let us consider the standard Wiener process w

(w())¢z0. Theorem 2.1 gives P a.s.

[w(®)] < 1 +1%), a € (4,1)

while Theorem 3.1 leads to

lwt) < n (1 +/t-log(1l + t)) Pa.s.,

which is quite close to the exact asymptotic behaviour. In general, if w is the

Brownian sheet we obtain the same with [t], t € RY instead of ¢ > 0. In order
to introduce a class of Wiener fields which is used beside the Brownian sheet as
the driving term for stochastic partial differential equations we must do a little
preliminary work. Choose an orthonormal basis (ONB) (An)nen in Lz (R?) consisting
of elements such that the following is satisfied:

(i) The mappings g»: R? — R defined by

0n(2) :=/_:..._/_:hn(y)dy

are uniformly Lipschitz continuous.
(ii) We have
SUp (|anlleo + llgnlleo) < 0,
neN

where |||l denotes the sup-norm.
(iii) For any n € N there exist

9 L2 .9
(,}zdgﬂ,“.,az1 .H(,hdgn

for any z € R?. These derivatives are continuous and satisfy

a9 2]
i Egn(x) = hn(z),

neN,z=(z,...,24) € R
Such an ONB always exists. To see this let Z denote the integers and notice that

La(R) = @ La(kr, (k + 1)n).
kez
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The system
epn(T) = (2/m)*/? - sinn(z — kn), z € (kr,(k+1)n), n€N, k€ Z,
is an ONB in Lo(km, (k + 1)n). Defineforn €N, k€ Z

exn(z), € (kn, (k+1)n),

0, else,

and let 8: Z x N =+ N be a bijection. Then

& = Ei(3)n()
form an ONB in Lo (R), where (k(j),n(j)) = B72(j), § € N. Moreover, the mappings

e; are Lipschitz continuous and

sup ej(@)| < (2/m)"/?
JEN,zER

holds. Setting .
9;(x) =/ ej(y)dy, € R, jEN,
—00

we get a differentiable mapping with

sup |g;(x)] < (20)'/2.
JEN,z€R

Furthermore, let
d
Ri(z) = He.-(,)(z‘)
1=1
and
d
gi(x) == [ :vy (m0),
=1

where £ = (2,...,24) and i = (i(1),...,i(d)) € N¢. Finally, for z € R? and n € N
put
Ba(2) 1= P(n) (2) a0d gn () 1= Gy (@),
where £: N - N is a bijection. One easily proves that
® (hn)nen is an ONB in L2 (R?),
¢ the mappings g,,, n € N, are uniformly Lipschitz continuous,
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sup ([|anlloo + llgnlloo) < 00,
neN

55250 0 (@) = ha ().

o
Let (An)nen be a sequence of positive real numbers such that Y. An < co. Denote
n=1

by B a Wiener process on Lz (R?) with the covariance operator I' given by

Thi= Y Ak ho)hn, h € La(R?),

n=1

where (.,.) denotes the inner product in Lz(R?). Then
W(t,z) = Bi(hn)ga(2)
n=1

is a centered Gaussian random field with covariance
EW(t,2)W (s,9) = (¢ A $) - 8(a,1),
where -
0@, y) = > Angn(@)gn(y).
n=1
Because of
EW(t,2) - W(s,y)?
00 2 [ 2
<2-E[ Y Bulu)(ou(2) — 94 )] +2E[ 3 (Bilhw) - Boltu))n(v)]
k=1 k=1
< const -t - |z —y| - sup sup |gi(z)| + const |t — s| - sup sup |gx(z)}?
k€N zeR? keN zeR?
< const-[t- | —y| + |t — s]]
we get fort <n
E[W (t,z) = W(s,9)]* < const nl(t, ) — (s,9)I-

Setting W (t,z) = W(0,z) for ¢ < 0 and applying Theorem 3.1 we finally obtain

W (t,2) <n- (1+ (16 2) -log(1 + 6, 2)D) /%)
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4.2. The Cauchy problem for a stochastic diffusion equation.
Let L = 367 — A be a parabolic second order differential operator with Holder
continuous and bounded coefficients and consider the formal Cauchy problem

(Lw)(t,z) = o(t,x) - £(t,z), (t,z) € (0,T) x RY,
u(0,z) =0, z€R?,

where 0 < T < co is a fixed real number, o: Q x [0,7] x RY — R satisfies some
conditions which will be specified below and £ is a Gaussian noise which is white in
time and coloured (i.e. correlated) in space. That means

€= (£(p),9 € D((0,T) x RY)

is a mean zero generalized random function with

T
B = [ [ [ etawieineyadsa,

where D is the test function space and
0
0(2,y) =Y Anhn(2)hn(y)
n=1

with (An)nen and (Bn)nen was introduced in Subsection 4.1. One easily proves

§a+1

$= toay . 0ma"

in distribution (i.e. the covariance functionals of the two generalized random func-
tions coincide.) One can also consider a space-time Gaussian white noise. But
in this case the space dimension d is restricted to one (cf. Manthey [6], Walsh
[9]). Let F = (3t)icio.m) be the filtration generated by W. Furthermore, let f:
2 x [0,T} x R? = R be progressively measurable and such that

©) E/OT [Ld{f(w,t,x)|dz]2dt<m.

(The mapping f is called progressively measurable, if for every t € [0, T] the restric-
tion of f to 2 x [0,¢] x R? is & ® B([0,¢]) ® B(R?)-measurable.)
For this class of mappings the stochastic integral

1= [ [ e =35 ['[[ oo asm
n=1
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is well defined, i.e., the sum on the right hand side converges in La(f2). It is an
F-adapted mean zero random linear functional with covariance

e =S ne- [ [ [ e e] ([ oomea] o

Let (¢,z,s,y) = G(t,z,s,y) denote the fundamental solution corresponding to the
above Cauchy problem for ¢ = 0. We set G(t,z,s,y) = 0 if s € [t,T]. Note that
there exist positive constants ¢; and ¢, such that

@ 0<G(basy) <ar-lt—si 2 exp (- 22U)

for 0 € s < t, z,y € R, compare for instance Friedman [2]. Hence
0</ G(t,2,8,y)dy<cg <0, 0K s<t T, z € R%.
R4

We will essentially use

(G2) /0 [/Rﬂ (G(t,z,7,2) — L[o,5)(T)G (5,9, T, 2)) dzrdr
el T) - [jt = o™ +{e —y|*]

for an arbitrary u € (0, %)
This is a consequence of the mean value theorem and the following property (com-
pare Redlinger [7]):

(G3) For2l+m<2and0<s<t<T, z,y€RY,

IDIDTG(t, 2, 5,)| < comst-(t — )~ 5~

Iw~y|’)
8

. exp(~ const - -
holds.

Property (G3) is well-known (cf. Iljin, Kalashnikov, Olejnik [4]).
Let us make the following assumptions:

(2) (i) o is progressively measurable.
(ii) There exist p > 2(d + 1) and m > 0 such that
Elo(t,2)]P < e(p, T)(L + |z|™)
fort € [0,T) and = € R%.
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From (X(i)) it follows that (w, s,y) = L(o,¢)(5)G(t, 7, 5,4} (s,y) is a progressively
measurable mapping as well. Denote the mapping z — 1 + |z|™ by o. In the sequel
we shall use the following auxiliary fact.

Lemma 4.2.1. There exists a constant a(m,T) such that
0< [ Gltz,50)0(0) dy < alm. T)ela)
R

holds for 0 s <t < T,z € R
Proof. Property (G1) implies
0< [Glasvewdy= [6t.zsnay+ Gz myimay
R R R

<ceg+e(m)- /G(t,x,&y)(lzl"‘ + e —y|™) dy

fa
2
- T —
< colt+cmlel™ + [er-lt= s/ o1 -exp (- 228 Y ay
Rd
< a(m, T)o(z),
proving the lemma. ’ 0

The mild solution u to the formal Cauchy problem we are studying is defined to
be

¢
u(t,x):// G(t,z,5,y)0(s,y) dWsy.
o Jre

Now we check the correctness of this definition under the condition (). Splitting
G=G'"#G% and using the Holder inequality as well as Lemma 4.2.1 we obtain

s[[ dc(z,z,s,y)ra(s,yndy]p

p—1
< [/ G(t,x,s,y)dy] / Gt z,s,y)Elo(s,y)IP dy
R4 R

< [ Gt sl dy
Rd

< o(T, p,m)e(z) < 00

for p > 2, which easily yields (S).
We are mainly interested in the growth of u if |z| tends to infinity.
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Theorem 4.2.2. Under the condition (T) there exists a pathwise locally Holder
continuous version v of u. For any § > 1 this version has the property

[o(t,z)] < s - (1+ |rc|5'(¢+”),
(t,z) € {0,T] x R¢, where 55 is a random variable with P({0 < 15 < c0}) = 1.

Proof. We will use Theorem 2.1. Therefore, the main point is to obtain the
input inequality of this assertion. Fix (¢, %), (s,y) € [0,T] x RY, s < t, and set

M) = [ [ (6tzma) - 110, (T)G (s, 4,7 2))0(r,2) AWy
o e

Co= 2/ L/ (G(t,z,7,2) — 14,0 (T)G(s,y, 7, 2)) 0 (T, 2)hn(2) dz| dB(h,)
n=1p l
and .
N{r) :=/0 /,;,, G(t,z,7,2)0(r,2) dW, 2, r € [0,1].
m]

These processes are square integrable martingales with respect to the filtration
Ft = (Es)se[o,e]» possessing a pathwise continuous version which is considered in the
sequel (cf. [1], Theorem 4.12 and 4.3.3).

Next we prove that the conditions of Theorem 2.1 are satisfied under the assump-
tion required above. Consider

E [u(t,@) - u(s,y)]*"

2
=E [‘/: /‘;,‘ (G(t,:v,'r, z)— Il[o,s)(T)G(s,y,T,z))o(r, z) dW,z] P.

Applying the Burkholder-Gundy inequality (compare for instance Liptser and
Shiryayev [5])} to M we obtain

< clp) -E[;An»L [/Rd(G(t,z,T,z))

— 1. (1)G(5,, 7, 2))o (7, 2) b (2) dz]2 df]
<a) EUD [ ctans

= 10,6 (7)G(s,¥,7,2))o(T,2) clz]2 dr]
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To abbreviate the expressions we will use the notation

H(r,z) := |G(t, 2,7, 2) = 10,5)(T)G(s, 9,7 2)|

as well as
H*(1,2) 1= G(t,2,7,2) + Ljo, 4 (T)G(s,y, T, 2)

for fixed (¢, ), (s,y). We continue the estimate with the help of the Cauchy-Schwarz
inequality by

<ap) E M [/R H(r,z) dz] [/R H* (7, 2)0%(r, 2) dz] erp
Saw-E [/0’ [/Ra ) dzr d’} " [/; [ [ (20 (r,2) dzr dTJ "

To handle the first integral we use (G2):

»/2

t 2
1t - s LA 2)o?(r, z)dz T
<erlp, T - It = s + o = yI*] E{A[A;H+w,)<,>d] d]

Let us seperately estimate the last expression by Holder’s inequality:

E [/Ut [/Rd 1'-1'*'(7,,2)52(7',z)dz]2 d-r]

<cs(T,p)- E/Ot [/';dH*(T,z)az(T,z)dzr dr

»/2

t p—1 t
< es(T,p) - / [ H*(r,2) dz] dr- / / H*(7,2)Ec?(r,2)dzdr.
0 Rd 0 JRrd

Using (G1) we obtain

< es(T,p) - /Ot /[nd H*(r,2)Eo?(r,2)dzdr,
and (X(ii)) together with Lemma 4.2.1 leads to
<o(Tp) - (L+ 2™ + [y|™)-
Summing up we have
Efu(t, ) - u(s, ) < colp, T, - [Jt = s + o = y/]"* - (L+ [al™ + [yI™)
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for an arbitrary p € (0, 3). Put u(t,.) :=w(T,.) for t > T and u(t,.) := 0 for t < 0.
Hence u is defined on the whole R**!. Moreover, we observe that

u(t,z) —u(s,y) =u(OVEAT,z) —u(0VsAT,y).
Consequently, if (¢,2), (s,y) € [-n,n]*"!, the above estimate implies
Efu(t,z) — u(s, ) < cr(p, Tom) - n™ - [Jt — s + |z — y|*]?2.
By (X(ii)) there exist € > 0 and 4 € (0, 1) such that

d+1+e
P

. p>
Thu_s we can find a b > 0 ensuring the representation
p=(u"t+b)(d+1+¢).
This leads to

[t = sl + 2 - y1*]"” <ca(p) [[t — s 4 o — yl*+ot] 2

dtlte
<eal@) [t = sV o =y (1t — s + [z — y[?)]
< capn @I (1, 7)  (s,y)| 414

if (t,2), (s, %) € [-n,n]?+!. Therefore, Theorem 2.1 implies the existence of a locally
Holder continuous version v of u. Moreover, Theorem 2.1 gives the growth estimate

lo(t,2)] < cs(p, T,0) - (1+1(t,2)]

%
s

t € [0,T],z € R%, from which we easily obtain
lo(t, 2] < ns(p, T, ) (1 + 22540,

t €[0,T], z € R, where P({0 < ns5(p,T,d) < 00}) = 1. This proves Theorem 4.2.2.
Finally, we shall discuss some particular cases. First we assume instead of (X(ii))
the more restrictive condition that there exists p > 2(d + 1) such that

(BM) sup Elo(t,z)P < ¢ < 0.
té[().Tl
zgud



Obviously, there exists a pathwise Holder continuous version v of u. From the
previous consideration we easily see that

fo(t,2)] < ns(p, T, 1) (1 + |22 F+D),

te[0,T), z € RL
In the case when o is deterministic and satisfies o%(¢, z) < const(l + [z|™),z € R¢

we observe (p = 1)
Efu(t,) - u(s, ) < ewolT,) n™ - [Jt = o + |z - yf*]"*,
(t.2), (5,y) € [-n,n]**, 4 € (0, ), which leads to
Sen(T,pn -ty 2) = (s,9)1* .

Therefore, Theorem 3.1 guarantees the existence of a locally Holder continuous ver-
sion v of u for which we get 2u+m < m+1)

vt 2)| < n (1 + /|z|™+1 - log(1 + |a:|))

for any ¢t € [0,7], = € R?, where 7 is a random variable with P({0 < 7 < c0}) = 1.
In the case that

sup |o(t,z)] S e < oo
t€f0.T)
zER

holds, we have even
lo(t,2)] < (1+ VIl Tog(1 + TeD) )

for any ¢ € [0,T), = € R?, where 7 is a random variable with P({0 <7 < c0}) = 1.
So we have proved

Theorem 4.2.3. Let 0: [0,7] x R? — R be a nonrandom function with the

property
lo(t,2)* < e(T)(1+ |2I™)

fort € [0,T), z € RY. Then there exists a Holder continuous version v of u such that
lo(t, )} < n (1 + Ve log(t + [2]))

for any t € [0,T], z € R?, where 7 is a random variable with P({0 <7 < co0}) = 1.
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