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ON THE DEGREE OF CONVERGENCE
OF BOREL AND EULER MEANS
FOR DOUBLE FOURIER SERIES OF FUNCTIONS
OF BOUNDED VARIATION IN HARDY SENSE

MaRria TOPOLEWSKA, Bydgoszcz

(Received January 26, 1993)

Summary. For real functions of bounded variation in the Hardy sense, 2r-periodic in
each variable, the rates of pointwise convergence of the Borel and Euler means of their
Fourier series are estimated.
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Let f be a function defined in the rectangle P = (a,b;c,d). We shall use the
notation

AMS classification: 42B08

A(fi P') = fb,d') - f(d',d') = f(¥',¢) + fld', )
for any rectangle P’ = (a’,b;¢/,d') C P.
We will call the variation of f in the rectangle P the value V (f;a, b;¢,d) defined
as the supremum of all numbers of the form -

m—1n—1
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where the supremum is taken over all possible partitions #, , \.///
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a=20<21 <T2<...<Tm =b
me
c=y <y <y2<...<yn=d

of the rectangle P into subrectangles Pji = (%, %j41; Y& Yr+1)-
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‘We say that f is a function of bounded variation in Hardy sense in the rectangle
Pif

V(fiabic,d) <oo, V(f(,c)iab) <oco and V(f(a,);c,d) <oo

where V (f(-,¢); a,b) denotes the total variation of f with respect to the first variable
on the interval {a,b) for some fixed ¥ = ¢. The variation V(f(a, );¢,d) is defined
analogously.
Let H be the class of all real-valued functions of two variables, 2n-periodic in each
variable, of bounded variation in Hardy sense in the square @ = (0, 2x;0, 2).
For every f € H the following properties
(1) V(£(-,9);0,2r) < oo for all y € (0,2n),
(2) V(f(x,-);0,2r) < oo for all z € (0, 2m)
can be easily deduced.
The following two lemmas will be of importance in our further considerations.

Lemmal. IffeH,0<z<Z<nand0<y<§<n, then
1) V(f(z, ),ym) V(£0,2;9,%) + V(£(0,);9,%),
(1) V(f,v)iz,m) S V(fi2,m0,9) + V(F(, 0),3: n)
V(f(z,)9.9) < V(0,259,9) + V(£(0,-);9,9),
V(f.v)iz,2) S V(f;3,5;0,y) + V(F(-,0) 7, %),
(f(9):0,2) S V(£;0,2;0,9) + V(£(-,0); Oz)
(fC <

V (
z,-);0,9) < V(£0,2;0,9) + V(£(0,);0,7).

)V

Lemma 2. Suppose that f E H and m, n are the positive integers. Then
W V500 <& E Svisogon,
(2) V(f(,0);0, %) € ikE f(,0);0,%),
1
£(0,-50,%),

5~ v
V(£;0,%:0,

(3) V(£(0,):0,%) < %Z
glv(f;o,;; B < n

™
) kglV(f;O»%;Oyﬁ) <%

),

V(f;0,%0,%).
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The proofs of Lemmas 1 an

(=9

2 are omitted.

Remark 1. If f € H is continuous at the point (0,0), then

lim V(f;0,s;0,t) =0.

5,0+



To prove this remark it is convenient to apply Lemma 2 of [4] (with p = 1) and
its two-dimensional analogue.
Let f € H. Then the partial sums Smn[f] of the Fourier series of f have the form

Smalfl(z,y) = %2 / /Q f(z + u,y + v) Dy (1) Dy (v) dudv,

where D (t) is the Dirichlet kernel, i.e.

sin(k + 1)t
Di(t) = —2~.
(t) 2sin 3¢
As is well known,
D) < k+3, k=0,1,2,....

The next theorem is a two-dimensional analogue of the theorem of Bojanié¢ ({1}).
Theorem 1. For any f € H and all positive integers m, n, we have

O SmalfI@9) = 1@+ 0 + F@=34) + fa+,9-) + Fa=,3-))]

]‘3 . T 6 = r 6 - r
2 ;v(g;o, 103+ ;;V(g(o, %0.3) + ;;V(g(~,0);o,;),
where g(s,t) = gzy(s,t) is a function which is defined by the following conditions:

(i) for s,t # 0, guy(s,t) = flx+s,y+t)+ flz+s,y—t)+ flz —s,y +t) +
flz=s,y—t) = fla+,y+) - fla+,y-) = flz—,y+) — flz—,y-),
(il) for s =t =0, goy(s,t) =0,
(iii) for s = 0 and t # 0, goy(s,t) = f(z+,y + ) + flz+,y —t) + flz—,y + 1) +
fla=y = 8) = flat,y+) = f(z+,y-) - flz—y+) — flz—y-),
(iv) for s # 0 and t = 0, gzy(s,t) = f(z + s,y+) + f(z + s,y=) + f(x — s,y+) +
fl@—s,y=) = flz+,y+) - fla+,y-) - flz—,y+) — flz—,y-).

Proof. Denote by I the difference from the left-hand side of the inequality (1).
To estimate I we split the square (0,7;0,7) into four parts as follows:

L
I== A /0 9(5,8)Dm(s) Da(t) ds dt

his

= 1:1_2(/0_/0_ +/U;[+/A/O_ +/;/;)g(s,t)Dm(s)Dn(:)dsdt

=h+L+1I+]1



First we consider I;,

(@ Ihl< %2/0;/0;{|9(Sst)—y(510)*9(0’1)+9(0,0)|+|g(8,0)—g(0,0)| '
" +19(0,6) = 9(0,0)1} 1D ()1 Dn(8)] ds dt
< %2/0‘/07 {V(Q?O,S;O,t)+V(g(<,0);0,s)
+V(9(0,%50,8) } (m+ }) (n + 3) ds e

< %{V(y;O,ﬁ;O, ) +V(9(0);0, %) + V(9(0,);0, 2)}.

Now, let .
2
Amn(m,y):// Dy (s) Dy (2) ds dt.
0Jy
Clearly,
® n(@, W)l < (0 + 3o

(see [1], p. 59). Making use of Theorems 2.5 and 2.3 of [5] it is easy to see that Iy
may be written by means of the Stieltjes integral in the form

1w
b= /O A 9(5,) A5, 1)-

Integrating by parts (Theorem 2.2 of [5]), we obtain

1 [w [ 1 =
L= "n_2/0 / Amn(s,t)dg(s,t)+n—2/0 Amn(s, =) do(s, %)
1 /" 1
¥ op [ A (300 do(30) + 5 hmn (. 2)0(3.3)
=A; + Ay + A3 + Ag.

Now, let us remark that in view of (3) the inequality

3 xR 3 Ll X I n
(4) A4l < 2‘TE|9(;1;)| < ﬂ{v(y;oa;ﬂ)y 2)+V(9(-,0);0, %) +V(g(0,-3;0, ;)}
holds.
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Applying (3) and integrating by parts, we get

S JATICERED)

\%v(g(ﬁ,) )+%/“~V(( )3t d.

Replacing the variable ¢ in the last integral by £, we observe that

®1 1=
[av(o@s)ac vl )ni)
k=1
]
According to Lemma 1, we have
) 3
(5) |As| < V(gYO‘ﬁ;%,N) + Z—V(g(O, 3 E,7)
2—‘2 0,75 %)
= T X 3 = x K
0, %% ;)+EZV(9(0 DI IE
k=1

|o:
FM
<:

Now let us estimate A,. Using (3) and partial integration, we find that

éV(sv(w 2)i0,%)-

1 " R
|42] € n_Z(m+ %)L SdV(Q(w;);O,S) < -

Moreover, the inequality (3) of Lemma 1 implies

421 < 2V (50, 2:0,2) + 2v (g(,0):0, 7).

(6)
In order to estimate A; we apply (3) and then integration by parts. Then

—(m+3 //-dVg,Oa,;,t)

AA4V®&&%ﬂMﬂ—AﬁVm&siﬂMﬂ

|Ai] <

_ﬂqumw>«%w-quwwﬂ}



Since d(%) =~ ds;l-,r dt, we have

’/‘/ g,Os, t)d(
:I/om ds/% t_zv(g;o,s;g,t)dti Zv 9,0, %5 5, %),

The last inequality was obtained by the substitution ¢ = Z. In a similar way we

obtain
IALCEERXLE Zw, )
Consequently, ' '
6 &
M 41l € =3 V(60,5 5. 3)- .
k=1

Collecting (4), (5), (6) and (7) we get

9 « 9
1| < E;V(g;ﬂ,%;%,ﬁ)+ﬁV(g,O,m.0, 2+y V( (,0);0,%
+ 23 V(00,95 5) + 2V (900,90, ).
— Vi E) 5oV (90,00, 3

x
[
-

—

Applying inequalities (1), (2) and (4) of Lemma 2, we obtain

n

— n
® |Iz|<2m"§§‘/(g,o,k, i ; (900,)
9 0

+ﬂV(g(,0),0,m)‘
Putting

Ann(z,y) = /K/Oy Don(s)Dp(t) ds dt

and reasoning as in the case of the integral I, we observe that

9 - xR n 9
© UalS;E’;V(Q;;,;;O,;)-F SV (550, 2:0,5) + 2V (90,150, 3)
m

~V (500,90, %)

V(g
=1
n
S V(g0,%0,3) +EZV

k=11=1

+ %V(g(o,v);o, x),

3
+E (.05 2, 5) +

m

21tm



To estimate I, we use the function
Knn(z,y) = / / Dy (s)Dn(t) dsdt.
zJy

Let us remark that

2

(10 (0| €

and -
[‘:FLL (5, 8) dBmn(s,1).
Integrating by parts, we get
L= 2 [ Bonts,tydg(s,8) 4+ L | Kn(s2)) dg(5,2)
4—;{—2Ll mn(sv)g(sw)+n_2L mn{S 3 g\S, n
| R . x 1+ R R\, (E X
+ﬂ7/ﬁ Ko (2,0) dg(Z.1) + Ama (20 2)9(507)
=H + Hy + H; + Hy.
The estimate (10) yields
1 U | x4 L x
(11) |Ha| < TTZV(Q;Ox Z,0,%) + K—QV(Q(WO)?m =+ K—QV(Q(O' );0, K)'

Reasoning analogously as in the case A3, we obtain estimates

2 2 ¢
12) Hsl € =5 3 V(9:0,5:0.8) + 5 3V (90, % 5. %)
Tok=1 k=1
and
2 - 2«
(13) o < = 3 V(g 2,50, 5) + g 2 V(9,05 %0 5)-
k=1 k=1

Using the inequality (10), after partial integration we find

[H:| < L (g 5 s 50— dsdt + —— nv(~is~£n)lds
1|\% A (g,;,s,pt)@ S o o G i T3
A

1 x .z
— CE o E ) . CE o).
+ o ﬁV(g,m,n,n,t)tzdt+ nn2V(g,m,n,n,n)



Integration by substitution with s = £ and t = ¥ gives

1 e ~ T
19 IS s Y Ve B 4 VB B
k=1

e
+ W‘Z;V(g; Bkt Ve E i)
L o
e DO MACEN !
k=1l=1

o oo s
(15) Ml < g 303 VI(@:0,5:0,1) + 75 2 V(900,90 F)
k=1 1=1 k=1
3 o
+ o ;V(g(-,O),O, %)

Collecting the inequalities (2}, (8), (9), (15) and using Lemma 2 once more, we obtain
(1) and thus our proof is completed. [m]

Remark 2. Continuity of the functions g at the point (z,y) = (0,0) implies
tglg1+V(g(0, ;0,t) =0 and Sgrg+V(g(-,0);q, s) =0.

Then by the well known theorem of Cauchy the second and the third term on the
right side of inequality (1) converges to zero as m,n — o0o. For function g the equality

tlirréer(g; 0,s;0,t) = 0 is true, too. Hence the first term on the right-hand side of
st

(1) tends to zero when m,n — co. We conclude that

olim Sl fl(@,y) = H{f @+ y+) + Flat,y-) + fla—y4) + fla—,y-)}-
Thus we arrive at a theorem concerning the convergence of partial sums of double
Fourier series ([6], §176, p. 472).

Let us introduce the Euler mean EPZ,[f] (p,q > 0) of the partial sums of double
Fourier series of a function f defined in the square Q = (—n, n; —n, n) and 2n-periodic
in each variable by the formula

B = i e o 2o (1) ()7 sl

m
§=0 k=0




In case p = ¢ = 0 we Obtain
ERLf1(=,9) = Smalfl(z,y).

For the operator EZ%,[f] the following equality is true:
1 e
EiflEn = 5 [ [ fatny+o0Rp@KI0) duds
—n/—n

where

1 . /n e
K10 = e 3 ()0t

k=0
_ (q2 + 2gcost + 1)”/2 sin(nf; +/2)
U @2+2g+1 2sin(t/2)

8, is uniquely determined by the relations
1) 6, € (—x,m),
(2) sgné, =sgnt,
(3) 18:] < [t <,
(4) gsin8, =sin(t — 6;) (see [2]).

In the proof of the next theorem we will need
Lemma 3. Let 0 <z < < n and ¢ > 0. Then
5
2n
K3 <=Zqa
| [ k0| < Zavo

for every positive integer n.

Proof. Using the second mean-value theorem we obtain

s 1 &(n 1 e
q n—k i Ly¢de
I/w Ki(t) dtl < Txar E (k)q 25n(/2) Irgsi(& L sin (k + £)td |

k=0
1 =~ (n) e 1 1
ST T T
\(1+q)"k2:0 k sin(Z) k+1

2 X+ k1
— e .
\(1+q>"<n+1)xk§( k )"

Hence, we get the desired assertion.



Retaining the notation of Theorem 1, we have

Theorem 2. If f € H and p,q > 0, then, for every z, y and all natural numbers
m,n,

|ErLf1(@.9) = H{F o, v4) + flat,,u-) + = uh) + f(w,y—)}l

12(1+p)1+q{ ZZV 0,50,%) + ZV
k 1i=1
n

e viee)
k=1

Proof. A simple calculation shows that

BB [fl(2,y) = §{F(e+,y+) + fla+,y-) + flz—,y+) + flz—,y-)}

// g(s,t)KE,(s)K2(t)dsdt
=§ fo /0 +/D /%+/:/O%+/;/:)g(s,t)K,’;(s)K,Z(t)dsdt

=h+L+h+ s
We can see that the kernel KZ has the same estimate as the Dirichlet one, i.e.
(16) K3 <n+}

for n > 1, ¢ > 0 and every ¢.
Hence the inequality (2) is true with J; instead of I;. So, we have

an < z{v(g,o, 250,2) + V(g(~0%:0, £) + V(9(0,:0,5) }.

Now, we introduce the function
z o
Frn = [ [ KoK s
0Jy

It follows immediately from (16) and Lemma 3 that

2n

|F2L(z, )l < (m+ 3)z(1+q)— s

10



Using this estimate for J» and an argument similar to that from the proof of Theo-
rem 1 for integral I, we obtain

as < %(1 +0) 3V (5:0,50,5) + 20+ 9V (9,00, %)

k=1

1+q > V(900,55 F).
k=1

In the case of integral J; we proceed analogously. The only difference is in the
construction of the function used in the Stieltjes integral. Namely, let

- T rY
Fro(o,y) = / / KP.(s)K2(2) ds dt.
= Jo
According to (16) and Lemma 3, we have

& 2n(1 +
128 ) < B gy

Consequently,

27 d 9
< - - x. E = BN X
(19) s € —=(1+p) E:lV(g,O, £0.2) + -1 +p)V(9(0,)0.3)

0 m
+ (1 +p)k§V(g(-,0);ﬁ, %)

In order to estimate Js we introduce
- x pn
Fl(z,y) = / / KP (s)K1(t) dsdt.
zJy

Hence )
B 4n°(1 + p)(1 +
oz, (o)) < 20220 10
mnzy
and therefore

(20) |Jsl € mn2(1+p(l+q ZZV 0,%0,

k=11=1

12 i
+ s(1+p)(1+9) ZV
k=1

v-la

n2(1+p 1+q)ZV (0,%0,%).

X

Combining (17), (18), (19), (20) and using Lemma 2, we get our thesis. O

11



Remark 3. Reasoning analogously as in Remark 2 we obtain that, for f € H,
Jlim B2 [A(,9) = Hf @) + faty-) + fla—yt) + fla—y-)}-

The Borel means B:[f] (p,r > 0) of partial sums of double Fourier series of a
function f defined in the square Q = (—x,x; —=, x) and 2n-periodic in each variable
can be written in the form

S &
By [fiz,y) =e e Y05 S Sl Al )-
3=0 k=0 7k
This operator has the integral representation

Bolflws) = 5 [ [ fa 4+ )@y, 0) dud,

where rsnts i)
_ o-2rsin?(¢/2) Sin(rsint +¢/2)
9 =¢ 2sin(t/2)
(see [3], p. 364).
The next theorem may be proved analogously to Theorem 2.

Theorem 3. Let f € H and p,r > 2. Then, for every z, y,

Byrlfl(@,9) = H{F(at,54) + flat,y=) + fla—,y+) + S =y}
I ul

ST L VI0,50.8) + 5 2V (0050.8) +
pat k=1

T

(7]
V(9;0,%;0,%),
1

3

k=11

where [r] denotes the integer part of .
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