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STRUCTURE OF FOURIER EXPONENTS OF ALMOST PERIODIC 

FUNCTIONS AND PERIODICITY OF ALMOST PERIODIC 

FUNCTIONS 

A L E X A N D R F I S C H E R , P r a h a 

(Received October 12, 1993) 

Summary. The paper deals with almost periodic functions which are limits of sequences 
of continuous periodic functions, and determines the structure of their Fourier exponents 
and their ranges. It is shown that the class CP(&) of continuous periodic functions is not 
densely distributed in the space AP(Sf). 

Keywords: almost periodicity (Bohr), Fourier coefficient, Fourier exponent, Bochner 
transformation 

AMS classification: 42A75 

1. INTRODUCTION 

1.1. Preliminaries. Oscillating motions enjoy a privileged position in many 
technical as well as theoretical domains. The central role is played here by peri­
odic motions represented by periodic functions. Unfortunately, the class of periodic 
functions is not linear since the sum of two periodic functions, which do not have 
a non-zero period in common, gives rise to a non-periodic function. This lack of 
linearity is circumvented by introducing almost periodic functions. 

1.2. Properties of continuous periodic functions. The definition of an al­
most periodic function is based upon two properly generalized concepts: the period 
to the so-called almost period and the periodic distribution of periods to the so-called 
relative density of almost periods. 

An equivalent definition makes use of the generalization of the relative compactness 
of translates of a continuous periodic function. 
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2. NOTATION AND DEFINITIONS 

2.1 . Sets and set-theoretical operations . Standard set-theoretical notation is 

used. The symbol N denotes the set of all positive integers, 2 the set of all integers, 

Q the set of all rational numbers, R the set of all real numbers, C the set of all 

complex numbers. If M is a non-empty set of numbers then G(M) denotes the 

smallest additive group which contains M as a subset. G(0) = 0. 

2.2. Spaces, mappings , functions . A Banach space is also called a B-space 

and is denoted by capital letters X, &'.. The norm in the B-space X is denoted by 

|| • || x or simply || • || if no confusion may arise. 

If X is a B-space (e. g. also R or C normed by the absolute value), then C(X) 

denotes all mappings (functions) / : R -» X continuous on R. The symbol CB(X) 

denotes the set of all functions from C(X) the range Rj of which is a bounded set 

u i . T . In the space CB(X) the norm is introduced by the formula 

11/11 = \\f\\cB(X) = SUP 11/(011*- = SUp{||/(t)||jt-. * 6 R} 
t 

for / e CB(X). This makes CB(X) into a B-space. The symbol CP(X) stands for 

the set of all periodic functions from CB(X). 

2 .3 . Translates. If a function / £ C(X) and a number s € R are given, then 

the function g e C(X) defined by the formula g(t) = f(t + s), t 6 R, is called the 

s-translate (s-shift) or simply the translate (the shift) of the function / . 

In the sequel we often handle translates and limits of sequences of translates, hence 

for a given sequence a = {am} of real numbers and for a given function / £ C(X) 

the symbol Taf is introduced for convenience in writing by the formula 

Taf(t) = lim f(t + am) = lim f(t + am) 

for t G R. The statement "Taf exists (or Taf = g) uniformly" means that the limit 

exists (or exists and is equal to g(t)) uniformly for ( e R. 

If the sequence a is constant and a m = h, tn = 1,2,. . . , then the h-translate of 

the function / is denoted alternatively by Thf. 

2.4. Relat ive compactness . Let M be a non-empty subset of a B-space X. 

M is called relatively compact (in X) if the closure M is compact. 
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3. ALMOST PERIODIC FUNCTIONS 

3.1. Definition and basic properties. Harald Bohr (1887-1951), creator of 
the theory of almost periodic functions, published his results in the twenties of this 
century. Since then his theory has been developed by a number of outstanding 
mathematicians. 

Definition 3.1. Let / 6 C(SC), where SC is a B-space, let e be a positive 
number. A real number r is called an s-almost period or merely an almost period of 
the function / if \\f(t + T) - f(t)\\ $ s for alii e R. 

Definition 3.2. A set M of real numbers is said to be relatively dense in R if 
there exists a positive number I such that for any real number o the intersection 
M n (a, a + /) is non-empty. 

Definition 3.3. A function / e C(SC) is said to be SC-almost periodic or merely 
almost periodic if for any positive number s the set of all e-almost periods of the 
function / is relatively dense in R. 

Any continuous periodic function, d fortiori any constant function, is readily seen 
to be almost periodic. It is easy to derive that an almost periodic function has 
a relatively compact range in SC, is uniformly continuous and that the limit of 
a uniformly convergent sequence of almost periodic functions is again an almost 
periodic function. 

An equivalent definition of an almost periodic function is due to Salomon Bochner: 

Definition 3.4. A function / e C(SC) is called almost periodic if any sequence 
a' of real numbers contains a subsequence a such that Taf exists uniformly. 

This Bochner definition ensures that the sum or the product (if it exists) of a finite 
number of almost periodic functions or the limit of a uniformly on R convergent 
sequence of almost periodic functions are again almost periodic functions. This 
means that the space AP(SC) of all ^"-almost periodic functions is a closed linear 
subspace of the space CB(SC) with the induced norm, i. e. AP(SC) is a B-space. 

3.2. Trigonometric polynomials. Given N pairwise different real numbers 
Ai,...,Xff and N elements bi,...,bti from the B-space SC, where N eN, then the 
function Q defined by the formula 

Q(t) = bi exp(iA!<) + .. . + bN exp(iA;vi), t e R, 

is called an SC -trigonometric or simply trigonometric polynomial. Any trigonomet­
ric polynomial Q is an almost periodic function. (The value e! of the exponential 
function is denoted here by exp(i).) 
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3 .3 . H a r m o n i c ana lys i s . Given an almost periodic function / then the number 

M(f) = Mt{f(t)} = ^ I [+Tf(t)dt, 

which exists uniformly with respect to a e R, is called the mean value of the function 

/ . This means that Mt{f(t + a)} = M(f) for every a G R. 

The function 

a(A) = Mt{f(t) exp(-iAt)}, A e R, 

is called the Bohr transformation of an almost periodic function / , and a real number 

A for which a(A) = a(X,f) is non-zero, is called the Fourier exponent and a(A) 

is called the Fourier coefficient of the almost periodic function / . The inequality 

||a(A, f)\\x ^ 11/11 holds for any Fourier exponent a(X,f). 

The set of all Fourier exponents of an almost periodic function / will be denoted 

by kf. The set A/ is at most countable. If / is a zero function then A/ = 0. 

The theory of almost periodic functions shows (see [1], [7]) that for any JT-almost 

periodic function / and for any e > 0 there exists an ^"-trigonometric polynomial 

Q = Qcj such that | | Q - / | | ^ e and AQ C A/. Hence, the set of all ^- t r igonometr ic 

polynomials is densely distributed in AP(3£). 

3.4. K r o n e c k e r ' s t h e o r e m . If Ai,. . . ,Ajv and 9I,...,0N, where N e N, are 

real numbers, then a necessary and sufficient condition that for any positive number 

5 the system of (congruent) inequalities 

|Ajt-6»j | < o (mod2n), j = l,...,N, 

have at least one solution is that each equality gi Ai + . . .+g jv Ajv = 0 where g i , . . . , gjv 

are integers, imply the (congruent) equality gi#i + . . . + g/vfljv = 0 (mod2ji). 

R e m a r k 3 . 5 . The elements of the theory of almost periodic functions including 

the proof of the Kronecker theorem may be found in [1], [5], [6], [7]. 

4. R E G U L A R SEQUENCES 

4 . 1 . Def in i t ions a n d basic p r o p e r t i e s . Given any function defined on R then 

with every sequence of real numbers we associate a sequence of translates of the given 

function. 

Def in i t ion 4 . 1 . Let / € C(5£) and let a be a sequence of real numbers. The 

sequence a is called a regular sequence of the function / iiTaf exists uniformly. The 

set of all regular sequences of the function / will be denoted by the symbol Sf. 
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E x a m p l e 4.2. 1) For the function f(t) = t, t 6 R, the set 5 / coincides with 

the set of all convergent sequences of real numbers. The same is true for the function 

f(t) = arctant , t e R. 

2) If / € C(X) is a constant function then Sf is the set of all sequences of real 

numbers. 

3) If / e AP(X) then every sequence a of real numbers contains a subsequence 

from Sf, (Bochner's definition). 

If we are given a sequence 8\,82,... of real numbers then the statement "there 

exists l im#m(mod2;t)" means that there exists a real number 8 and a sequence of 

integers ki,k2,... such that lim(#m + 27tfcm - 8) = 0, which is denoted by l im0 m = 

8 (mod 2K) . It may be easily proved that the existence of lim 8m (mod 2K) is equivalent 

to the existence of l imexp(i#m) . 

T h e o r e m 4 . 3 . If a function f e AP(X) and a sequence a = {am} e Sf then 

the limit l imexp(iAam) exists for any A € A/. 

P r o o f . For any A € R we have 

||a(A, / ) | | • | exp(iAam) - exp(iAan) | = | |M t{[/( t + a m ) - f(t + a„)] exp(- iAt)} | | 

^ sup \\f(t + am) - f(t + a„ ) | | -> 0 for m, n -4 oo. 
t 

If A 6 A/ then o(A,/ ) # 0 and the limit limexp(iAam) exists. • 

Corollary 4.4. IfQ is an X-trigonometric polynomial and a = {am} C R then 

the existence of l imexp(iAam) for any A € AQ is a necessary and sufficient condition 

for the validity of the incidence a € SQ. 

Definit ion 4.5. For a non-empty set M C C(X) we define SM = f) Sf. 
f€M 

T h e o r e m 4.6. If a sequence of X-trigonometric polynomials M = {QP} con­

verges uniformly on U to a function f £ AP(X) and if AQP C A/ , p = 1 ,2 , . . . , then 

SM = Sf. 

P r o o f . The inclusion Sf C SM results from Theorem 4.3 and Corollary 4.4. 

We prove the reversed inclusion. Let a sequence a e SM and let Qpa = TaQp, 

p = 1,2, For any positive number e there exists a real number p(e) such that for 

any positive integers p, q greater than p(e) the following inequalities are valid: 

sup \\Qp(t + a m ) - Q„(t + a m ) | | ^ e, m = 1,2, . . . 
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(uniform convergence on R). The passage to the limit for m -+ oo yields 

sup\\Qpa(t)-Qqa(t)\\^e. 
t 

This means that the sequence of trigonometric polynomials {Qpa} converges uni­

formly on R. Denote Qa = lim QpQ. Evidently Qa is an almost periodic function. 

Taking into account the uniform convergence of R we get the equality 

Taf = Ta( lim Qp) = lim TaQp = lim Qpa = Qa 
p—foo p—foo p—>oo 

uniformly on R. This yields ae Sf and SM = Sf. D 

In the publications [1], [7] the following assertion is proved: 

T h e o r e m 4.7. Let X, <¥ be two B-spaces and let f £ AP(X), g e AP(&). 

A necessary and sufficient condition for Sf C Sg to be valid is that Ag C G(A/) (the 

smallest additive group containing A/ as a subset). 

Corollary 4 .8 . If f e AP(X) and M is the closure of the set of all trigonometric 

polynomials Q for which AQ C G(Af) then SM = Sf. 

4 .2. T h e Jif property. Here we deal with the class of almost periodic functions 

for which uniformly on R convergent sequences of translates have the same properties 

enjoyed by continuous periodic functions. 

Definit ion 4.9 . A function / e AP(X) is said to have the JV property, symboli­

cally / e Jif, if for any sequence a e Sf there exists a real number h = h(a) = h(a, f) 

such that Taf = Thf uniformly (Thf(t) = f(t + h), t 6 R). 

E x a m p l e 4.10. 1) The function f(t) = t, t 6 R, has the Jif property and 

for a e Sf there exists a unique h = h(a,f). The same is true for the function 

g(t) = a r c t a n « , t e R. 

2) Any continuous periodic function has the JV property, but h(a) corresponding 

to a regular sequence a need not be determined uniquely. In fact, the set of such 

numbers is relatively dense in R. 

T h e o r e m 4 .11 . If an X -almost periodic function f has the property Jff then its 

range Rf is a closed set. 

P r o o f . Let z0 be an arbitrarily given point from the closure of Rf. There 

exists a sequence {zm} of values of the function / such that lim zm = z0; {zm} being 
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the sequence of values of the function / there exists a sequence a' = {a'm} of real 

numbers such that }(a'm) = zm, m = 1,2,. . . . The almost periodicity of the function 

/ yields the existence of a sequence a C a' such that a S Sf. In virtue of / 6 JV 

there exists a real number h = h(a, f) such that Taf = Thf uniformly. For t = 0 we 

have f(h) = Taf(0) = limzm = z0, i. e. z0 = f(h) e Rf. Since z0 E Rf has been 

chosen arbitrarily it follows that Rf = Rf. D 

T h e o r e m 4.12. A necessary and sufficient condition for an X-almost periodic 

function f to have the JV property is that for every sequence a C Sf there exists a 

number ha such that l imexp(iAam) = exp(i\ha) for any A € Af. In the affirmative 

case of the existence we have ha = h(a, / ) . 

P r o o f . The validity of the assertion is immediate for the trigonometric poly­

nomial / . In case / is not a trigonometric polynomial there exists a sequence of 

trigonometric polynomials Qp uniformly convergent on R to / for which A Q P C A/ , 

p = 1,2, It remains to use Theorem 4.6. D 

Let us denote by S0 the set of all sequences of real numbers with constant members 

starting from a certain index which depends upon the particular sequence. 

Definit ion 4 .13. A non-empty set M C AP(X) is said to have the J? property, 

symbolically M C JV, provided each function from M has the JV property, SM j£ S0 

and for any sequence a G SM there exists a real number h = h(a) = h(a, M) such 

that for every function / e M the equality Taf = Thf holds uniformly. 

If the set M C AP(X) is at most countable and M C JV then every sequence 

of real numbers contains a subsequence belonging to SM- (By Cantors's diagonal 

method.) Theorem 4.12 yields the following statements. 

Corollary 4.14. Let the sequence of trigonometric polynomials M = {Qp} con­

verge uniformly on R to an almost periodic function f and let AQP C Af,p = 1,2, 

If the set M has the JV property then also the function f has the JV property and 

{/} U M C JV holds. 

Corollary 4 .15. Let X, ty be B-spaces. If a function f € AP(X) has the 

JV property and the set M C AP(&) is the closure in AP(&) of the set of all 

functions g £ AP(&) for which Ag C G(Af) then M has the JV property. 
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5. P E R I O D I C I T Y 

5.1 . Structure of Fourier exponents . Here we shall show the analogy between 

the structure of Fourier exponents of continuous periodic functions and a certain class 

of almost periodic functions. 

Definit ion 5 .1 . 1) Real numbers XI,...,XN, where N e N, are said to be 

linearly dependent (over 2) if there exist integers m , . . . ,n/v such that n.Ai + . . . + 

UNXN = 0 while |n i | + . . . + \nN\ > 0. 

2) A non-empty set M of real numbers is said to be a dependent set provided any 

two numbers from M are linearly dependent. 

3) By definition, the empty set is a dependent set. 

Each one-point set M C R is a dependent set. Each subset of a dependent set is 

a dependent set. The union of a dependent set and the set {0} is a dependent set. 

T h e o r e m 5.2. If a function f e AP(X) has the 3C property then A/ is a 

dependent set. 

P r o o f by contradiction. Let there exist two linerly independent Fourier ex­

ponents n, n' of the function / e Jf. According to the Kronecker theorem the 

solvability of the system of inequalities 

\nt - 6\ ^ 5 (mod27t), \tx't -6'\^S (mod2Tt) 

is guaranteed for arbitrary real numbers 6, 6' and any positive number S. Let us 

denote by a'm a solution of this system for $ = 0, 0' = § and 6 = ±, m = 1,2,. . . . 

Owing to the almost periodicity of the function / the sequence a' = {a'm} contains 

a subsequence a = {am} e S/ . Hence, there exists a real number h = h(a,f) 

for which l i m A a m = Xh (mod2it) for every X e A. Consequently, the following 

equalities are valid: 

l i m / i a m = 0 (mod2Tt) = fj,h (mod2Tt), 

lim fi' am = | (mod2Tt) = n'h (mod2rt). 

This means that there exist integers k, k' such that fih = 27tfc, n'h = | + 2itfc' = 

(4k' + 1 ) ^ - Because of the linear independence of numbers n, n' we get tifi' ^ 0. 

Since also 4fc' + l ^ 0 we infer that h ^ 0 and the ratio fi/n' = 4fc/(4fc' + l ) . It follows 

that (4fc' + l)/u — ikfi' = 0 with a non-zero coefficient at /j., which is a contradiction. 

Thus, the numbers /J,, fj,' are necessarily linearly dependent. D 
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Let N E N. Integers m>• • •,**« are said to be relatively prime if their great­

est common divisor is equal to one. Otherwise, integers n\,... ,nN are called non 

relatively prime. For N = 1 and |«i | > 1 the number n\ is non relatively prime. 

Definit ion 5.3. 1) If non-zero real numbers A i , . . . , Ajy, where N e N, form a 

dependent set then positive numbers <TI , . . . , <TJV are called their primitive divisors 

(with due regard to the order) if Xj = njkOk, j = l,...,k, where m * , . . . , n k k are 

relatively prime integers, k = 1 , . . . , N. 

2) If a sequence of non-zero real numbers Ai, A 2 , . . . forms a dependent set then a 

sequence of positive numbers <Ti, <r2,... is called o sequence of their primitive divisors 

if for any N e N the numbers <7i, . . . , <TJV are primitive divisors of the numbers 

Ai, • • • ,XN. 

T h e o r e m 5.4. If non-zero real numbers A i , . . . , Aw, N eN form a dependent set 

then 

1) their primitive divisors Oi,... ,oN exist and are uniqueJy determined; 

2) for N > 1 the ratio Vk = Ok/crk+i is a positive integer, k = 1 , . . . , JV — 1, so 

that <TI >. ... >. crN. 

P r o o f . The fact that { A I , . . . , A J V } is a dependent set implies the existence 

of rational numbers n , • • • >»** such that Xk = rk\\\\, k = 1 , . . . , JV. Suppose that 

these rational numbers are of the form of ratios of two relatively prime integers and 

qk is the smallest common positive denominator of fractions n , • • •, Tk and pk is 

the greatest common divisor of integer numbers riqk, • • •,rkqk, k = 1,. • • ,N. Now, 

we already obtain the system of equalities Aj = njkOk, where o~k = |Ai|pk/<7j; and 

njk = Tjqk/pk, j = l,...,k, are relatively prime integers, k = 1,... ,N. Thus, the 

existence of primitive divisors has been verified. We leave it to the reader to check 

their uniqueness. 

Let us prove 2 by contradiction. Let N > 1. The set of primitive divisors 

<TI , . . . , <TJV forms a dependent set since the numbers A i , . . . , Ajv form a dependent set. 

Hence vk € Q, Jb = 1,. . . ,JV—1. Let vk = <Tk/crk+i = p/<7 for some fc e { 1 , . . . , JV-1} , 

where p, q are two relatively prime positive integers and q > 1. But this means that 

Xj = njk<Jk = njkpok+i/q = njk+iffk+1, j = l,...,k. It follows that the numbers 

n\k, • • •, nkk are divisible by an integer q > 1 and this is a contradiction with the fact 

that they are relatively prime. We infer <j = 1 and Vk €N, k = 1,... ,N — 1. • 

Corollary 5 .5 . If a sequence of non-zero real numbers Ai ,A 2 , . . . forms a de­

pendent set then the sequence <TI,<T2 > . . . of their primitive divisors exists and is 

determined uniquely, while the ratio Vk = <jk/ok+\ is a positive integer, k = 1 ,2, . . . , 

so that <ri >. <r2 >• . . . . 
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R e m a r k 5.6. If <JI,<T2, . . . is a sequence of primitive divisors of a sequence of 

non-zero real numbers Ai, A 2 , . . . then the numbers Vk-\,nkk are relatively prime, 

fc = 2 , 3 , . . . . 

Lemma 5.7. If a function g 6 AP{%) is not a trigonometric polynomial and the 

sequence AQS = {Ai, A2, • • •}, the set of all non-zero Fourier exponents of the function 

g, is a dependent set and o\,o2,... is the sequence of their primitive divisors, then 

the sequence a m = £ -i> waere Tj = 2K/OJ, j = 1 , . . . , m, m = 1,2,. . . , belongs to 
j=i 

S3. 

Proof . For k > 1 and 1 ^ j < k the equality 

Ok _ Ok • • • •• Qj+\ _ 1 

Oj Ok-\ • . . . • Oj Vk-\ • . . . • Vj 

is valid, hence akTj = 2iz/(vk-\ • ...• Vj). For 1 ^ k < j we have 

Ok Ok • • • •• Oj-\ 

Oк+\ 
= Vk • . . . • Vj-\ 

so that akTj = 2nvk • ... • Vj-\ = 0 (mod2K). For j = k we evidently get akTk = 

0 (mod 2K) as well. For m >• k > 1 we have 

m m A ; - l 

Afcam = _ ^ ^kTj = nkk ^2 akTi = nkk ^2 °kTi ( m o d 2 l t ) 
i = l j = l j = l 

* - i ! 

= 2Knjtfc VJ (mod 2K). 
3=1 W t Vk_\ 

We conclude that there exists l imAa m (mod 2K) for every A e A 0 g , namely 
k-\ 

l i m A i a m = 0 (mod 2K), limAfcam = 2imkk 52 -/("fc-i ' • • • ' vj) (mod 2K) for 
3=1 

fc = 2 , 3 , . . . , s o t h a t a = { a m } £ 5 S . D 

5.2. Aperiodicity. For a function / € AP{%) we denote again the set of all its 

non-zero Fourier exponents by the symbol Ao/. 

Theorem 5.8. Let a sequence of non-zero real numbers X\, A 2 , . . . form the de­

pendent set A0g of an X -almost periodic function g and let o\, <x2,... be the sequence 

of its primitive divisors. If vk = Ok/ok+\ >•§, fc = 1 ,2 , . . . , then lima^ = 0 and the 

function g does not possess the Jf property and consequently g is not periodic. 
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P r o o f by contradiction. Assume that g G Jff. Let a = {am} e Sg be the 

sequence defined in Lemma 5.7. For the sequence a there exists a real number h = 

h(a, g) such that Tag = Thg uniformly. We get the equality lim \am = Xh (mod 2K) 

for every A e A9. Hence, there exist integer numbers nk, k = 1,2,. . . , such that we 

obtain successively the equalities 

0 = \\h — 27ini = n\\<J\h - 2im\, 
k-\ j 

2imkk ^ = Xkh- 2imk = nkk^kh - 2nnk, k = 2,3, 
*—> Vi. 1 • . . . • VA i=\ •- -

Since a\ = \X\\ and \n\\\ = 1, a\h is an integer multiple of the number 2K. Let 

Q\ be the integer for which a\h = 2nQ\, hence ni = Q\nn. If we have determined 

successively the equalities nj = QJUJJ, where Q. = (QJ-\ - l)/vj-t for j = 2,..., k -1 

is an integer for k > 2, then the equality nk = nkk (Qk-\ - \)/vk-\ = Qknkk and the 

fact that the integer numbers vk-\, nkk are relatively prime and nk 6 I yields that 

the ratio Qk = (Qk-\ - l)/vk-\ is an integer. Thus, for any positive integer k there 

exists an integer Qk such that n^ = Qknkk while Q2 = (Q\ — l)/v\ and for k > 2 we 

have 
g i - 1 1 1 

Vk-\ • ...• V\ Vk-\ • • • • • V2 Vk-1 

By assumption, vk ^ 3 for k = 1,2,. . . , so that 

£ • 

and for all sufficiently large k 6 N necessarily |pi - l|/(i/fc_i • . . . • v\) < | . Hence 

for all sufficiently large t t N w e have \Qk\ < 1. Since £fc are integer numbers we 

conclude that Qk = 0 starting from a certain index fc0- For every k >. k0 by using the 

equality ft = 0 we obtain the equality 

Q\ - 1 - V\ - J/iJ/2 - . . . - (v\ •... • Vk-2) = 0. 

However, the left hand side of this equality diverges to - 0 0 for k -> 00, which leads 

to a contradiction. The function g cannot have the Jif property. D 

T h e o r e m 5.9. Let a sequence of non-zero real numbers 1.1, JU2,... form the depen­

dent set A0f of an 3£-almost periodic function f and let a[,a2,... be the sequence 

of their primitive divisors. Iflim a'k = 0 then the function f has not the Jf? property; 

consequently f is not periodic. 
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P r o o f . The sequence A0/ contains a subsequence /u^. = Xj, j = 1 ,2, . . . such 

that for the almost periodic function g(t) = ^2 _ f cexp(iAjt i ) , k e N, t e K, the 

assumptions of Theorem 5.8 are satisfied. So the function g does not possess the 

Jff property and in view of the fact that A3 C G(Af) we conclude by Corollary 4.15 

that the function / does not have the J? property either. • 

5 .3 . Criterion of periodicity. Now, we shall determine the relation between 

the Jf property and the periodicity of ^"-almost periodic functions. 

T h e o r e m 5.10. IfQ is an %-trigonometric polynomial and AQ is a dependent 

set then Q is a periodic function and also has the JV piopeity. 

P r o o f . If A 0 Q = 0 then Q is a constant function. If A 0 Q = {Ai , . . . ,AJV}, where 

N is a positive integer, is a dependent set with the primitive divisors o i , . . . , a N then 

T = 2n/crN is the primitive period of the function Q. • 

T h e o r e m 5.11. Let the X-almost periodic function f be not a trigonometric 

polynomial and let A/ be a dependent set. If the dependent set A0f is ordered into 

a sequence and the limit of the corresponding sequence of its primitive divisors is 

positive then f is a periodic function and, consequently, has the JV property. 

P r o o f . Let o\, <r2,... be the corresponding sequence of primitive divisors and 

let limo-fc = IT > 0. In other words, starting from a certain index the primitive 

divisors remain constant and T = 27t/<r is the primitive period of the function / . 

• 

Corollary 5 .12 . Any X'-almost periodic function with the JV piopeity is peri­

odic. (On the other hand, any continuous periodic function has the Jf piopeity.) 

5.4. Closure of the class CP(X). The class CP(X) is neither linear nor closed 

in CB(X). For instance, the function f(t) = ' £ 3~k exp(it3~k), t e R, is the sum 
fc=i 

of an absolutely uniformly convergent trigonometric series the partial sums of which 

are periodic functions. The function / is almost periodic, however, according to 

Theorem 5.8 it is not periodic. 

T h e o r e m 5 .13. If a sequence of functions {fk} C CP(X) conveiges unifoimly 

on U to a function f then f e AP(X) and Af is a dependent set. 

P r o o f . It is readily seen that / e AP(X). Without restricting generality 

we may assume that fk are periodic trigonometric polynomials, k = 1 , 2 , — Since 
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| | a (A, / t ) | | ^ | |a(A,/) | | - ||a(A,/fc - / ) | | for any A £ R, for arbitrary two Fourier 

exponents n, ft' of the function / there exists k sufficiently large such that u., u.' are 

at the same time Fourier exponents of the periodic function /*; consequently, they 

are linearly dependent. D 

Thus, the closure of the class CP(SC) consists of all ^"-almost periodic functions 

/ the set A/ of which is a dependent set. It follows that for every ^"-almost periodic 

function / whose A/ is not a dependent set the distance from the element / to 

CP(SC) in the space CB(X) is positive. This is of considerable theoretical as well 

as practical importance for the uniform approximation of almost periodic functions 

on R by means of continuous periodic functions. 

5.5. Bochner's t r a n s f o r m a t i o n . Any continuous periodic function has a com­

pact range. This property is not a sufficient, but only a necessary condition for the 

periodicity of an almost periodic function. A promising conjecture naturally arises 

that any trigonometric polynomial with a compact range is periodic. The author has 

managed to verify this conjecture for scalar trigonometric polynomials of the second 

degree. Nonetheless, from a certain more general viewpoint the compactness of the 

range becomes a sufficient and necessary condition for periodicity. 

Definition 5.14. Let a function / 6 C(3C) = 9 be given. The function SSf = 

f e C(9) defined for any s € R by the formula f(s)(t) = f(t + s),teU (s-translate 

of the function / ) is called the Bochner transformation of the function / . 

If / e CB(SC) then the inequality 

SUp | | / (5 + T) - / (S + V)\» = SUpSup | | / ( s + T)(t) - / ( s + v)(t)\\X 

= sup sup \\f(t + s + T)- f(t + s + u)\\x 
s t 

= sup||/(t + T ) - / ( t + i/)||*-, s e R , t e R , 

which is valid for any real numbers T, V, implies that the periodicity, the almost 

periodicity of the function / and the incidence a G Sf, respectively, is ensured by 

the periodicity, the almost periodicity of the function / and by a 6 Si, respectively. 

The pertinent periods or almost periods, respectively, coincide for / and / . 

Theorem 5.15. A necessary and sufficient condition for a function f £ CB(X) = 

9 to be periodic is that its Bochner transformation BBJ = f have a compact range 

in the space 9. 

P r o o f . The necessity is evident. The sufficiency follows from the fact that the 

compactness of the range of Bochner's transformation / yields the 3TC property and 

due Bochner's definition also the almost periodicity of the function / . D 
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C o n c l u s i o n . Original results of this paper contribute to the theory of almost 

periodic functions. Above all, the paper deals with almost periodic functions which 

are limits of sequences of continuous periodic functions, and determines the struc­

ture of their Fourier exponents and their ranges. Key ingredients of the paper are 

contained in Sections 5.1, 5.2, 5.3 and 5.5. 

It follows from the results of the paper that the class CP{%) of continuous periodic 

functions is not densely distributed in the space AP{X); considerable importance 

and unexchangeability of the position of almost periodic functions has been borne 

out again by this result. 
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