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DIFFERENTIAL EQUATIONS
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Summary. The generalized linear differential equation
dx = d[A(H] x + df

where A4, f€ BV}°¢(J) and the matrices I — 4~ A(t),I+ 4 * A(t) are regular, can be transformed
to an ordinary linear differential equation

dy

i B(s)y + g(s)
Aj

using the notion of a logarithmic prolongation along an increasing function. This method enables
to derive various results about generalized LDE from the well-known properties of ordinary
LDE. As an example, the variational stability of the generalized LDE is investigated.

Keywords: generalized linear differential equation, logarithmic prolongation, ordinary linear
differential equation with a substitution, variational stability.

AMS classification: 34A30

INTRODUCTION

The generalized linear differential equation
(1) dx = d[A()] x + df

has been investigated many times, e.g. in [S1], [STV]. Equivalently, this equation
has the integral form

1) x(t2) = x(t2) = i} d[A(s)] x(s) + f(z2) — f(1s)

where the Lebesgue-Stieltjes integral is used. Usually it is assumed that A is a real
or complex n x n-matrix valued function on an interval J and f, x are real or
complex n-vector valued functions. A very common assumption is

2 the matrix-valued function A is locally of bounded variation.

Let us denote 4% A(t) = A(t+) — A(f), 4~ A(t) = A(r) — A(1—).
When studying the equation (1), one can notice that the irregularity of matrices
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1 — 4- A(),I + 4% A(t) can cause an odd behaviour of the equation (1) and of its
solutions. However, if it is assumed that

3) for every teJ the matrices I — A~ A(t), I + A* A(t) are regular

then many of the properties of the equation (1) are conspicuously similar to the
properties of the ordinary linear differential equation

C) gf = B(s) y + ¢(s) -

In this paper it will be shown that this similarity is not accidental because every
equation (1) can be transformed to some ordinary linear differential equation (4),
provided the conditions (2) and (3) are fulfilled. As an example, a theorem on varia-
tional asymptotic stability will be proved.

1. LOGARITHMIC PROLONGATION

1.1. Notation. R", C" denote the n-dimensional real and complex vector spaces
with the Euclidean norm [x| = (3 |x|*)"%. M,(R), M,(C) stand for the spaces
, &4

of n x n-real or complex matrices with the norm ||4| = sup [ 4x].
lIxlI=1
Let J be an interval and a, € J a given point. If a matrix-valued function 4 is

locally of bounded variation, it can be written as the sum of a continuous function A°
and a break function A® such that A*(a,) = 0.

For a function x we denote x(t—) = lim x(7), x(t+) = lim x(z) provided the
Tt Tt4
limits exist. x o y denotes the composed function x(y(t)).

1.2. Throughout this and the next section let us assume that a complex matrix
valued function A: J — M,(C) is given such that the assumption (2) holds. Further,
assume that an increasing function v: J — R is given such that

(5) |A4(zz) — A(t,)]| < v(t;) — v(t,) holds for every t;,t,eJ
such that t; < ¢,.

For instance, the function v can be defined by v(t) = t + var,, 4 for te J, t 2 a,
and o(t) =t — var;® A for te J, t < a,. Let us denote

(6) J' = conv {v(J)}

i.e. the convex hull of the set v(J) = {re R; © = v(t) for some te J}. Evidently,
J' is an interval which can be written also in the form

=V [o(t—), o(t+)] = ’ch[v(a)’ o(B)] 5
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of course, the interval [v(t—), v(t+)] consists of a single point () provxded v is
continuous at t. We will assume that

@) if ¢ is the left endpoint of J then  o(t—) = v(f) ;
if ¢ is the right endpoint of J then o(t+) = v(t).

1.3. Definition. a) A matrix-valued function A:J — M,(C) will be called
a logarithmic prolongation of A along the increasing function v, zf

(i) A4 is locally absolutely continuous on J';

(ii) the continuous part of the composed function A o v is equal to the continuous
part of A;

(iii) if te J is such a point that v(t—) < o(t) then A is linear on the interval
[v(z=), v(¢)] and
(®) I — exp [A(o(t-)) — A(o(t))] = 4™ A(r) ;
(iv) if teJ is such a point that v(t) < v(t+) then A is linear on the interval
[o(2), o(z+)] and
9) exp [A(v(t+)) — A(v(t))] — 1 = 4" A(t).
b) The matrix-valued function B: J' - M,(C) is the derivative of a logarithmic
prolongation of A along v, if B is locally Leebesgue integrable and the function
A(s) = [} B(o) do satisfies the conditions (i)—(iv).
Remark. (i) The logarithmic prolongation is in general not unique, because the
matrices A(v(t—)) — A(v(r)), A(v(t+)) — A(v(2)) given by the relations (8), (9) are
not determined uniquely.

(i1) Since the logarithmic prolongation A is locally absolutely continuous, evidently
it has a derivative

B(s) = — A(s) a.e on J .

1.4. Proposition. If a matrix-valued function A has a logarithmic prolongation
along v, then the condition (3) is satisfied.

Proof. If v(t—) < v(r) then the matrix I — 4~ A(t) = exp [A(v(t—)) — A(v(?))]
is evidently regular. If v(t—) = v(¢) then the function A is continuous at ¢ due to (5),
hence 4~ A(t) = 0. Similarly the regularity of matrices I + 4* A(t) can be verified.

Before investigating the existence of a logarithmic prolongation, the idea of the
prolongation will be enlightened by the following theorem:

1.5. Theorem. Let A be a logarithmic prolongation of A along v and let B be
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its derivative a.e.. Assume that [a, b] = J. The vector-valued function x is a solu-
tion of the generalized linear differential equation

(10) dx = d[A(?)] x

on [a, b), if and only if there is a solution y of the ordinary linear differential
equation

a L5y

on v[(a), v(b)] such that x(t) = y(v(t)) for every t € [a, b].
The essential part of the proof is contained in the following lemma:

1.6. Lemma. Let two functions x:[a, b] - C", y:[v(a), v(b)] » C" be given
such that

(i) x(t) = y(v(t)) for every te[a, b];
(ii) the function x has bounded variation on [a, b];
(iii) if te(a, b] is such that v(t—) < v(t) then y is a solution of (11) on
[o(t-), o(9));
(iv) if te[a, b) is such that v(t) < v(t+) then y is a solution of (11) on
[o(e), o(t+)].
Then the equality
(12) i d[A()] x(s) = fi(c3) B(s) ¥(s) ds

holds foralla < t; <t, < b.

Proof. First let us recall that

(13) fi2 d[A()] y(s) = fi2 B(s) y(s) ds

provided at least one of the integrals exists;
— see [F]. Let us denote

(14) Cr = A=) — A@(),
CH = A(v(t+)) — A(v(t)) for telJ.
Since the function A is linear on the intervals [v(t—), v(t)], [v(¢), v(t+)], it has there

the form

(15) () = A(e) + =3 c-

4 o) O for se[v(t—),v(t)] and

A(s) = Ao(s)) + EA—:% Cr for se[o(t), o(t+)] .
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Since B(s) = (d/ds) 4 a.e. on J’, we have

(16) B(s) = — A'lv(t) C; for se(v(t=),v(t)), telJ,
B(s) = A*lv(;) CS for se(v(t),v(t+)), tel.
From the assumptions (iii), (iv) of Lemma 1.6 it follows that y has the form
) )= e [ ML 0 | x0 = o L) - AN on
[v(t-), »(r)], and '
(18) ¥(s) = lexp :sA: :((:)) ct : x(t) = exp [4(s) — A(v(t))] x(f) on
[o(2), o(+)] -

Using (8), (9), (15), (17) and (18), we get the equalities
foiisy dLA(s)] v(s) = fi%) B(s) ¥(s) ds = y(v() — y(v(t-)) =
= y(o(r)) — exp [CT] ¥(o(0)) =
= {I = exp [A(v(t-)) — A(e(t))]} »(o(t)) =
=4 A()x(t) for te(a,b];
o ALA(s)] ¥(s) = [36" B(s) y(s) ds = y(o(t+)) — y(o(t)) =
= exp [C"] y(1)) — ¥(o(?) =
= {exp [A(v(t+)) — A(o(1))] — 1} y(o(r) =
=A% A(t)x(t) for tela,b).

Since the functions 4 and x have bounded variations on [a, b], by Corollary 1.23
in [S1] the integral [;> d[A4(¢)] x(¢) exists.

Proposition 4 in [F] which is concerned with a discontinuous increasing substitu-
tion in the integral implies that the integral {3{;3} d[4(s)] y(s) exists and we get the.
equality

Ji ALAO () = Ji a4 X0) + T 47 Q)3 +
b B A A0 50 = Ji A4 0 O] 96) +

¥ GO0+ TR AAE] 0 =
- ER A
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By (13) the integral [(;3} B(s) y(s) ds exists and we have

[563 B(s) y(s) ds = £3(03 d[A(s)] ¥(s) = i3 d[A()] x(2) -

Proof of Theorem 1.5. (i) Assume that y is a solution of the equation (11) on
[v(a), v(b)] and that the equality x(f) = y(v(t)) holds for t € [a, b]. Then y is abso-
lutely continuous on [v(a), v(b)] and consequently, x has bounded variation on
[a, b]. By Lemma 1.6 the equality

x(t2) = x(t2) = y(v(t2)) — H(o(t)) = [ B(s) y(s) ds =
= 2 dLA(] (1)
holds for all ¢y, t, € [a, b]; this means that x is a solution of (10) on [a, b].

(ii) Assume that the function x is a solution of (10) on [a, b]. Then x has bounded
variation on [a, b]. Let us define a function y: [v(a), v(b)] - C" such that

y(r) = x(t) if t=10(t), tela, b];
if t € (a, b] is a point such that v(t—) < v(t) then y has the form (17) on [v(t—), v(2));
if t € [a, b) is such that v(t) < v(t+) then y has the form (18) on (v(1), v(t+)].
From (16), (17), (18) it follows that y is a solution of (11) on every interval of the
form [ov(t—), v(t+)].
Let s,,5,€[v(a),v(b)] and t; < t, be given such that s, e [v(t;—), v(t;+)],
i = 1,2. Lemma 1.6 yields

¥(s2) = ¥(s1) = [¥(s2) — y(o(t2))] + [x(t2) = x(t,)] —

= [¥(s1) = ¥(o(t2))] = [,y B(s) ¥(s) ds +

+ 2 d[A(O] x(1) — f5tesy B(s) ¥(s) ds = [, B(s) y(s) ds +

+ [oe) B(s) ¥(s) ds = [ite,) B(s) ¥(s) ds = [} B(s) y(s) ds .
Consequently, y is a solution of (11) on [v(a), v(b)].

1.7. Theorem. Assume that the matrix valued function A:J — M,(C) and the
increasing function v satisfy (2), (3) and (5). Then there exists a logarithmic
prolongation of A along the function v.

Proof. It is well-known that if M is an n x n matrix such that [M|| < 1 then the
series

1)n+1

In( + M) = z(

is convergent and the equality exp (ln (I + M)) =1 + M holds. We have an evident
estimate

(19) [In (1 + M)[] <

Ml = —in (1 — ]

[Ms
S |-

1
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It is easy to find out that the function ¢(x) = —In (1 — x) is convex and con-
sequently,

o(x) < ¢(0) + i—:—g [¢(3) — ¢(0)] =2In2.x forevery xe[0,1].

From (19) we get the estimate
(20) if |[M] <4 then [In(I+ M)|<2mn2[M]|.
If t € J is such that |4~ A(r)] < 1, let us define C; = In (I — 4~ A(t));
if 4% A(t)] <1, letusdefine C/ =In(I + 4* A(t)).

It is proved e.g. in [K], Th. 6.1.1 that also in the case [|[4™ A(f)] = 1 or [[4* A(1)]
2 1 there are such matrices C; or C; that exp C; =1 — A~ A(t) or exp C;
=1 + A% A(t), respectively. Let us mention that these matrices are in general
complex, even if A4 is a real matrix - valued function.

v

By (20) we obtain the estimate:
if 4 A()] £% then [C7[ £ 2In2[d4™ A(Y)|;
if [4* A(t)| £4 then [C[| < 2In2[d* A(Y)].

Since A is of bounded variation and for every compact interval [a, b] < J the
set {te(a,b]; |4~ A(t)| =2 3} v {te[a, b); [4* A(r)| = 4} is finite, the above
estimate implies that

(21) the series Y. C; and Y C/ are absolutely convergent for every
te(a,b] tefa,b)

compact subinterval [a, b] = J.

Let us define 4,(t) = A(¢) if t € [v(t—), v(t+)], t € J. If 74, 7, € J are such points
that v(t—) < 7, < 7, < v(t+) for some t e J, then

(22) [4:(z2) = Au()] = [45() — 4] = 0= 72 — 7y

If there are such points t,,t,€J that t; <t, and o(t;—) < 1, < o(t;+) for
i=1,2, then

(23) [4:(r2) = Ai(z))| = [4°(t2) = 4°(1)] =
= [A(t,=) — A(t,+)] S v(t2=) —v(t,+) S 1, — 74 .

From (22), (23) it follows that the function A, is lipschitzian on J’, consequently it
is locally absolutely continuous and has a derivative

(24) aqul(s) = By(s) a. on J'.
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Let us define
(25) By(s)=0 if s=0(t), teJ;
if teJ isa pointsuchthat v(t—) < v(f) then
By(s) = —=C;[47 v(t) for se[v(t—), v(t));
if teJ isa pointsuchthat v(f) < v(t+) then
B,(s) = C}[4* v(t) for se(v(t), v(t+)].
Finally, let us define B(s) = B,(s) + B,(s) for se J'.

To find out if the function B, is locally integrable, it is sufficient to estimate the

integral (5} |B,(s)| ds, because evidently B, is a measurable function. For every
[a, b] € J we have the identity

8 1B ds = 30 1B ds + 3 [0 [Ba(9)] as =
- T e+ 3 el

The last two series are convergent by (21). Hence the function B, is locally integrable
over J' and we can define

Ay(s) = [3ao) B2(0) do, A(s) = Ay(s) + Ay(s) for seJ’.

Let us prove that 4 is a logarithmic prolongation of 4 along v. The condition (i)
of Definition 1.3 is evidently satisfied. The function

Ayov hasfor t=a, theform A,(v(t)) = (%2 B,(o)do =

v(ao

= 3 iy Ba0)do + ¥ [ By(o) do =

ap<tst apsSt<t

= Y C; + Y C, hence A(v(t)) = 4,(v(t)) + A(v(?)) =

ap<tst apSt<t

=AM+ Y C.+ Y C} for teJ, tZa,. Similarly

apsStsSt ap<t=<t

A(v(r)) = A(t) — t<1'2$a C; — Y Cf for telJ, t<a,.

t<t<ao
We can see that the continuos part of 4o v is equal to A4°.
The conditions (iii), (iv) of Definition 1.3 are obviously satisfied, because
exp [A(v(t-)) — A(e(1))] = exp [4a(o(t-)) — 4:(o())] =
= exp [uyy’ By(0)do =expC; =1 — 4™ A1),
similarly
exp [A(v(t+)) — A(w(t))] =1 + 4" A(r).
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2. ORDINARY LINEAR DIFFERENTIAL EQUATION WITH A SUBSTITUTION

2.1. Definition. Assume that a matrix valued function B: J' -+ M,(C), a vector
valued function g: J' - C" and an increasing function v: J — J' are given.

We say that an n-vector valued function x is a solution of the ordinary dif-
ferential equation with a substitution

20 ) =00); ZL=56)y+as)
on an interval [a, b] < J, if there is a solution y of
@) =By + )

ds

on the interval [v(a), v(b)] such that the equality x(t) = y(v(t)) holds for every
te[a, b].

Using this definition, we can re-formulate Theorem 1.5 in the following form:

2.2. Corollary. Let a matrix-valued function B be the derivative a.e. of a loga-
rithmic prolongation of A along v.

An n-vector valued function x is a solution of the equation (10) on [a, b] if and
only if it is a solution of

(27y x(1) = y(o(1)); === B(s)y
on [a, b].

The aim of this section is to prove an analogous theorem for the equations (1) and
(26) and then to obtain some results concerning the equation (1).

2.3. Lemma. Let the matrix valued function A be a logarithmic prolongation
of A along v. Let a vector valued function f: J — C" be given such that

(28) [£(t2) = £(1,)] S v(tz) ~ v(t)) forevery t,t,e€J, t;<t,.

Let us define a function g: J' — C" as follows:

The function f, defined by f(s) = f(t) for s € [v(t—), v(t+)], t € J, is lipschtzian,
which can be verified similarly as in (22), (23). Hence it has a derivative g,(s) =
= (d/ds) fy(s) a.e. on J'. Let us define

(29) ga(s) =0 if s=o(t), tel;

g:(s) = ( ) exp [A(s) — A(v(t=))] 4™ £(t)
s€ [v(t—), u()),
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9:(8) = —3 ()exp Ld(s) — A((t+))] 4% f()

se(v(t), o(t+)], teJ.

Further, let us define g(s) = g,(s) + g,(s) for se J'.
Then the function g is locally integrable over J'.

Proof. The function g, is locally integrable, because f, is absolutely continuous.
The function g, is obviously measurable. If [a, b] < J is a compact interval, then

J‘v(b)HQZ(S)" ds= Y ﬁ:)_)llgz(s)ll ds+ Y J:Z::)llgz(s)ﬂ i

v(a) a<t<hb ast<b

j exp [4(9) = Ae(1-)] 85 4”509 +

a<zl:Sb A- () v(t=)

4-v(t)>0

J-u<:+’exp [A(s) = A(o(t+)) ds 4* f(t)“ -

ast<b a* U(t) o(t)

A+o(t)>0

v(t) v(t+)
< a<}::5b J exp [A(s) — A(v(t—))] ds| + _‘Z< j exp [A(s) —

a*o(ey>0"Y 27D 4¥o(n>0" *U7)

A(v(t+))] ds|| .

In the last inequality the assumption (28) was used. Using the notation (14) we obtain
that the last expression is equal to
a<tsb

v(t) _
J exp[——————s v(t )C ]
a-o(t)>0 " U7 47 of1)

v(t+) _
+ Y J exp [i——v—(ﬁ) C*] ds
a51<b || ] ) a* v()

4*tv(t)>0

< v () exp[——v-(t——) Ic; ”]ds+

o5 Joo ~o(t)

. """”exp[&ﬁ)—i—sﬂc:n] ds =

ast<b J ) 4* U(t)

A*tp(t)>0
S Y A1+ Y A ). e Y At 1+

IIA

a<tsbh a<tsb H ,n ast<b
C-:=0 Ct™*0 Cet=0
+
+ Y 4*u(r).
ast<b
Cet*0
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The assumption (i) of Definition 1.3 implies that 4 is bounded on [v(a), v(b)] by
a constant ¢ > 0. Then |C; || £ 2¢, |C/| £ 2¢ for every t € [a, b].

Let us find such K > 1 that (¢* — 1)/x < K for every x € (0, 2c]; then the last
expression can be estimated by

Y AT u(t)K + Y 4% () K £ K[v(b) — v(a)] .
a<t=sb ast<b

It means that g, is integrable over an arbitrary interval [v(a), v(b)] = J'. Con-
sequently, g is locally integrable over J'.

2.4. Theorem. Assume that the matrix valued function B is a derivative of
a logarithmic prolongation of A along v. Let a vector valued function f be given
such that (28) holds. If we define a function g as described in Lemma 2.3, then the
equations (1) and (26) have the same solutions.

Remark. If it is assumed that the functions A and f in (1) are locally of bounded
variation, then it is possible to find such an increasing function v that both (5) and
(28) hold; for instance

o(t) =t + var, A + var, f for teJ, t=a,,
v(t)=t—var°4 — var{°f for telJ, t<a,.
The proof of Theorem 2.4 is very similar to the proof of Theorem 1.5. In fact,

Theorem 1.5 is a special case of Theorem 2.4 and was formulated and proved
separately only for better understanding. First, let us prove a lemma:

2.5. Lemma. Assume that [a, b] < J. Let vector valued functions x: [a, b] - C"
and y: [v(a), v(b)] - C" be given such that

(i) x(t) = y(v(t)) for te[a, b];

(ii) the function x has bounded variation on [a, b];

(iii) if t e (a, b] is such a point that v(t—) < v(t) then y is a solution of (27) on
[o(t=), o)

(iv) if te[a, b) is such a point that v(t) < v(t+) then y is a solution of (27) on
[v(2), v(+)].

Then (32 d[A(1)] x(t) + f(t2) — f(t,) = §:¢3 [B(s) ¥(s) + g(s)] ds for every a <
<t <t £bh.

Proof. Denote A(s) = 5., B(0) do, f(5) = [%a 9(c) do for s € J'. If we define
matrices C;, C; by (14), then B has the form (16) on the intervals (v(t—), v(t)),

(1), v(t+)), and
[s — o(t—) Cj

O
teJ and o(t—) <v(f), and

exp 4~ f(t) for se [v(t—), v(t)) where

g(s) = A*lv(t) exp :s—ji—v’f-zﬁ) C:’T At f(t) for se(v(r), v(t+)]

 where teJ, o(t) <o(t+).
347



Since B is constant on intervals of the form (v(t—), v(t)), (v(r), o(t+)) and y is
a solution of (27) on these intervals, we can easily compute that

(0)  ¥(5) = exp[AE) — AGO)] 50) + [s — o(0] o(5) for
se[v(t=),v(t)), te(a,b] and se(v(t),v(t+)], te[a,b).

If te(a, b], v(t—) < v(t) then
P, [B6) ¥(9) + 9(6)] ds = ¥(o(9)) — (=) =
= x(t) — exp [A(v(t—) — A(v(t))] x(t) = [v(t=) = v(t)] g(v(t-)) =
=47 A@t)x(t) + 47 f(1) ;

if te[a, b), o(t) < v(t+) then
5 [B6) 5(5) + 9(6)] ds = ¥(o(t+)) — y6(1) =
= exp [A(v(t+)) — A(v(1))] x(t) + [o(t+) — v(t)] g(v(t+)) — x(t) =
=d4* A[)x(t) + 4% f(¢) .

Using Proposition 4 in [F] about increasing substitution in the integral, we get
the equality

LA ) + 5(5) - /(1) = 2 DLA() () + /)] =
= JEDLAW 0 + /O] + T[4 400 + 47 10) +
+ Y [4* A0 x(t) + 4" f(1)] =

= Ef D[(4 - v)° (1) y(v(2)) + (fo0)° ()] +

. é,z vt~y D[A(s) y(o) + J(s)] +
+ %1 DLAG) o) + J(9)] =

= [ite3) D[A(s) (o) + f(s)] = Jit3 [B(s) ¥(s) + g(s)] ds .
The proof of Theorem 2.4 is very similar to the proof of Theorem 1.5 and is omitted.

2.6. Theorems 1.7 and 2.4 give us a tool for deriving various results about gener-
alized linear differential equations from the well-known properties of ordinary linear
differential equations.

If for an equation (1) the assumption (2) holds but the assumption (3) is not
satisfied, we can make use of the fact that the points ¢ at which the matrices ] — A~
A(tyor I + A* A(t) are not regular are isolated. Hence the interval of definition
can be divided into subintervals at which (3) holds and our theory can be used.

Immediately we get some basic theorems. For instance, we know that for s, = v(t,)
the initial value problem

(31) gsl = B(s)y +9(s); ¥(s6) = xo
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has a unique maximal solution ¥ and this maximal solution is defined on J'. Then,
evidently, also the initial value problem

() ) =060 =By +a6)i *0) =

has a unique maximal solution ¢(f) = ¥(v(f)) on J. According to Theorem 2.4 the
same holds for the initial value problem

(33) dx = d[A()] x + df 5 x(to) = xo .

2.7. Asan example, an explicit formula for solutions of (1) will be found provided
n = 1, under the assumptions (2), (3).

For given functions 4, f let us find such an increasing function v that (5), (28)
hold. Let us find a logarithmic prolongation 4 of 4 along v by Theorem 1.7; further,
let us define the function g by Lemma 2.3 and denote f(s) = [} 9(c) do, se J.
Finally, let us denote A(t) = A(v(t)), te J.

Since every maximal solution of (11) has the form

¥(s) = exp [A(s) — A(so)] ¥(s0)» seJ’,
the equation with a substitution (27)’ as well as the equation (10) have maximal
solutions x(t) = exp [A(v(t)) — A(v(t,))] x(t0), t€ J, i.e.

x(t) = exp [A(t) — A(t,)] x(to), teJ.
The variation-of-constants formula yields the maximal solutions of (27):
(s) = exp [A(5) — AQ(to)] ¥(o(ts)) +
+ [t exp [A(s) = A(0)] g(0) do';
hence every maximal solution of (1) has for n = 1 the form
x() = exp [A(v(r) — A(0(10))] *(x0) +
+ [ty exp [A(o(t) — 4(0)] (o) do =
= exp [4(¢t) — A(to)] x(t0) +
+ fio exp [A(u(r)) — A@()] d(f - 0)° () +
+ X IL’S‘—) exp [A(o(1)) — A(0)] -

to<tst

e ( ) exp [A(c) — A(v(r=)) 4™ f(z) +
+ X 5oy exp [A(o(2)) — A(0)] .

toSt<t

T v(r) exp [A(s) — A(v(z+)] 4* f(z) =
= exp [A(t) — A(to)] x(to) + [i; exp [A(1) — A(x)] df*(x) +
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+ exp [A(t) = A(x-)] 4" f(z) +

!o<t t
+ SZ exp [A(t) = A(z+)] 4% f()
toSt<t
provided o <t; if tp>t weput Y =-— ) etc

to<tst t<t<to

Now, let us express the value exp [4(t) — 4(7)] in a more detailed form: For
t,ted, T <t we have

A(t) - Ax) = A(u(1)) — A(v(r)) = A%(t) — A°(x) +
+ 5 Ab(e+)) - Ae6)] - 5 [46(6-)) - A6(o)];
hence

exp [4(t) — A(x)] = exp [4(1) - A‘(z)]é]:[«exp [A(v(s+)) = A(v(s))] .
- T [exp [A(u(s=)) — A@()]]™ =

t<ss

= exp [4°(t) — 4°(x)] 'éllt(l + 4% A(s))KI;Iét(l — 47 A(s)7t.

2.8. In [FS] a Sturm-Liouville theorem was proved for a system
dx = ydP,
dy = xdR.
The method used there is in fact the same as described in this paper.

2.9. The well-known variation-of-constants formula yields the maximal solutions
of (27) in the form
¥(s) = W(s, s0) ¥(s0) + 3 W(s, 0) g(0)do; s,50€J’
where W(s, s,) is the fundamental matrix of the equation (11).
Theorem 1.5 implies that U(t, t,) = W(v(t), v(,)); to, te J is the fundamental
matrix of the equation (10). By Theorem 2.4 the maximal solutions of (1) are of
the form

x() = y(u(f)) = W(u(9), v(to)) y(o(t0)) + [32, W(e(2), 0) 9(0) do =
= U(t, to) x(to) + [ty W(x(1), 0) df(0).
Proposition 4 in [F] about substitution in the integral yields
x(t) = U(1, to) x(to) + [t W(o(t), v(z)) d(f - v)° (z) +
+'0<Z o3, W(v(t), 0) g(o) do + Z _f,'jg;' ) W(u(t), 0) g(0) do =
= U(t t0) x{to) + [i* U(t,7) 4f°(2) + Z W(v(2), of5-)) -
[, W(0(3-), 0) o(e) do + e W(v(f) v(34)) -
P W(0(9.), 0) 9(s) do =
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= U(1, t,) x(t,) + [;, U(t, ©) df°(x) + Z U(t 9).

to<$

- fiisty exp [A(o(8-)) = 4(0)] - = ( )P [(e) — A(v(3-))] -
.4” f(9) do + Z U(t, 9,). j‘vg)ﬂ exp [A(v9,)) — 4(0)] .

L1 _exp [A(a) A(w(5+))] 4* £(9) do =

47 v(9)

= U(t to) )C(to) + .[:o U(l ‘L') dfc(‘!') +

+to<2.9:§:U(t’ 8-) - fus ) 4- (3) 47 f(9)do +

+t0§§<tU(t 9+) s A+1v(9) *f(8)do =

= U(t,10) x(t) + [, U ) () = 3 U(9) 4™ £(9) -
= 2 U694 O] + T U(8-) 4S9 +

+ <Zs U(t, 9+4) 4* f(9).

Hence we get the following formulae for the maximal solutions of (1):
(34) x(t) = U(t, t,) x(t5) + [3, U(t, 7) df°(z) +
+ X ULS=)A"f(8)+ Y Ut 9+)4*f(9) =
to<9<t

to<9=<t

= U(1, to) x(to) + [3, U(t, 7) df(z) —
- 2 [U(®9) - U, 9-)] 47 f(9) +

to<39=t

+ Y [U@t9+) —U(1, 9] 4* f(9) for to,ted, ty=t.

to<98<t

Similarly, for ¢t < ¢, it can be proved that
(35) x(t) = U(t, to) x(to) + [i, U(t, 7) df(x) —
- Y UES-)4"f(9) - X UL S+)4" f(9) =

t<8=to t<8<to

= U(t, to) x(to) + fi, U(t, 7) df(z) +
+ 2 [U(®9) - Ut 9-)147 f(9) -

t<38=to

Z [U(t 9+4) — U1, 9)]4* £(9).

<9
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3. VARIATIONAL STABILITY

We will be concerned with the generalized linear differential equation
(36) dx = d[A(f)] x

where A is a real n x n-matrix valued function which is defined on the interval
J = [0, o). Throughout this section we assume that (2), (3) hold.

3.1. Following [S2], we will say that

(i) the solution x, = 0 of (36) is variationally stable if for every & > O there exists
d > 0 such that if x: [ty,t,] = R", 0 S t, < t; < oo, is a function of bounded
variation with

[x(to)]] <6 and var {x(t) — [}, d[A(s)] x(s)} < &,
then [x(t)] < & for te[to,t,];

(i) the solution x, = O of (36) is variationally attracting if there exists d, > 0
and for every ¢-> 0 there exist T> 0 and y > 0 such that if x: [t,, t,] > R", 0 <
S ty < ty < o0, is a function of bounded variation and

[x(to)] < 80 and var [x(f) — fi, d[A(s)] x(s)] < 7,
then ||x(¢)] < & for all te[to, t,] N [t, + T, );

(iii) the zero solution x, = O is variationally-asymptotically stable if it is varia-
tionally stable and variationally attracting.

The aim of this section is to find some sufficient conditions for the equation (36)
to have the zero solution variationally stable or variationally-asymptotically stable.

3.2. Let us define

Ao(t)=A()— Y. 47 A()- Y 4% A(x) for te[0, ).
0<t st<
4= A 21 14* 5oz

The function A4, has the same continuous part as A, further 4~ A,(7) = 4~ A(7)
provided |4~ A(7)| < 1 and 4~ A,(r) = 0 provided |4~ A(7)| = 1, similarly for
A% Ay(7). The set {t € [0, c0); |4~ A(z)] = 1 or |4* A(<)]| = 1} consists of isolated
points in [0, ). Again we will denote 4(0—) = 4,(0—) = A4(0).

Let an arbitrary increasing function v: [0, o) — [0, ) be given such that the
conditions (5) and

@7) 0(0) = 0, Limo(t) = w0

hold. Let us define a logarithmic prolongation A, of A4, along v in the same way
as in the proof of Theorem 1.7, By(s) = (d/ds) 4y(s) a.e. on [0, ).

Since 4™ A44(t)] < 1 and [4* Ag(r)] <1 for every 7€ [0, ), the matrices
C; =1In(I — 47 Ay(1)), C; =1In(I + 4% Ay(t)) are real; consequently, 4, and B,
are real matrix valued functions.
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3.3. Lemma. (i) Let us define
(38) u(s) =0 if s=u(t) forsome te[0,®);
if te(0,0), v(t—)<uv(t) then

) = 51 Jexp [Ao9) = Aolo(t-NI] for s [ofe=),o(9)

if te[0, ), o(t)<v(t+) then

e) = 5 1n Joxp [Ao(s) = Aufo(8)] exp [4:(o(0) = Au(o(t=)]] for
LR E

(39) e us)ds = In (I + 4% Ay(t)) (I — 47 A,(t))Y for te[0, )
and the function u is locally integrable over [0, ©);
(ii) for every 3 > O the infinite product

LI+ 4 A~ 47 A0)]

is convergent.

Proof. (i) We have

Jot7) (s)ds = i, us) s + 257 us) s =
= [in Jexp [Aofs) — Ao(olt-DI[I, +
+ [in exp [Ao(5) = Aoo)] - exp [o(o(9) — A(o(t-)[L" =
= In [Jexp [Ao(v(t+)) — Ao(v(2))] (exp [Ao(v(t—)) — Ao(v(t))]) 7] =
=1In|(I+ 47 A@t))(I — 47 A4,(1))7"] .

Since 4, is linear on the intervals [v(t—), v(¢)] and [v(¢), v(t+)], the function g
is evidently measurable over [0, oo) and integrable over each interval of the form

[v(z=), v(t+)].

For every ¢ > 0 there is 3 = 0 such that ¢ € [v(9—), »(3+)]. We have
(40) Gus)ds = 3 [l uls)ds + f3a-) u(s) ds =

0=st<8

- [0+ 4 40T = = AoD) ] + froy ls) b5

For the integrablhty of u over [0, o] it is sufficient to prove that the series above is

absolutely convergent.
The set K = {te (0, 8]; [|[4™ Ao(t)] > 3} v {t€[0, 9); [[4* Ao(t)] > 3} is finite.
From the implication

if CeM/C), |C] =4 then |In|I+C|]<2In2|c]
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e e[ ONK then [ + 4 A0) (1 — 4 4o)']|
= [In I + (4g(t+) = Ao(1=)) (I — 4™ A(1)7'] | =
<2.1n2. [4o(t+) — Ao(t-)] - lléo(d“ Ay =
<2.1n2. [4,(t+) — 44(1-)] - !

= 4 401 =
S 4.In2. [A(t+) — Ao(t-)] -

Since A, has bounded variation over [0, 9], the series in (39) is absolutely convergent.
(if) We have

Y NI+ a7 A@) (T - 47 4()7 =

—expfln 3 (1 + 4% 4W) (1 - 47 40) )] =
- exp Y [0+ 4* A0) (- 47 Af) ] +

0<t<9
l[4*At)||<1and|4- A(1)| <1

+ Y In (T + 4* A(t))(1 — 4~ A())"']
4% AWl 21 orl 4~ A 2 1

In the last expression the first series is convergent by virtue of part (i) and the second
series consists of a finite number of nonzero values.

3.4. Lemma. Assume that there is a locally integrable function A: [0, 00) > R
such that A is zero on every interval of the form [v(t—), v(t)) or v(1), v(t+)] and
(41) if s=u(t) forsome te[0,0) then (By(s),y,y) < Als)|»]?

for every yeR"
(the scalar product of vectors By(s) y and y). Let us define p by (38), o(s) = A(s) +
+ u(s) for se [0, o).
If W(s, so) is the fundamental matrix of

d
@ =By
ds
then
(43) [W(o(t2=), o(t,+))|| < exp [ii23) e(s)ds forevery 0=t <t,.

Proof. Let y be a solution of (42) on [0, ), denote #(s) = | y(s)|? for s € [0, o).
The relations y(s) = exp [4o(s) — Ao(v(t—))] y(v(t=)) for se[v(t—),v(r)] and
y(s) = exp [Ao(s) — Ao(v(1))] »(v(2)) for s e (v(t), v(t+)] yield

(44) n(v(t+)) = Jlexp [Ao(v(t+)) — do(v(t))] exp [4o(v(2)) —
— Ag(o(t=))] ¥(w(t=))]* £ Jlexp [Ao(v(t+)) = Ao(v(1))] -
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+exp [Ao(vl1)) — Ao(eo(t-)]]* [y -))|* =
= exp [2 [oit¥} u(o) do] n(v(t—)) for te[0, ).
Using the notation z(s) (d/ds) z(s), we have

As) = — (y(S) ¥(5)) = 2(5(s), ¥(s)) = 2(Ba(s) ¥(s), ¥(s)) -

The assumption (41) implies

(45) i(s) S 2A(s)n(s) if s=0(t), t+ ][0, ).
Let us denote
(46) &(s) = n(s) — 2 e(s)n(s) for se[0, ).
(45) implies that if s = v(t) then &(s) = #(s) — 2 A(s) n(s) < 0. Let us denote
(47) M = {se[v(ty+),v(t,;—)]; s = v(t) for some t}.
Then
(48) (o(t,+), o(t,=)\M = | [v(t ), v(2)) L (vt), v(t+)] .

te(ty,t2)
From (46) it follows that the function # is a solution of the ordinary differential
equation

= 20¢(s)n + &(s)
on [0, w); the variation-of-constants formula yields
(49) n(o(t,=)) = exp [2 [i23) e(0) da] n(v(t, +)) +
+ [u23) exp [2 [2%27) o(0) do] &(s) ds .
By (47), (48) we have
(50) Joy exp [2 [{27 o(0) do] &(s) ds =
= [y exp[2 [2"27) o(0) da] &(s) ds +
+ Y exp[2 iy o(s) ds] [oiit) exp [2 [2°*) o(0) do] &(s) ds .

11 <t<tz
The integral over the set M is evidently nonpositive because £(s) < 0 for s € M.
If we prove that [o;) exp [2 [*"7 o(c) do] &(s) ds < O for every t € (t1, 1) then
the left-hand side of (50) will be nonpositive and from (49) we will get the inequality

(51) n(v(t2-)) < exp [2 [5Gi5) o(0) do] n(o(t, +)) -
Since ¢(s) = u(s) a.e. on [v(t—), v(t+)], we have
Joi) exp [2 [2¢1) o(0) do] &(s) ds =
=[5 CXP [2 5" e(0) da] (ii(s) — 2 o(s) n(s)) ds =
= 538” - {exp [e i (o) do] n(s)} ds =

= ﬂ(v(t+)) — exp [2 [33] u(0) do] n(v(t-)) -
The last expression is nonpositive due to (44). Hence (51) holds.
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Since [|y(s)|?* = n(s), the inequality (51) implies that

(52) [y(e(t2 =) < exp [+ ele) do] Jy(e(2 +))]
for every maximal solution y of (42).
By the definition of the norm of a matrix, there is a vector z € R" such that ﬂz" <1
and |W(v(t,-)), v(ty+)) z] = [W(v(t2—), v(t,+))]. The function y(s) =
= W(s, v(t,+)) z is a solution of (42), hence (52) implies that
[W(e(t2=), o(ts +))] = [W(e(12=), (12 +)) 2| =
= [y(e(t. =) = exp [[23) o(0) do] |12] = exp [[337) ofe) do] -
3.5. Theorem. Assume that there is a continuous function a:[0, ©) —» R with
locally boum_ied variation such that

(53) ([A%(t:) — A4%(t:)] %, x) < [a(ts) = o(1,)] [x[? for every xeR",
0t =t, < ©.
Let us denote

(s3y Bltz, 1) = (1 — 47 A(2)) "] -n<l_[ I+ 4% A@) (1 - 47 ()] .

t<ty
N+ 4t At)], 05 St <.
Then the fundamental matrix U(t, t,) of (10) satisfies the estimate

(54) [U(t, to)]| < exp [a(t) — alto)] B(t. 80), 0SSt St < .

*
Proof. Let us define functions 4, and B, as in the proof of Theorem 1.7. We may

assume that the increasing function v is chosen so that
|o(t2) — afty)] S o(t2) = o(ty), 0t St, <.

Let us define «,(s) = off) if se[v(t=), v(t+)], t € [0, o0). The function «, is
lipschitzian and has a derivative A(s) = «,(s) a.e. on [0, ). Evidently a(s) =
= By(s) = 0 if se [v(t—), v(1)) U (v(2), v(t+)] for some t € [0, ).
From (53) we get the inequality
| ([44(s2) — Au(s)] %, x) <
< [oy(sz) — oy(sy)] x> for 0<s5, <s;, xeR".
Consequently,

(5%) (Bi(s) x, x) < A(s) [ x|
a.e. on [0, o). If s € [0, o0) is such a point that (55) does not hold, let us re-define
A(s) = [|By(s)|- Then (55) holds for every s € [0, ). Let 4, be a logarithmic pro-
longation of A4, along v, By(s) = (d/ds) Ay(s).

Let us define 4 by (38) and o(s) = A(s) + u(s), s [0, o). Since By(s) = By(s)
provided s = v(f), the assumption (41) of Lemma 3.4 is fulfilled.

Theorem 1.5 implies that U(t,—, t, +) = W(v(t,—), v(t, +)) provided the interval
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(1, 1) includes no point ¢ at which |4~ A(r)] 2 Lor [4* A(t)] 2 1, because at this
interval the equation (10) and

dx = d[4(f)] x
have the same solutions. By Lemmas 3.3 and 3.4 we have
(56) [U(t,=, t,+)] < exp [2:273 o(0) do =

= exp [[0(13) Ao) do + [;(233 u(o) do] =

=exp [ A0)do + F  [iG2) u(o) do] =

= exp {[y(o(t2-)) — o (o(t+))] +

+“<;<tzln [ + 4% A@))(I - 4~ AQW) [} =

= exp [a(t;) — o(ty)] z,<l:I<zz (I + 4% A@0)(I — 4™ 4(r))~]
provided [47 A(t)] <1 and [4* A(r)] <1

for every te(ty,t,).

Assume that 0 < t, <t < co. There are points ¢, < t; <t, <...t, = t such
that |4~ A(r)] <1 and [4* A(r)| <1 for every ze(ti-y, t,-) i=1,2..,k
Then

”U(t, to)ﬂ = ”U(tk, tk_) U(tk'—, tk—l+) U(tk_1+, tk—l) .

U(te = ez +) - Uty =, to+) Ut +, 10)]| =
< 10 =) - [T o0 [o(t) = oo
AL+ a7 A@) (T~ 47 A@) ] -

Tl 0t 1) [0+ 10

By [STV], Th. I1.2.10 we have U(t, t=) = (I — 4™ A(t))™%, U(t+ £) = I+ 4* A(f);
hence U(t+,t=) = U(t+, 1) U(t, t=) = (I + 4% A(t)) (I — 4~ A(z))~".

We can continue:
Ut s)] < (1 = 47 4())™" -
ﬁ, fexp [a(t) = a(ti-)]. TT_ [+ 4% 40) (U - 4~ @)~}

k-1

'.[[1 (1 + 4% A(t)) (1 — 47 A(5))™] - I + 4% A(t,)] =

= exp [a(t) — a(t,)] B(t: to) -
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3.6. Theorem. Assume that (53) and (53)' hold. If there is K > 0 such that
(57) exp [a(t) — a(to)] B(t. t)) S K forevery 0=<t, <t< o0,
then the zero solution of (10) is variationally stable.

Proof. By Theorem 3.4 we have the estimate |U(t, t,)] < K for 0 < ¢, < t.
In [S2] it is proved that the solution of the equation (10) is variationally stable if

and only if the fundamental matrix U(t, t,) is bounded for 0 < t, < t. The proof is
based on the variation-of-constants formula (34).

3.7. Theorem. Assume that (53), (53)' and (57) hold. Assume that (58) for every
& > 0 there is T > O such that

exp [a(t) — afto)] B(t, to) < € whenever 0<t,<t,t—1t,2T.

Then the zero solution of (10) is variationally asymptotically stable.

Proof. By [S2], Prop. 3 the zero solution of (10) is variationally attracting if
and only if there exists 6, > 0 and for any ¢ > O there exist T > 0 and y > 0 such
that if [, ¢,] < [0, ), vary! f < y and if x is a solution of (1) on [, t;], [x(t,)| <
< 8, then [|x(f)] < e for all te[ty, ;] N [to + T, ).

Let us find K > 0 such that (57) holds; then |U(t, t,)]| < K for every 0 < ¢, < t.

Let 6, > 0 be arbitrary; let ¢ > 0 be given. By (58) there is T > 0 such that

if t—t,=T then exp [at) — a(ty)] Bt to) < /20, .

Denote y = ¢[2K. If var}} f < y and if x is a solution of (1) on [#,, 1], [[x(to)] < Jo,
then by the variation-of-constants formula (34) we have for te [to, 1], t 2 1, + T:

[x(0)] = Ut to) x(t0) + [3, Ut ) df(zx) + Y. U(t, 9=) 4~ f(9) +

to<9=t

+ 3 UL 9+) 4" FO)] S UGt 1) (0] +

+ sup |U(t, 7)] vari, f° + i\;g'[lU(t,S—)ﬂ <Z 4= £9)] +

toS8st to<9=t

+ros_S_lf92t”U(t, 9+)" .to_S_Z “A+f(‘9)" s

<t
< exp [a(t) — a(t,)] B(t, to) 6o + K vary f < .

We have proved that the zero solution of (10) is variationally attracting. By the
previous theorem it is variationally stable; hence the zero solution of (10) is varia-
tionally-asymptotically stable.
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Souhrn
SUBSTITUTCNI METODA PRO ZOBECNENE LINEARNI
DIFERENCIALNi ROVNICE

DanA FraNKOVA

Zobecn&nou linearni diferencidlni rovnici
dx = d[A(D] x + df,
kde A4, fe BV,{"C(J) a matice I — 4~ A(t), I+ 4" A(r) jsou regulované, Ize transformovat
na oby¢&ejnou linearni diferencialni rovnici

d
2 — Bs)y + g(s)
ds

pomoci pojmu logaritmického protaZeni podél rostouci funkce. Tato metoda umoZiiuje odvodit
ruzné vysledky o zobecnénych LDR ze zndmych vlastnosti oby&ejnych LDR. Jako piiklad je
vySetfovana varia&ni stabilita zobecn&né LDR.

Author’s address: LuZzicka 1054, 250 82 Uvaly u Prahy, Czechoslovakia.
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