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EXTENSIONS OF THE REPRESENTATION THEOREMS
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Summary. We present two types of representation theorems: one for linear continuous
operators on spaces of Banach valued regulated functions of several real variables and the
other for bilinear continuous operators on cartesian products of spaces of regulated functions
of a real variable taking values on Banach spaces. We use generalizations of the notions
of functions of bounded variation in the sense of Vitali and Fréchet and the Riemann-
Stieltjes-Dushnik or interior integral. A few applications using geometry of Banach spaces
are given.

Keywords: Riesz type representation theorem, Fréchet type representation theorem, regu-
lated functions :

AMS classification: 46B99, 46E15, 46E40

1. INTRODUCTION

We extend the Riesz type representation theorem for linear continuous function-
als on the space of continuous real valued functions of several variables to the case
Banach space valued regulated functions of several variables. The second topic con-
cerns the extension of the representation result of Fréchet for bilinear continuous
functionals on the cartesian product of spaces of real valued continuous functions of
a real variable for bilinear continuous operators on the cartesian product of spaces
of Banach space valued regulated functions of a real variable.

We use generalizations of the notions of functions of bounded variation in the
sense of Vitali and Fréchet and the notion of the Riemann-Stieltjes-Dushnik or the
interior integral.

This work has been done under the partial support of C.N.Pq.
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In the second section we define and present the most basic properties of the regula-
ted functions of several real variables, in the third the notion of functions of bounded
variation and of bounded semi-variation in the sense of Vitali and the representation
theorem, in the fourth the notion of functions of bounded semi-variation in the sense
of Fréchet and the corresponding representation theorems and in the final section a
few applications. A

To keep the notation clear we will only give proofs for the two dimensional case,
one sees easily how to cope with the general case.

2. REGULATED FUNCTIONS OF SEVERAL REAL VARIABLES

Definition 2.1. A partition d of an interval a¢,b C R is a finite sequence d:
to=a<:-<tm=0>b Set|d =m, Ad=sup{t;j —tj_1: 1< j < |d|} (the mesh of
the partition).

We call {¢;}, 0 < j < |d| and Jtj-1,¢;[, 1 < j < |d| the basic intervals of d.

The set of all partitions of a, b is D4 3} or D. We order D by the inclusion relation,
that is, Vd, d' € D d > d' <= d D d’, in this way D becomes a net.

Similarly a partition of [c, d] x [a, b] C R? is a product d = d” x d’ where d" € D 4
and d’ € Dy ). Now we set |d| = |d"| - |[d'|, Ad = sup{Ad", Ad'}.

A basic interval of d is now a cartesian product of a basic interval of d"’ by one of
d'. We say that d = d” x d' is finer than d = d” x &’ and write d > d if and only if
d">d" and d' > d'. We write D¢, d)x[a,8] for the set of all partitions of [c, d] x [a, b]
or more simply D when there is no danger of confusion.

S([e,d] x [a,b), X) will be the set of all step functions from [c,d] x [a,b] to the
Banach space X where by a step function we mean a function for which there exists
a partition d € Dyc d)x[a,5) Such that the function is constant on the basic intervals
of d. S([a,d],X) is defined analogously. G([c,d] x [a,b], X) will be the closure of
S([c, d] x [a,b], X) in the sup norm inside the Banach space of the bounded functions.
G([a, ], X) has an analogous meariing.

It is easy to show that the following result holds. |
Lemma 2.1. If E is a normed space and E its completion then
G([a,8), E) = 5([a, 8], E).
It is also easy to prove the following lemma:
Lemma 2.2. The mapping
f € S([c, d] x [a,8], X) = £ € 5([¢,d], S([a, 8], X))
298



is an isometry where fO(t)(s) = f(t, ).

From these two results one gets the following theorem that relates the spaces of
regulated functions of two variables with those of a single variable.

Theorem 2.1. The mapping
f € G(le,d] x [a,8], X) = 7 € G([c, d], G([a,8), X))

is an isometry from the first Banach space onto the other.

Now we present a result that shows that regulated functions of several variables
are indeed those that possess limits from “all sides”.

Theorem 2.2. For a function f: [c,d] x [a,b) — X the following properties are
equivalent:

1. Ve > 0 3d, = d"¢ x d'c € Dy djx[a,8) Such that w; (f) < € where w;(f) =
sup{ws(f): I is a basic interval of d € D(c,ax(a,s]} and by wa(f) for a subset A of a
set S and a function f from S into a metric space M we mean the oscillation of the
function f: S — M on A, that is, wa(f) = sup{dist(f(z), f(v)): z,y € A}, dist
being the distance in M.

2. £ € G([c,d) x [a,b], X).

3. For all (1, s) € [c,d] x [a, b] the limits

lim f(t+ 71,8+ 0)= f(l+,s+), lim f(t + 7,8 —0)= f(t+,5-),

710,010
rll(}mlo f(t—71,8+0)= f(t—,s+), ﬂl(}r:xl fit-r1,8~0)= f(t—,s-),

!rl{gf(t + 7, 3) = f(t'l"as)r l,lﬂ)lf(t -7 8) = f(t'_7 3))
lim f(t, +0) = (2, 54), lim f(t,8 - 0) = £(t,5-)

exist whenever they are meaningful.

Proof. (1.= 2.) Given € > 0 take d, as in 1. Choose one point py € I where
I is a basic interval of d; and consider the step function ¢ = Y 1;f(ps), 1; being

the characteristic or indicator function of I. Then ||f — g|| sle where [|f]| is the
sup-norm of f. Consequently f € G([c,d] x [a, ], X).

(2. = 3.) It follows from Theorem 2.1, we also have f(t+,s+) = f(tx)(sz) and
the limits f(t+)(s) = f(t+, s) are uniform in s.

(3. = 1.) Consider € > 0, then there exists a § > 0 such that if V! = Lt+
6[x)s,s + 8, V? = Jt,t — 6[x]s, s + 8], -+, V& = {t}x])s, s — 6[ then wyi(f) < ¢,
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1 € i € 8. At the boundary points we choose the same type of neighborhoods.
00

Considering V = |J ViU{(t,5)} we get an open covering of [c, d] x [a,}]. Extracting
i=1

a finite subcover and projecting the vertices and centers of their elements we obtain

divisions d”¢ € Dic,q) and d'c € Dq3). When I is one of the basic intervals of

d. = d", x d’, then it will be a subset of some of the Vi, hence ¢ > wyi(f) > wi(f).
]

A regulated function of one variable can have at most a denumerable set of dis-
continuities. An analogous result is valid for regulated functions of several variables:

Theorem 2.3. The discontinuities of f € G(c,d x a,b, X) lie on a denumerable
set of lines parallel to the axis.

Proof. Let 2(f) be the set of discontinuities of f. Then 2(f) = U 2" (f)

where 2"(f) = {(¢, s) € [c,d] x [a,8]: w(s,5)(f) > 1/n}. Now if g is a step functlon
such that ||f — g|| < 3 then 2"(f) C 2°"(g) and Vm > 1, 2™(g) lies in a finite set
parallel to the axis. a

We will define a Riemann-Stieltjes type of integral for regulated functions of several
variables with respect to functions of bounded semi-variation, and it will be shown
later that the resulting integral is not changed if we make our regulated function
“left (or right) continuous”. With this aim we introduce '

Definition 2.2. Let f € G([c,d] x [a,}], X). We say that 1. f € G__([c,d] x
[a,b), X) if f(c,s) = f(t,a) = 0 and f(i—,s) = f(t,s—) = f(t—,5=) = f(¢,5) for
t#cand s #a.

2. f € Qo([c,d] x [a,8], X) if Ve > 0 3d; € Dy d)x[a,8] Such that the set Q, =
{(t,8) € [c,d] x [a,b]: ||f(2, )]l > €} is contained in the set of lines parallel to the
axis defined by the points of d,.

A similar definition is given for G_([c,d], X), for details see [1]. We also let 11 f
be the function M f(c,s) = [1f(t,a) = 0 and I1f(¢,s) = f(t—,s—) if t # c and s # a.
To simplify we will write f__ for 1 f. For the one dimensional case see [1].

The next result shows that our II is a projection.
Theorem 2.4. 1l is a continuous projection from G([c,d] x [a,b], X) onto

G-_([c,d] x [a,}), X). Its kernel is Q2([c,d] x [a,}), X), hence G([c,d] x [a,d], X) =
G-—([e,d] x [a,8], X) ® Qo([c, d] x [a,d], X).

Proof. To save space we will only prove that the kernel of the projection II
is Qo([c, d} x [a, b], X). Let f € Qo([c,d] x [a,b], X) and £ > 0 be given, take d; as in
Definition 2.2. Then VY(¢,3) € [c, d] x [a, b] we have ||f-_(t, s)|| < €. a
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The next theorem is important in the sense that it provides a dense subset of
G--([c,d] x [a,}], X) that is suitable for giving the proofs of the representation
theorems we will deal with later on.

Theorem 2.5. The closure of the linear span of the set {1y rjx]a,0)(t,8) - :
7 € [¢,d},o € [a,b],z € X} is G__([c,d] x [a, }], X).

Proof.  The functions 1) ,(t) - z form a set the closure of the linear span
of which is G_([¢,d], X) ([1]). Since the function 1y rjx}a,0)(t,5) -  corresponds to
11e,7)(2) - 1ja,0](8) - = we get the result taking into account an easy extension of Theorem
2.1. ]

Remark. Generally speaking if |c, 7| is an interval of the form Je, 7], I, 7[, [¢, 7],
[e,7[ or {¢ = 7} the closure of the linear span of the set of functions 1), - z is
G([c,d], X) while that of the functions 1. r|x|a,0| - = i8 G([c, d]  [a, 8], X).

3. FUNCTIONS OF BOUNDED VITALI SEMI-VARIATION
AND REPRESENTATION THEOREMS

We begin this section with the usual notion of a function of bounded Vitali vari-
ation and show some of its properties, later we generalize it to the notion of Vitali
semi-variation and obtain the representation theorems.

Definition 3.1. For a K: [¢,d] x [a,b] — X and d =d" xd € D we set
Kji = K(t;,8) — K(t:,S--1)+K(‘: 1,85i-1)— K(tj-1,8), 1 << |, 1 <ig ).
1a"11d'}
Set also Va[K] = Z"KJ'" where E"Kn“ = E Z IKjill, VIK] = Ve, qix(a, i K =
sup{VuK:d € D} V[K] is the Vztah vanahon of K and the functions of ﬁmt.e
Vitali variation are collected in the set BV ([c,d] x [a,b], X), this is a linear space
and V[K] is a semi norm.

The trouble one incurs with the definition above is that the sections of K, that is
Kt(s) = K(t,5) and K,(t) = K(t, 5) need not be of bounded variation, for example,
if K(t, 8) = 1Qn[c,q4)(t) then K, is not of bounded variation though K is. To overcome
this nuisance we require K (¢,a) = K(c,s) = 0. With this normalization we also get a
norm with V[K], the corresponding space of functions with bounded Vitali variation
that satisfy the requirements above will be denoted by BV.a([c, d] x [a, 8], X). Note
that if K € BV([c,d] x [a, b],X) then K(t,s) = K(t,s) — K(t,a) + K(c,a) — K(c,s)
is in BV,q([c, d] x [a,b), X) and K;; = Kj;, hence, as we will soon see, they will define
the same higher dimensional Riemann-Stieltjes-Dushnik integral.
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The usual arguments of limits get us the following theorem whose proof is omitted.

Theorem 3.1. The mapping
K € BVea([c,d] x [a,b), X) — K® € BV.([¢, d], BVa([a, 8], X))

is an isometry from the first Banach space onto the other.

Next, for the sake of completeness, we state some results that though interesting
in themselves are a bit away from the direction this paper points to. For this reason
they are presented without proofs.

Theorem 3.2. For K € C([c,d]x[a,b], X) (here C stands for the set of continuous
functions) we have Vy, tx(a ) K = Vi, tx[a,5) K Where Vi, 1x(a,5)K = sup{Vig45,1x[a,8) K :
5 > 0}.

Theorem 3.3. The mapping
K € BVC.a([c,d] x [a,b], X) — K® € BVC.([c,d], BV Ca([a,}], X))

is an isometry from the first Banach space onto the other, where BVC = BV NC.

Now we proceed to the generalization of the functions of bounded Vitali variation
and the first type of representation theorem.

Definition 3.2. Let K: [¢,d] x [a,b] — L(X,Y) where L(X,Y) is the Banach

space of the continuous linear operators from X into Y, let d € D. We set SV4[K] =
dl
sup{HEK,-,- -Zjilll zji € X, ||zl < l}, SV[K] = sup{SV4K : d € D} and call

ji
SV K the Vitali semi-variation of K and let SV ([c,d] x [a,b], X) be the set of all

K with finite Vitali semi variation. As it was done with the functions of bounded
Vitali variation we normalize them by requiring that K(t,a) = K(c,s) = 0 and the
resulting space is written SV,4([c, d] x [a, ], L(X,Y)).

When Y = C one has SV ([, d] x [a,}), X’) = BV ([c,d] x [a,b], X") so we have in
fact a true extension of the old concept. '

Next we define the higher dimensional Riemann-Stieltjes-Dushnik integral that
will represent our operators.

Definition 3.3. For a function K: [¢,d] x [¢,0] — L(X,Y) and f: [c,d] x
[a,8] — X the Riemann-Stieltjes-Dushnik integral of f with respect to K or the
interior integral of f with respect to K is the

14l
S 32 Kyi - S8 = [ dua K (t,9) - £(0,9),
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where Ui e]tj-lstj[) 1 < J < 'd”|3 fi E]si—lasi[) 1 < ¢ < Id'l (d =d" x dl) and the ’
Iimit is to be understood in the sense of the net D.

As a first result linking the notions of regulated functions of two variables and the
the functions of bounded Vitali variation we have

Theorem 3.4. Given the function f € G([c,d] x [a,}], X ) and the function
K € SV ([c,d]x[a,b], L(X,Y)) we have: 1. It exists Fx(f) = f f dy, K(t,5)-f(¢,s).

2. [IFx (NI < SVIK] A
3. Iffe Qo([c,d] X [a,b],X) then Fx(f) =
4. Fx(f) = FK(f——) and ||Fx (Il < SVIK]|IS--II.

5. |[Fk(f) - 2Kn f(nj, &)l € SV[K]wy(f), : Vd € D.
Proof. (1. and 5.): We show that the Cauchy criterion holds. Given £ > 0,
choose d, € D such that w; < 2—56-[?-1 (see 1. of Theorem 2.2). Now let d > d,

and consider (if any) t € d7, sx € d — d., say, tx €]tj_y,t;[, 5% €]s;_1,s;[. For the
division {t;_1,t*,8;} x {s;_1, 5%, 5;} of [t;_1,t;] x [si—1, 8:) we have Kj; = K11+ K12+

ld| 1de| 14|
K21 + Ka2. Hence " Z Kmi - f(mm, &) — }: Kj; 'f('b',-&)" = " Z Kot - f(m, &) =

f (ﬂm;;fl‘)y SVK 5545 = ic, where nn; and &, are points in the d partition.

Clearly if d > d we also have

Idl 1d}

"ZKMI f(m, &) = EKJ' F(ni, &l < SVI[K]wg,,

hence taking the limit in d we get 5.
(2.): Let € > 0 be given and take d; € D such that " Fx(f)- 2 Kji- f(q,,f.)"

then [|Fx(/)ll < IIZK,. fng, &) +¢ < SVIKI Al +¢.

@B)Iffe Qo([c,d] x [a, b}, X) and sviRy > O then 3d, € D such that {(¢,5) €
e, d] x [a,8]: [I£(t, 8)l| > 3vTxT} lies in the set of lines parallel to the axis defined by
d.. Hence ||Fx(f)ll € gp-‘mSV[K) =¢.

(4.): Obvious. a

Observe that we actually have the following equality:

/:[ dis K(t,5) - f(t,5) = /cd/ab do R(t,8)- f-—(t,8).
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The representation theorem follows.
Theorem 3.5. The mapping
K € SVa(le, ) x [a,8], L(X, Y)) = Fx € L(G-—([c,d] x [a,8], X),Y)

where Fx(f) = f: ) : di, K(t,8) - f(t,8) is an isometry from the first Banach space
onto the other.

Proof. By 2. of Theorem 3.4 Fx € L(G-~([c,d] x [a,b], X),Y) and ||Fk|| <
SV K. To show that the mapping is injective just note that if K € SV.4([c,d] x
[a,8), L(X,Y)), K # 0O then by taking (7,0) € [c,d] x [a,b] and z € X such that
K(r,0)-z # 0 we get Fk(ljc,r)x}a,0)(t,8) - z) = K(7,0) - z. To see why the mapping
is onto take any F € L(G--([¢,d] x [a,b], X),Y) and define K by K(t,s) -z =

ld
F(lje.rjxjae1(t,5) - 2). Then K(t,s) € L(X,Y) and for d € D we have || 3 K;i -
Ji

14} d|
:jill = " JZ:{F(]']‘J'—I:‘)']X]’-'—I :'o’](t’s) * zJ')" = "F(Z I]tj_l,t,-]x]:.'_l,:;](t)5) ‘ le)" g
’ i
||F'|| Consequently SV[K] < ||F|| and since F' = Fg at 1y rjx]a,0](t, 5) - = they are
the same by Theorem 2.5. O

Next we present our form of the classical convergence theorem of Helly.

Theorem 3.6. Let K, be a sequence in SV ([c,d] x [a,b], L(X,Y)) and K:
[c,d] x [a,b] — L(X,Y) such that Yz € X, V(t, ) € [c,d] x [a, b] we have Ky(t,s) -
z — K(t,5) -z and M > 0 such that SV[Ka.] < M. Then

1. K € SV([c,d] x [a,b], L(X,Y)) and SV[K] < M.
2. Vf € G([c,d] x [a,b], X) we have

/cd/: dy, I(,;(t,s) - f(t,s) — /:‘/: diy K(t,5) - f(t,5).

Proof. (l.): Vd € D, Vzj; € X with ||zjill < 1 and Ve > 0 we have
- L.
" EK,'.' . z,-;" = “ Z(I{ji - Kjin+ Kjin) - :c,-,'"
i Ji

<| g’i_l‘,(Kj.- - Kyin) -z + | EI: Kyin - 251 < e+ M
s i

for a suitable n € N.
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(2.): From

K(t,s) - f(t,5) - / / des Ka(t, ) - f(t»s)"

/ dis K(t,5) - f(t,8) — ZK;- f(n;,&)"
+"§K,. - f(n; &) - ZKnn (0,6

g
+ || % KJ:" f(’b’fl) «/c L di, K"(t’ 8) ) f(t' s)"

<M ) + || SR~ Ko £ )|
Tl

one sees that by choosing d € D such that wi(f) < 3% and n € N such that
141

" Y (Kji — Kjin) - f(n,-,f.-)" < -;-e the result follows. a
K

The results that follow explain how one does the composition of operators in the
context of spaces of regulated functions. They are usually known under the heading
of “Bray thieorems”.

Theorem 3.7. TakeJ = [c, d) x [a,b], I = [1,8] x|, B] and K € SV (J, L(Y, 2)),

9€G(I,X)and L: JxI — L(X,Y) such that Vq € I we have Ly € G(J, L(X,Y))
and Yp € J we have L? € SV (I,L(X,Y)) with sup{SV[L?]: p€ J} < 00. Then

/ / duu | / / dus K(t,8) 0 L(t, 8,0,4)] - g(v,u)
//d,,K(t 8) - [/6/ d.,.,L(tsvu) 9(v, u)]

" ‘[:‘/:d.m [/cd/a.d,, K(t,s)oL(t,s,v,u)] .g(v,u)"

< SVIK] -sup{SV[LP]: p € J} - |lgll-

If we wish to compose operators on spaces of regulated functions of distinct: number
. of variables we have similar results. For example, the one below.
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Theorem 3.8. Take intervals J = [c,d] x [a,b], [ = [, ], and functions K €
SV(J,L(Y,Z)), g € G(I,X) and h: J x [ — L(X,Y) such that Yu € I we have
hy € G(J,L(X,Y)) and ¥p € J we have h* € SV(I,L(X,Y)) with sup{SV[h?*]:
p€ J} < 0o. Then

" /:du [/cd/abdg,K(‘t,s)oh(t,s,u)]-g(u)
- /:‘/:d,,K(t,s)- [/:d., ht,s, u)] - 9(u).

/: dy [ /cd /: des K(t,8) o h(t, s, .,)] - g(u)

< SV[K)sup{SV[h*): p€ J} - |lgll-

We will only prove Theorem 3.7, the proof of Theorem 3.8 being totally analogous.
Proof. We begin by showing that the function

&: (v,u) €l /d/‘d,,K(t,s)oL(t,s,v,u) € L(X,Y)

is of bounded semi-variation and SV[®] < SV[K] - sup{SV[LF]: p € J}. @ is
well defined because we are in a setting like that of Theorem 3.4. Since Vz € X,
[L212 dis K(t,8) o L(t,8,v,u)] -z = [* [} duu K(¢,8) - [L(t, 5,v,u) - 2], if d € Dy and

zji € X with [|z;;]| < 1, we have "gtbﬁzﬁn = “izd];fcdf: dy, K(t,8)[Lji . z,-,-]_" =

" f:f: di, K(¢, S)gLﬂ . z,-;" < SV[K] -sup{SV[LP): p€ J}.

Now we show that ¥: (¢,s) € J — f,:f: dyy L(t,8,v,u) - g(v,u) is regula-
ted. Again ¥ is well defined by Theorem 3.4 and if (t,s) € J, t, T ¢t, s, | s
then L(t,,sn,v,u) — L(t—, s—,v,u). Resorting now to Theorem 3.6 we get

L2 12 dyu Litn, 80,0, 8) - 9(v, u) — [ [2 dyy L(t—, 8=, v,4) - g(v, u).
So let S, T: G(I,X) — Z be S(g) = f:f: dyy (v, u) - g(v,u) and T(g) =
f:f: dy, K(t,8) - ¥(t,s). Because of the inequalities

[1S(9)ll < SVIK] -sup{SV[LF]: p€ J} - |lgll
IT(9)ll < SVIK]-sup{SV[LP]: p€ J}-|igll
they are both in L(G-_(I, X), Z). Also, if g(v, u) = 1}y s)x)a,u)(?, ¥) - 2, £ € X then

S(9) = (v, p)-z= f:f: dy, K(t,8)L(t,s,v,p) -z = T(g), hence S = T according to
Theorems 2.5, 2.4 and 3.4. O

306



4. REPRESENTATION OF BILINEAR OPERATORS

In this section we represent bilinear operators on cartesian products of spaces of
Banach valued regulated functions by means of a Riemann-Stieltjes-Dushnik integral
with respect to functions of bounded Fréchet semi-variation. B(Y x X, Z) is the
Banach space of all continuous bilinear operators from Y x X into Z. If K € B(Y x X,
Z) we write K(1) for the linear operator K(1): Y — L(X, Z) obtained from the
canonical isometry B(Y x X, Z) = L(Y, L(X, Z)) and K(2) for the linear operator
K(2): X — L(Y,Z). Now we introduce the definition of a function of bounded
semi-variation in the sense of Fréchet and of the interior integral.

Definition 4.1. Let K: [¢,d] X [a,b}] — B(Y x X,Z) and d € D be given.
ldl

We set SF4(K] = sup{“ZK,-.'(y,-,zi)": lyill < 1, ll=l) < l} and SF(K] =
PR

sup {SFd[K]: de D}.

We call SF[K] the Fréchet semi-variation of K and write SF([c, d]x[a, ], B(Y x X,
Z)) for the linear space of all functions with finite Fréchet semi-variation with the
semi norm SF[K].

As before we write SF.q([c,d] x [a, 8], B(Y x X, Z)) for the subspace of SF([c, d] x
[a,b], B(Y x X, Z)) whose elements K satisfy K(t,a) = K(c,s) = 0, in SF.,([c, d] x
[a,8], B(Y x X, Z)) SF[K] is a norm.

When X =Y = Z = C we write simply SF([c, d] x [a,b]) and SFea([c, d] x [a, b]).

In this case one has SFy(K] = lzﬂ: KjiB;ja; for suitable B, a; € C.

Given g: [c, d] — Y and f: [a b] — X we say that the pair (g, f) is K-integrable
if the limit lim ZK:.(g(m) 1(&) = [} di K(1,8)(9(2), £(5)) exists where 1 €
Wti-1,4, & G]s...l,s.[ in the net D.

Remark. Note that for K € SFea([c,d]x[a,b], B(Y XX, 2)),t € [c,d], s € [a,}]
we have K{" € SV.([c, ], L(Y, L(X, Z)) and K*(” € SVa(la, b, L(X, L(Y, 2)).

A result analogous to Theorem 3.4 follows.

Theorem 4.1. Let f € SV([c,d] x [a,8],L(X,Y)), 9 € G([¢,d},Y) and f €
G([a,b], X). Then we have

1. There exists Bx(g, f) = [* [ des K(t,8)(s(2), F(5)-

2. 1Bx(9, DIl < SFIK]- gl - 11

3. Ifg € Q([c,d),Y) or f € Q([a,b],X) (the one dimensional analogues of
Qo([c, d] x [a,b), X) (see Definition 2.2) then Bk(g, f) = 0.
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Id|

|| / / o K60, = 2 Koo, f(e.))||
< SFIKIell-w4o() + 11 -z ()

Proof. (1. and 4.): Suppose g # 0, f # 0.and K # 0, otherwise the proof
is evident. Let us prove that the Cauchy criterion holds. So take £ > 0 and choose

d{ € Dy,q and d; € Dgy) such that wan < ;s‘—ﬂ‘jmmr and wj, < m;ﬂm Now if
d 2 d¢ = dyf x d; we have
Id| |de|

3 Ko (60) = 3 Kiatn), f(e,,.))n

3

“}:K,.(g(n,) 90, 1) +2K:a(y(nn) 1(6) - 1(6m)|

L 116
“?_?K( AN 50) - stm, 0 28N | s

1d|
o() 2AslSFIK],
+H§K (s, (76 - 1) | 52777

&

where 1, and &m; have the same meaning as in Theorem 3.4. Now 1. is evident and
2. follows by taking limit in d.
(2.): Vd € D we have

|l
|3, tstu.sn] = || ZK,. (S 7)) - tst- 1
< SFIK]- Il W1

(3.): Let g € Qo([c,d],Y). Given € > 0 there exists d, € D such that {t € [c,d]:
el > n'phm) Cdy. If d” > d! then for d = d" x d' we have

| ||§K,-.-(g(n,-), e

<e€.

L}
ISPty £
“%K"( e

SFIK]



Next we establish the representation theorem.
Theorem 4.2. The mapping

K € SFeq([c,d] x [a,d), B(Y x X, Z))
— Bk € B(G-([c,d],Y) x G-([a,b], X), Z)

where Bk (9, f) = f: f: des K(t,5)(g(t), f(s)) is an isometry from the first Banach
space onto the other. "

Proof. From the previous result one immediately sees that the mapping is well
defined and that ||Bk|| < SF[K]. If K # 0 there are 7 €]c,d], o €]a,b], y € Y and
z € X such that Bk (1jc,+)(t) -, 1a,0)(8) -z) = K(]7, 0])(, 2) # 0, hence the mapping
is injective. Let us now show that it is onto as well. So take B € B(G-([c,d],Y) x
G_([a,}), X), Z) and define K by K(7,0)(y,z) = Bk(1¢,+(t) - 9, 14,6(5) - ). Let us
show now that such K is in SFeq([c, d] x [a,b], B(Y x X, Z)). So take d = d" xd’' € D,
y; €Y and z; € X with |Jy;]] <1, ||=zi]| < 1. We then have

Id| 14|
" Z.:Kj‘(yj’z")" = " Z B(I],J._h,,.](t) “Yj» llc.'-l.n](s) . zi)" »
3t I
= B s, 5 i)
< |IBll.

By the usual density argument, since B and Bx agree at (1 7j(2) - v, 1ja,0)(8) - 2)
they are really the same operator. a

We end this section by a theorem of Fubini type.

Theorem 4.3. The following identity holds for any g € G([c,d],Y), f € G([a, b},
X) and K € SF([c,d] x [a,b], B(Y x X, Z)).

[ a0, 569 = / 0 [ axeam)] o) 16
= [a] [ axeom-5@) a0

Proof. To begin with consider the function ®: s € [a,b] — f:dgK (¢, 8)(1) -
g(t) € L(X,Z). 1t is well defined due to the remark following Definition 4.1. We
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now show it is of bounded semi-variation. So choose a d’ € Diay), zi € X with

14| i,
il < 1. We have || 52 @(sr) ~ @(si-1)-2: | = | Z Kk, s - Kt si-)(0)-
14t 14"}

I, .
o) =i < || 5 a0k (e, 0)(1) = Kt 0i0)(1)- 90020~ 5, 5 Ky(1)-a() -] +

| 1d")
|| Y 3 Kji(1) - 9(n) - z:,-". Now choose d” € Di.q such that " [k (2, 5:)(1) -
i=1j=1

oo
K(t,8-1)(1) - 9(t) - EIK,-,-(I) . 9(')5)" < [ With this choice of d” we get
=

|4
|| T @(si) — B(si-1) z,-" < € + SF[K]|lgll, therefore SV® < SF[K]|lg|| and the
i=1 .

integral [ :d,tb(s) - f(8) is meanigful.

To prove the identity we resort to the usual density argument. Consider S,T:
G-(le,d),Y) x G-([a,8], X) — Z defined by S(g,f) = [ [, dus K(t,8)(g(t), £(5))
and T(g, f) = [ d, [ dy K(t,3)(1)-9(t)-f(5). I g(t) = 1.,7(t)-y and £(8) = 1a,0(s5)-z
we have S(g, f) = K(7,0)(y,z). On the other hand T'(g, f) = f: d, fcd de K(t,8)(1)-
9(t) - f(s) = [} d, K(r,8)(1) - 1a,0(s) - = K(r,0)(y, ). Consequently S=T. O

5. SOME APPLICATIONS

We present here a few applications of the results obtained so far. We begin with a
proof of the well known result that BV,4([c,d] x [a,b]) € SFeca([c,d] x [a,b]). When
X = C we write BW([a, }],Y) instead of SV ([a,b], L(X,Y)).

Let us first state a result which is nothing but an easy reformulation of the repre-
sentation theorems.

Theorem 5.1. We have the following isometries:

SFeq([c,d) x [a,8], B(Y x X, Z)) = SVe([c, d], L(Y, SVa([a, 8], L(X, Z))))

SFea([c,d] x [a,8), B(Y x X, Z)) = SV.([c,d], L(Y, SVa([a, b], L(X, Z))))

SF.q([c,d] x [a, 8], B(C x X, Z)) = BW.([c,d}, SVa([a, b}, L(X’, 2)))
SFea([c,d] x [a,8]) = BWe([c,d], BVa([a, }]))

SFeq([c,d) x [a,8], B(Y x X, Z)) = L(G-([c,d],Y), SVa([a, b], L(X, Z)))
'SFeq([c,d] x [a,8), B(Y x X,C)) = L(G=([c,d],Y), BVa([a, ], X"))
 SFea([e,d] x [a,8], B(Y x C, 2)) = L(G-([c,d],Y), BWa([a,}], 2))

SFea([c,d] x [a,b]) = L(G~([c,d},Y), BVa([a, 8]))
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Proof. By Theorem 4.2 we have

SFeq([c,d] x [a,b], B(Y x X, Z))
= B(G-([c,d],Y) x G-([a,}}, X), Z)
= L(G-([¢,d], Y), L(G-([a, }), X), 2))
= L(G-([c,d),Y), SVa([a, 8], L(X, Z)))
= SVi([e, ), L(Y, SVa([a, b], L(X, 2))).

For the third isometry see [1], all the other cases being simply particularizations
of what was written above. a

Now we give a “simple” proof of BV ¢ SF. Of course the burden must lie
somewhere, in this case it is in the following result due to Rocha, [4], the proof of
which relies on the theorem of Dvoretzky-Rogers.

Lemma 5.1. For a Banach space X, BV ([a,b)], X) = BW([a, b}, X) if and only
if X is finite dimensional.

Now we prove

Theorem 5.2. BV 4([c,d] x [a,b]) € SFea([c,d] x [a, b]).

Proof. By Theorem 3.1, BV,,([c, d]x[a, b]) = BV.([c, d], Bv.,([a b])). Now use
the fourth isometry of Theorem 5.1 and Lemma 5.1. a

Next we prove that SF C G. To obtain it we will use the following two results
the first of which can be found in [4].

~ Lemma 5.2. If X is a normed space and Y a reflexive Banach space (or more
generally a weakly sequentially complete Banach space) then SV ([a,b}, L(X,Y)) C
G([a, b}, L(X,Y)).

The other can be found in [7].

Lemma 5.3. The Banach space BV,([a,b]) is weakly sequentially complete.

Now from the two previous results and the fourth isometry of Theorem 5.1 we
easily get

Theorem 5.3. SF..([c,d] x [a,b]) C G([c,d] x [a, b]).

311



References

[1] C. S. Hénig: Volterra-Stieltjes Integral Equations, Mathematical Studies 16, North Hol-
land Pub. Comp., Amsterdam, 1975.

[2] M. Morse and W. Transue: A Calculus for Fréchet Variations, Journal of Indian Math.
Soc. XIV (1950), 65—117.

[3] M. Morse and W. Transue: The Fréchet variation in the small, sector limits, and left
decompositions, Canadian Journal of Math. 2 (1950), 344—374.

[4] G. C. Rocha-Filho: Integral de Riemann Vetorial e Geometria dos Espagos de Banach,
doctoral thesis, IME-USP, 1979.

[5] J. A. Clarkson and C. R. Adams: On definitions of bounded variation for functions of
two variables, Trans. Am. Math. Soc. 35 (1933), 824—854.

[6] M. Fréchet: Sur les fonctionnelles bilineaires, Trans. Amer. Math. Soc. (1915), 215—234.

[7] N. Dunford and J. T. Schwartz: Linear Operartors, part I, p. 337, Interscience, 1967.

Author’s address: Department of Mathematics, IME-USP, Caixa Postal 20570 (Ag.
Iguatemi) CEP 01498, Sio Paulo, S. P., Brazil.

312



		webmaster@dml.cz
	2020-07-01T11:48:16+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




