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Summary. Our aim in this paper is to obtain sufficient conditions under which for every
€ € R there exists a solution z of the functional differential equation

i) = [14QEINIGe0),  teloT)

such that ‘Er;‘l_z(t.) =§.
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1. INTRODUCTION

Let R*, M,, denote respectively the n-dimensional Euclidean space and the set of
all n X n-matrices with real entries. The norm of a vector z € R" is denoted by |z|
and the norm of a matrix A € M,, is defined by ||A|| = sup{|Az||z € R*, |z|=1}.

Let us consider the functional differential equation

1) é@=[h@@ﬁﬂmmx L€ [to,T)

where —0o < ¢ € tg < T < oo and the functions f and Q satisfy the following
assumptions:

The author would like to6 thank the referee for some useful comments.
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(H;): f:[to,T) x R* — R" is a continuous function for which there exist a
constant C and a continuous function L: [to, T) — [0, 00) such that

(2) |£(¢, 21) = f(t, z2)| < L(t) |21 — 22
and
@) |£(¢,0)] € C L(¢)

hold for any t € [to,T) and z,, z; € R".

(H3) Q:[to,T) x [¢,T) — My is a matrix-function of locally bounded variation
in its second variable for every fixed value of its first variable. Moreover, the function

tr—-»/c [d,Q(¢, s)] y(t, 8)

is continuous on [to, T') whenever y is continuous on {(t,s) | t € [to,T), s € [c,t] }.

Throughout the paper, g(t, s) denotes the total variation of Q(¢,-) in the inter-
val [c, 5] for any fixed ¢ € [to, T') and s € (c,t]. We put g(t,c) =0, t € [to, T).

The integral in (1) is a Riemann-Stieltjes integral. By a solution of (1) we mean
a function z: [¢,T) — R™ which is continuous on [c, ¢,], differentiable on [to, T') and
satisfies (1). ‘

In this paper, we seek for conditions which ensure that for every £ € R™ there exists
a solution z of (1) such that 'Ex;‘l_a:(t) = £. Answering this question M. Svec [10]

obtained a theorem which is essentially related to the following result known for
ordinary differential equations:

Theorem 0 [6, p. 327]. Consider the ordinary differential equation
4) - z=f(t,z), tE€][to,00)

where the function f satisfies condition (H,) withT = o0 and C = 0. If
00
(5) Moy = L(r)dr < o0
to

then
(i) for every solution z of (4). there exists ‘li;& z(t) = & € R™,
(ii) for every § € R™ there exists a solution z of (4) satisfying ‘lixg z(t) =¢&.
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1. Gydri has shown by an example (cf. [2, Example 3.1]) that Theorem 0 is not
valid in an unaltered form for the retarded equation

(6) #(t) = f(t,2[t-r@®)]), 2t

with continuous and bounded delay r: [to,00) — [0,00). We mention that in this
example mq, = 3. For functional differential equations M. Svec has proved (cf. [10,
Theorems 1 and 2]) the assertion of Theorem 0 under the additional assumption

(7) Mo, < 3.

In his already mentioned work, 1. Gydri [2] has shown that condition (7) can be
replaced by the weaker condition

(8) ' Moo < 1.

It is to be noted that the above mentioned results are not applicable to differential
equations with unbounded delay.

The aim of this paper is to give some general sufficient conditions under which
for every £ € R™ there exists a solution z of the functional differential equation (1)
satisfying 'lig,l_.z(t) =¢. '

In Section 2 of this paper we present our general results. Qur main theorem
(cf. Theorem 1) unites and generalizes Theorem 0 and the above mentioned result
of M. Svec and 1. GyGri. As a consequence, we obtain a theorem (cf. Theorem 2)
which is a generalization of the following result due to Yu. A. Ryabov [9]:

Assume that f satisfies condition (Hy) with T = oo and L(t) = X = const., r:
[to,00) = R (R = R!) is a continuous function such that

0gr(t)<e, t21

where g is a positive constant. If Age < 1 then for every (t*,z*) € [to,0) x R®
there exists a solution z of equation (6) such that z(t*) = z*.

For further discussions we refer to the work of R. D. Driver [1], J. Jarnik-
J. Kurzweil [7] and 1. Gyéri [2].

In Section 3 we apply our main results to differential equations of special form
and also illustrate them by examples. Among other, we show (cf. Example 1) that
condition (8) cannot be improved. It should be noted that our results concern the
case of time dependent, not necessarily bounded lags.
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2. MAIN RESULTS
For any t € [to, T) define the éet
| Ci={u|u:[ct]— R", u continuous }.
With the usual supremum norm

[lull, = s?p lu(r)], uweC

re€le,t

the sets C; (t € [to, T')) are Banach spaces.

Let E;, denote the set of all continuous initial functions vanishing at the point ¢
(i.e. Et, = {u € Cy, | u(to) = 0}).

Before we formulate our main theorem, let us introduce the following notions
(cf. [8], [12], 2]):

Definition 1. Let & € E;,. We say that equation (1) is @-complete at the
point T, if for any given £ € R™ there exist z9 € R" and a solution z of (1) satisfying
the initial condition

(9) z(t) = D(t) + zo, t € [c,to]
and such that
(10) ‘ Jim 2(t)=¢.

Definition 2. Let ¢ € E;,. We say that equation (1) is pointwise ®-complete, if
for every (t*,z*) € [to, T) x R™ there exist xo € R and a solution z of (1) satisfying
the initial condition (9) and such that z(t*) = z*.

, Our main result is the following
Theorem 1. Let functions f and Q. satisfy conditions (H;) and (Hz). Assume

that there exist a constant k € (0,1) and a continuous function m : [to,T) — [0, 00)
satisfying the following conditions:

a (O <my), e,
,, A
(12) \ L(r)m(7)dr < oo,
t T K :
ay [ ([ Homndr) ) <km),  telnT)
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Then
(i) for every solution z of (1) there exists

(14) , lim 2(t)=¢" € R,

(ii) equation (1) is ®-complete at the point T for every & € E,,,
(iii) equation (1) is pointwise ®-complete for every ¢ € E,.

Proof. (i) Suppose that z is a solution of (1). Then (by (2), (3), (11) and (12))

we have

|l=(8)] =

£(to) + /{ [ 1000091 0, 2(6) } a0

< Jelto)] + /{ [ 120 14ato, )} a0
<lettol+ [ { [ v+ 1, s)},da

< lz(to)| + / L) |lzll, + Cla(0, 0) do

T t
<lz(to)l+C [ Lio)ym(e)do + / L(o)m(o)||z]], do

to
for all t € [io,T). Consequently
llll; = SUP |z(r)] < sup |z(r)|+ sup |z(r)|
réle,to] r€fto,t]
t
< 2l +C / LUom(@)dr + [ Lom(o)le], do
to to
for t € [to, T). By Gronwall’s lemma
T t
lell < [2lsll, +C [ Lom(o)do] exp( [ Lioym(a)ae)
to tO
T T
< [ttty +0 [ stomto) o] exp( [ Lopmie) do) =k <o,
to to

that is, z is bounded with a finite constant K.
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Slmllarly as before, taking o < t; < t2 < T, we obtain
o(t) - 2(t2)] = | [ [ 1w sz} e
t c

< [ LUmE@IC +lall 1o < €+ K) [ Loym(o)do

1 t

T
<(C+K) / L(o)m(c) do.

In virtue of (12) the last estimate yields the existence of the limit (14). The proof
of statement (i) is complete.

(ii) Let ¢ € E;,, h > 0. Denote by X the Banach space of all continuous and
bounded functions from [¢,T) into R® with the norm

-1
”z" = sup Ix(t)l [/ L(r)m(r)d7r + h] , z€eX.
te max{to,t}

If z € X then |:c(t)l < K for t € [¢,T) with a finite constant K, and by simple
calculation

do

8)1(0,2(s))
T
<(C+ K)/ L(o)m(o)do < oo, t € [to, T).

Let us fix £ € R" and define the operator F for any z € X by

. /tT{/c”[d,Q(a, s)] f(o, z(s))} do fort e [,tO’T)

D(t)+ & — /‘:‘{/:[d,Q(a, s)]f(a,z(s))} do for t € [c, to).

Operator F lS defined for every z € X because of (15), and Fz € X. We shall show
that A > 0 can be chosen such that F is a contraction.
For any z, y € X and t € [¢,T), we have

/m y }{ [ 100,01 11(6,2(6) = £ (0) } d
< " Lo [ 1)~ (o) duate, )} do

Fz(t) =

|Fa(t) - Fy(t)] =

max{to,t}
T o T
<z -l L(a){ / ( / L(r)m(r) dr + h) dyg(o, s)} do
max{to,t} . c max{to,s}
T
< (k+ Wizl L(e)m(o) do,
. max{to,t
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the last inequality being a consequence of (11) and (13). Consequently ||Fz — Fy|| <
(k + h)||z — y||. Since k € (0,1), we can choose h > 0 such that k + h < 1. Then
F: X — X is contractive, and the proof of statement (ii) is completed by Banach’s
fixed point theorem.

(iii) To prove (iii) we shall use statements (i) and (ii). Let # € E;, and (t*,2*) €
(to,T) x R™ be given. Consider the equation

(16) a(t) = / Q9 £t 2(s)),  tE€[to,t").

In virtue of (ii) equation (16) is #-complete at the point t*. Consequently, there exist
zo € R™ and a solution Z of (16) satisfying the initial condition #(t) = &(t) + =,
t € [e,to], and such that . li{p #(t) = z*.

Let us define the function ¥ by
z(t) fort € c,t*
v - { ®) fortelet)
z* fort =1t".

Obviously, ¥: [c,t*] — R™ is continuous. It follows from known existence theorems
(cf. [5, Chapter 2]) that there exists a non-extendable solution z of the equation

i) = / AL ftas), te

on some interval [c,T*) (t* < T* < T) satisfying the initial condition z(t) = ¥(t),
t € [c,t*]. According to (i) there exists . li7r‘r‘1 z(t) = &* € R™. Since the solution z
is non-extendable, T* = T (cf. [5, Chapter 2]). Obviously, z is a solution of (1)
satisfying (9) and passing through (t*,z*).

The proof of Theorem 1 is complete. a

Remark 1. The existence of the limit (14) was proved without using the as-
sumption (13).

Remark 2. It follows from the proof that under the assumptions of Theorem 1,
for every £ € R™ and @ € E, there exists a unique zo € R™ such that the solution z
determined by the initial condition (9) satisfies (10).

Remark 3. Theorem 1 can be reformulated as follows:
Under the assumptions of Theorem 1 the functional differential equation (1) is
asymptotically equivalent to the equation

(17) z=0,

that is, for every solution y of (1) there exists a solution z of (17) such that
tlirqr} [y(t) — z(t)] = 0, and conversely.
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Recently, asymptotic equivalence of two systems of functional differential equations

has been investigated by M. Svec [11].
The following result is a consequence of Theorem 1.

Theorem 2. Let functions f and Q satisfy (Hi) and (Hz). Assume that there
exists a continuous function p: [to, T) — [0, 00) such that

t t
a exp( / y }L(T)u(r)df) dag(tys) < p(t), tE€ [to,T).

Then statement (iii) of Theorem 1 is valid.
In addition to (18), assume that

T

(19) / L(r)u(r) dr < oo.
to

Then statements (i) and (ii) of Theorem 1 are valid.

Proof. Assume that conditions (18) and (19) are satisfied. Put
) T

k=1-exp (— L(m)p(7) dr),

m(t) = p(t)exp ([T L('r):z(r) dr), t € [to,T).

It can be easily seen that (11) and (12) are satisfied. We shall show that (13) also
holds. For t € [to, T') we have

[ (Lo emterin) e
= / ‘{exp ( /m anu,,} L(r)u(r) dr) - 1} dyq(t, s)
<k / exp ( /m tx{w} L(r)u(r) d-r) daglt, s)
= kexp ( /: " L) dr) / exp ( /mt iy L) dr) dglt, s)

<tuep( [ Lmryar) = km

where the last inequality is a consequence of (18). By the application of Theorem 1
we conclude that statements (i) and (ii) are valid.
Statement (iii) can be proved by using (i), (ii) and employing a similar argument as

in the proof of Theorem 1; we omit the details. The proof of Theorem 2 is complete.
O
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3. APPLICATIONS
Corollary 1. Consider the delay differential equation

(20) #(t) = f(t,z[g(1)]),  t€[to,T)

where f satisfies condition (Hy), g: [to,T) — R is a continuous function such that
t)<tfort €[ty, T d inf t —oo0. If
g(t) < tfort €to,T) an ‘em,T)y( ) > —o0

(21) [TL(T)dT< 1

then
(1) for every solution x of (20) the limit (14) exists,
(ii) equation (20) is #-complete at the point T for every @ € Ey,,
(iii) equation (20) is pointwise @-complete for every ® € Ey,.

Proof. Let —oco < ¢ < ‘E%tnfT)g(t) and define an n x n matrix-function U by
0 forr<O
U(r) =
I forr>0
where I denotes the n x n identity matrix. Put
Q(t,s)=U(s—g(t)), teto,T), s€leT).

Then g(t,s) = u(s — g(t)) where u(r) = 0 for » < 0 and u(r) = 1 for r > 0.
Observe that conditions (H;) and (Hy) are satisfied, equation (1) reduces to (20),
and conditions (11)-(13) become

11y 1<m(t), tE[to,T),
(12) ! L(t)m(r)dr < oo,
T N
(13) / L(t)m(r)dr < km(t), t € [to, T).
max{to,g(t)}

Now taking m(t) = 1, t € [to, T, condition (21) implies that conditions (11)'—(13)’
are satisfied (k = f: L(7)dr) and the result follows from Theorem 1. O

The importance and the strictness of condition (21) in Corollary 1 is shown by
the following
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Exam P le 1. Consider the scalar equation
(22) z(t) = —p(t)z(t - 1), t20

where
) 2sin?nt fort €[2,3]
P70 for t € [0,2) U (3, 00).
In this case L(t) = p(t), to = 0, T = co. One can easily verify that
T 00
L(r)dr = / p(r)dr=1.
to 0

We shall show that for every solution z of (22), z(t) =0 for ¢ > 3.
Let z be an arbitrary solution of (22). Then z(t) = z(2) for t € [0,2]. Hence

3 3
z(3) = z(2) —/ p(r)z(r —1)dr = z(2) [l - 2/ sin’nr dr] =0.
2 2
Consequently, in virtue of the definition of p, z(t) = 0 for t > 3.

Corollary 2. Let functions f and g be such as in Corollary 1. If

y te [tO)T)

o | r—

@) / ‘ L(r)dr <

max{to,9(t)}

then statement (iii) of Corollary 1 is valid.
In addition to (23), assume that
T
(24) L(r)dr < oo.

to
Then statements (i) and (ii) of Corollary 1 are valid.

Proof. Let @ be defined as in the proof of Corollary 1. Then conditions (18)
and (19) of Theorem 2 can be rewritten as follows:

(18 = : L(r)u(r) ar) <ut, tefw),

max{to,g(t)}

’ T
(19) / L(t)u(r)dr < oo.

to

Conditions (23) and (24) imply that (18)' and (19)' are fulfilled with u(t) = e,
t € [to,T). The result follows from Theorem 2. (|
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Remark 4. Corollary 2 unites and generalizes Theorem 0 and the result of
Yu. A. Ryabov mentioned in Section 1.

The following example shows the strictness of condition (23) in Corollary 2.
Example 2 [3, Example 3.1]. Consider the equation

(25) i) = —2(on(t), t3-n

where n > 1 is a given integer and g,(t) =t — 7,(t) with

t+ (n(=)""1)* forte[-n,0)
Ta(t) =
0 fort > 0.

We have tg = —n, T'= oo and L(t) = 1 for t > —n. A simple calculation shows that
the general solution of equation (25) can be given by the formula

at® fort € [-n,0)
.’l?(t) =
0 fort>0

where « is an arbitrary real constant. Consequently, equation (25) is not pointwise
&-complete for any @ € E_,,. By simple calculation it can be seen that

t
Sp = sup / L(r)dr = s>up Ta(t)
t2-n

t€[t0,T) / max{to,9n (1)} ’ .
_ _1\" -1 n-1

21.”((71 1))=(n ) >l’

nn-1 n e

. 1
lim s, = —.
n—00 e

and

Corollary 3. Consider an equation with several delays

L
(26) p(t) = P(t)(9:(t), t€lto,T)

i=1

where P;: [to,T) = My, i =1, 2,..., £ are continuous functions, gi: [to,T) — R
are continuous functions such that gi(t) <t for t € [to,T) and %tnfT)g.'(t) > —00,
. tefto,

i=1,2,..., L If

T L
(27) [ Yo lP(r)dr <1

o =1
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then
(i) for every solution x of (26) the limit (14) exists,
(i1) equation (26) is @-complete at the point T for any ¢ € Ey,,
(iii) equation (26) is pointwise ®-complete for every ® € Ey,.
Proof. Put g(t) = mm g,(t) for t € [to,T) and choose a constant ¢ such that

-0 < ¢ < inf g(t). Let U and u have the same meaning as in the proof of
t€|to,

Corollary 1. Put f(t,z) = z and

4
Q(t,s)=>_ P(U(s—gi(t)), te€[to,T), s€lc,T)

i=1

Then conditions (H;) and (Hy) are satisfied (L(t) = 1 for t € [to,T), C = 0),
and equation (1) reduces to (26). For t € [to,T) let I(t) denote the set of all
indeces i € {1, 2,..., £} satisfying the following property: if g;j(t) = gi(t) for some
J€{1, 2,..., £} then j < i. Then

a(t,9)= ) " > Pj(t)”u(s"gi(t))'
i€I(t)  jlgi(t)=9i(t)

Conditions (11)-(13) become

(11)" ) " 3 Pj(t)” <m(t),  telto,T),
i€I(t)  ilg;(t)=gi(t)
T
(12)" / m(7)dr < o0,
to

T
w3y 3 || > Pj(z)ll /max{z.,,g.-(t)} m(r)dr < km(t), tE€ [to, T).

i€I(t)  Jjlgi(t)=gi(t)

Evidently

S X rolcxy X 1Ol = S IO
i=1

i€l(t)  jlgi(t)=9:(2) i€l(t) jle;(1)=9i(1)

This together with (27) implies that setting

£
= 21RO teln)

conditions (11)""—(13)" are satisfied (k= _Lo }: ||Pi(7)]) d7). The result follows from
Theorem 1. 0
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Corollary 4. Let functions P;, gi, i = 1, 2,..., £ be such as in Corollary 3. If
the condition

t L
1
(28) / DNP@Idr <, teltoT)

max{to,9(t)} ;=1 ¢

is satisfied, where g(t) = 112_i2tg,-(t), t € [to,T), then statement (iii) of Corollary 3 is
1

valid. A

In addition to (28), assume that
T L
(29) / SRl dr < oo,
fo =1
Then statements (i) and (ii) of Corollary 3 are valid.

Proof. Lete, @, f and I(t) (t € [to, T)) be defined as in the proof of Corollary 3.
Then conditions (18) and (19) can be written in the form

w Y| ¥ o)/ WD) dr) <u), el )

i€l(t) jlg;(t)=gi(t) max{to,g:(t)}

T
(19)" . / pu(r)dr < oo.

to

From (28) and (29) it follows that (18)"” and (19)" are fulfilled with

L
uey=ed RN, telt,T).

The result follows from Theorem 2. O

Corollary 5. Let functions P;, g;, i = 1, 2, ..., £ be such as in Corollary 3.
Assume that there exist positive constants K;, C;, 1 =1, 2,..., £ and a continuous

function s: [tg, T) — [0, 00) satisfying the following conditions:
(30) NP:(t)|| € Kix(t), teto,T),i=1,2, ..., ¢

t
(31) / wW(r)dr < Ci,  teftaT), i=1,2, ..., L

max{to,9:(t)}
Furthermore, assume that

¢
(32) A= ZK; exp(AC;) has a positive root.

i=1
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Then statement (iii) of Corollary 3 is valid.
In addition to (30)—(32), assume that

T
(33) ‘/t‘ »#(r)dr < 0o.

1]

Then statements (i) and (ii) of Corollary 3 are valid.

Proof. Observe that if (30)-(33) hold, then setting
p(t) = Xox(t),  te(to,T),

where A is a positive root of equation (32), conditions (18)"” and (19)" of Corollary 4
are satisfied and the proof is complete. a
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