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KYBERNETIKA — VOLUME 27 (1991), NUMBER 3

»

SOME RECENT RESULTS IN SINGULAR 2-D
SYSTEMS THEORY

TADEUSZ KACZOREK

Solvability conditions for the general singular model of 2-D linear systems are established.
The general response formula for the general singular model is derived. The concepts of local
reachability and local controllability are extended for the singular model. Necessary and sufficient
conditions for the local reachability and local controllability are established. The minimum
energy control problem for the singular model is solved.

1. INTRODUCTION

The most popular models of two-dimensional (2-D) linear systems are the models
presented by Attasi [1], Fornasini and Marchesini [2, 3], Roesser [20], and Kurek
[17]. The Kurek model has been extended for 2-D linear systems with variable
coefficients by Kaczorek in [4]. Singular models of 2-D linear systems have been
introduced by Kaczorek [5—7]. In this paper some recent results for the general
singular model of 2-D linear systems will be presented. Solvability conditions and the
general response formula for the singular model will be established.

2. SINGULAR MODELS OF 2-D LINEAR SYSTEMS

Consider the general singular model of 2-D linear systems [8]

Exi+1,j+1 =
= Aoxi; + A1 Xipq,; + AsX;j4q + Bouy; + Byuyyy j + Baug oy (1)
y,'j = Cx,»j + Duij ¢ (2)

where i, j are integer-valued vertical and horizontal coordinates, respectively, x;;
is the n-dimensional local semistate vector at (i, j), u;; is the m-dimensional input
vector, y(i,j) is the p-dimensional output vector and A4,, B, (k =01, 2), C, D, E
are real matrices of appropriate dimensions and E may be singular and nonsquare.
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Boundary conditions for (1) are given by
Xi00 i 20, X0;,j20. ) (3)
From (1) and (2) for B, = 0, B, = 0 we obtain the first singular Fornasini-Marche=
sini model (FSF-MM) and for 4, = 0, B, = 0 we obtain the second singular For-
nasini-Marchesini model (SSF-MM). Similarly, for —4, = 4,4, = 4,4, the
singular Attasi model (SAM).
The singular Roesser model (SRM) is given by

h h ‘ . | ‘
X1 s A4, A Xi: B
E 1+1,1] — 11 12][ 'l)j] +[ 11:] u;; 4
[xg,j+1 [A21 Ay Xij B,» ! ( )

o
Yij = [C11 sz] I:x,_,’] + Du;; (5)

ij
where x/; is the n,-dimensional horizontal semistate vector, x;; is the n,-dimensional
vertical semistate vector, u;; is the m-dimensional input vector, y;; is the p-dimensional
output vector. A;;, B, Cyj, (i,j = 1,2), D, E are real matrices of appropriate di-
mensions and. E may be singular and nonsquare. In a similar way as for regular
(det E # 0) models it can be shown that FSF-MM is a particular case of SSF-MM
and SAM is a particular case of SRM.

Defining x?j = Ex; ;+1 — A;x;; and xj; = x;; we may write (1) in the form

I, -4, x’i'+1,j _10 4o x?j + B, B; B, Zij )
0 E {|xi;e1] LI Al 0 0 0 uf“’f

i,j+1

Therefore, SGM is a special case of SRM. '
-3 SOLVABILIT-Y CONDITIONS
" Consider the equation (1) in the rectangle

[0,N,] x [0, N,]:={(i,j):0<i SN;,0=<j<N,}
Let us denote : I

XN, 1= {xqo,, Xo1> »+> XoNzs X105 X115 ++ o5 X1N X205« 05 XN Na)

a;lez =y, — uN;NzA
where ily,y, is defined in a similar way as Xy,y,.
Boundary conditions are called admissible for (1) in [0, N,]x [0, N,] for a given
input sequence iy, iff there exists a sequence Xy,y, satisfying (1) for 0 i < N,
and 0 £ j < N,. The sequence Xy,y, Will be called a solution to (1) in [0, N,] x

x [0, N2] for ity,y,. We shall say that (1) has a solution for #iy,y, and (3) if there
exists Xy,n, satisfying (1) for all Ny and N,.

Theorem 1. The equation (1) has a solution for any sequence {u;;} and any bound-
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ary conditions (3) iff ,
rank E = rank [E, Ao, 4;, 4,, Bo, By, B;] ' (6)

Proof. Let rank E = r. It is well known that there exists a nonsingular matrix P
such that

pE=[f] . ™)

where E is » x n full row rank matrix. Premultiplying (1) by P and using (7) we
obtain
Exi+1,j+1 = Zoxij + AXipq,; + Azxi,j+1 + Bou;; + Blui+1,j +
+ Bty ;41 (8a)
0= Aox;; + Aixp41,; + Aoxijey + Bouyy + Byuyuyj + Byuyjor (8b)
where A B '
PAk:[jik]’ PBk:[E:] fOI' k:0,1,2.
Note that 4, = 0 and B, = 0 for k = 0, 1,2 and (8b) is satisfied for any {u;;} and
any (3) iff (6) holds.
Solving (8a) we get
Xist,j+1 = AoXij + AiXipy; + A5X; 41 + Bouy; + Biues,j + Bhugj+q (8¢)
where
A, =E'[EE"|"*4, B,=E[EE]'B, for k=0,1,2.
The equation (8¢) has a solution for any {u;;} and any (3). O
It can be shown [11] that (1) has the unique solution for any {#;;} and admissible .
boundary conditions (3) if

rank G(z,, z,) = n for some z;,z,€C 9)
G = G(zy, z;) := [Ezyz, — Ay — Az, — A,z,]

and C is the field of complex members.

where

4. GENERAL RESPONSE FORMULA

Following [8] we may write the expansion

@

G = Z Z Tz 23" ‘ (10)

p=-n1qg=-n;
where T, are real matrices defined by
AgToo + A;Tyo + Ay Toy +1 for p=g =1
ET,, ={AcT, y 4oy + A Tpqr + A,T,_y, for pF* 1 andfor q+1
0 for p< —n, andfor g < —n, , (11)

I is the identity matrix.
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The pair of positive integers (nl, nz) is called the index of the model. In general
n; and n, are not finite. It is easy to show that n, and n, are finite if the coefficient
d of the polynomial

mymy
mi m2 N N
— 1,.J]
detG - Z Zdijzléz
i=0 j=0
is not zero.

Theorem 2. If (9) holds then the unique solution to (1) with admissible boundary
conditions (3) is given by

itny j+n2 i+ny+1 j+ny
Zl Zl p./q oltpg + Z Z p+qu up-'1+
p q

1+n11+n1+1 l+m+1

5 Tt ¢ 8 Tepeny 48[ ] 4
+ EIT[_N[AO 0][ ] +J+"‘ZH s 1[ A BZ]I: Oq:] + N
+J§ZT, j-a[ 40 Bo] [x‘)‘*] + T;,[ 4o Bo] [200] | |  (‘12)

00

The proof is given in [8]. 3
The desidered response formula for GSM can be obtained by substitution of (12)
into (2). T, . can be found from the series expansion (10) or from (11) The general
response formula given by Kurek [17] is a particular case of (12). Note that the set
of admissible boundary conditions for GSM is specified by (12) for i = 0 and j = 0.

Now let us assume that ;
detG =0 forall z,,z,eC (13)

and rank G = r < n. In this case there is a nonsingular matrix M of row elementary
operations such that

MG = I:gl] | | | :(14)

where G, is ¥ x n matrix of full row rank for some z,, z, € C. Premultiplying the
equation [ 8]

GX(zy, z3) = (Bo + Byz;y + B,z,) U(zy, z;) — Byz,U(0, z,) +

— B,z,U(z,,0) — 4,2,X(0, z,) — A,2,X(z,,0) + Ez;z,(X(z,,0) +

+ X(0, z,) — x(0, 0))
by M and using (14) we obtain

G,X(zy, z,) = (By + Byzy + B,z,) U(zy, z,) — Byz,U(0, z,) +

— B,z,U(z4,0) — Az,X(0, z,) — A,2,X(z4, 0) + Ez;z,(X(z, 0) +

+ X(0, ;) — x(0, 0)) (15a)
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and

0= (B, + Bz, + B,z,) U(zy, z,) — B,z,U(0, z,) — B,z,U(z,,0) +

— A,2,X(0, z;) — A,2,X(2,,0) + Ez,z,(X(z,, 0) + X(0, z,) + —x(0, 0))
where (15b)
[ A4 _| B _ , _[E
MAk_[/Ik], MBk—[Bk], k=0,1,2, ME_[E]

It is assumed that (15b) is consistent and it is satisfied by the admissible boundary
conditions for a given sequence {u;;}. In a similar way as in [8] solving (15a) we
obtain

X(zy, z,) = G{[(Bo + Byzy + B,z,) U(zy, z,) — Byz,U(0, z,) +
~ B,z,U(z,,0) — 4,z,X(0, z,) — A,z,X(z,,0) + Ez,z,(X(z,, 0) +

+ X(0, z;) — x(0,0))]
where

GT = G}-[Gl G“lr]_l
Note that G{ plays the same role as G™*

0 e8]
Gy =Y Y T,z Pz

p=—hyg=~i

in the regular case det G # 0. Let

where 714, 7, are positive integers.

Substituting T,,, Ao, Ay, A,, By, By, B, and E by T,,, Ao, Ay, A;, By, B,, E,
respectively we may use also (12) for finding a solutlon (if it ex1sts) to (1) when
detG = 0. . . :

5. CAYLEY-HAMILTON THEOREM

Let :
my mjy
d(zy,z;) = detG =Y Z d;jzy 7} Coo - (16a)
i=0 j= : N
and
my’ my’
AdjG =Y Y H;ziz} (misn—-1,m,<n-1) (16b)
i=0j=0
Theorem 3. The matrices T, for GSM satisfy the equation
oz p<0 and mi<p<m;+ ng
lzojzd”L““_O for{p<0 and m, < q < my + n, (17)
Proof. From (10) and (16) we have
my’ my’ my  my
ZO ZH,lezz = (ZO Z duzlzz)(Z Z Tpe21 725 7)
i ji=0 i j=

p=ny g=nz

Equating the coefficient matrices at the same powers of z, and z, we obtain (17) O
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6. LOCAL REACHABILITY AND LOCAL CONTROLLABILITY

The following partial ordering of 2-tuple integers will be used
(hk)=(i,j) if h<i and k=
(h,ky=(i,j) if h=1i and k=j .
(h k) < (i,j) iff (b, k)< (i,j) and (h, k) =+ (i,).
For (h, k) < (p, q) we define the rectangle [ (h, k), (p, q)] as follows [(h, k), (p, q)] :=
= {(h, k) = (i.J) = (P, 9)}

Definition 1. GSM is called locally reachable in the rectangle [(0, 0), (h, k)] if
for admissible boundary conditions (3) and every vector x, € R" there exists a se-
quence of input vectors u;; for (0,0) < (i,j) < (h + ny + 1,k + n, + 1) such
that x,, = x,. ;

Theorem 4. GSM is locally reachable in the rectangle [(0, 0), (h, k)] iff

rank Ry = n .. (18)
where

Ry = [Mo, M, ... Mg, M}, .. ME, Myq, oy My, My, . M ]

M, = Ttho»M; = Th-p,kBo + Th—p+1,kB1 > '

p:1,...,E,]/—l=h+n1+1 '

M} =Ty-Bo + Thp-ge:1B2, a=1,.. . kk=k+mn, +1

Mpq = Th—p,k—qBO + T;l—p+1,k—qB1 + Th—p,k‘qﬂ‘-lBZ
The proof is given in [8]. 0

Definition 2. GSM is called locally controllable in the rectangle [(0, 0), (A, k)]
if for admissible boundary conditions (3) there exists a sequence of input vectors u; ;
for (0,0) < (i, j) < (h, k) such that x,, = 0.

A different definition of the local controllability for regular 2-D systems was
given by Sebek, Bisiacco and Fornasini [21].

Theorem 5. GSM is locally controllable in the rectangle [(0, 0) (h, k)] iff

rank Ry, = rank [Ry, P] (19)
where o
Py = [Po, Pyy, ..oy Py, Poy, ooy Pog] ,
Py = TuAo, Pip=Ti-pido + Th—pr1441> P = L.,k
Pyy= Tyx-gdo + Thsx—q+142, g =1,..,k
The proof is given in [8]. : O

From (18) and (19) it follows that if GSM is locally reachable it is also locally
controllable but if GSM is not locally reachable it may be locally controllable.
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7. LOCAL OBSERVABILITY ' ey

Following [20] we may define the local observability of GSM as follows.

Definition 3. GSM is called locally observable in the rectangle [(0, 0), (h, k)] if

there is no local initial semistate vector x,o * 0 such that for zero input vectors
u;;, (0,0) < (i,j) < (h, k) and zero boundary conditions: x;, =0, 0 <i <h,
oj = 0,0 < j < k, the output is also zero y;; for (0, 0) < (i, j) < (h, k).

Theorem 6. GSM is locally observable in the rectangle [(0, 0), (h, k)] iff
rank Q,, = n X N (20)

where
Quc = [400> 05 -+~ Gho> Qo1s +++» Goks +++» 411 -+ D] T
gi;=CT A, i=0, 1,...h; j=0,1,..k J
Proof. From (12) and (2) for u;; = 0, (0,0) < (i,j) < (h, k) and zero boundary
conditions we have s oad s o o ey .

A

Yij = CTijA0X00 = 4:j%00 ‘ A
Taking into account that y;; = 0 for (0, 0) < (i, ) < (h, k) we obtain -

OmXoo = 0 (21)
From (21) it follows that GSM is locally observable in the rectangle [(0, 0), (h, k)]
iff (20) holds. O

Following Kurek [18] necessary and sufficient conditions for strong observability
and strong reconstructibility of GSM can be established. In [12] necessary and
sufficient conditions for global and causal observability and causual reconstructibility
of SSF-MM have been given. With slight modifications the conditions can be ex-
tended for GSM.

§. MINIMUM ENERGY CONTROL
Consider GSM and the performance index

I(u) = z Zu,,Qu,, T @

iZ0 j=0
where Q is an m x m symmetric and positive definite matrix. The minimum energy
control problem of GSM can be stated as follows: given A, B, for k = 0, 1, 2,
admissible boundary conditions (3), Q, and h, k, find a sequence of input vectors
u;; for 0 <i £ h, 0 <j< k which transfers GSM from x4, to X, X, = x, and
minimizes (22).

To solve the problem we define the matrix

POk T .
= Z ZMh-i.k—jQ“lM{—i,k—j ::thQdRITk ST (23)
i=0 j=0
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where
Q, =diag[Q™", ..., 07"]
T;;B, , p=q=0

Mi_pj-g=9Ti=p;Bo+ Ti-ps1,;B:, Pp>0, g=0 ' T
Ti,}'-qBO -+ n,j—q+ IBZ ) p = O, q >0 : t
Mipj-q= Ti-pj-gBo + Ti-pr1,j-¢Bt + Tiep j—g+1B2

for p>0, g>0

Itis easy to show that W, is nonsingular (positive definite) if GSM is locally reachable
in the rectangle [(0, 0), (h, k)].
Let us define

;1= Q_IME—I,k—jW;u;l(xf - xO)’ 0O<ish, 0sjsk (24)

FE TR

IIA
IIA
A
A

where
K

xo = TAoXoo + Z(Th—p,kAo + Th—p+1,kA1) Xpo + RARREE
p=1

3
ZI(Th,k—qu + Th-g+142) Xog
g

Theorem 7. Let assume that GSM is locally reachable in the rectangle ([0, 0, (, k)].
If u,; is any sequence of input vectors for 0 < i £ h, 0 £ j < k which transfers
GSM from x,, to x;, then the sequence (24) accomplishes the same task and

I(#) < I(u)
The minimum value of (22) is given by
1(a) = (xf — Xo) Wigc-l(xf — Xo) :
The proof is given in [8]. b

Sufficient conditions for the existence of a solution to the linear-quadratic optimal
regulator problem for GSM with variable coefficients have been established in [15].

9. CONCLUDING REMARKS

The general response formula for GSM of 2-D linear systems has been presented.
The well-known Cayley-Hamilton theorem has been extended for GSM. Necessary
and sufficient conditions for the local reachibility, the local controllability and the
local observability of GSM have been established. It has been shown that the local
reachability of GSM implies its local controllability. The inverse theorem is not
valid in general case. The minimum energy control for GSM has been solved. The
general response formula can be also extended for GSM with variable coefficients
[9]. In [13] sufficient conditions for the existence of full order asymptotic and
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deadbeat observers for SSF-MM have been established and design procedure for
finding observer matrices have been given. With slight modifications the conditions
and design procedure can be extended for GSM. The Luenberger’s shuffle algorithm
has been extended for GSM in [14]. This algorithm can be used for decomposition
of GSM into its dynamic and static parts. A method for eigenvalue assignment by
state feedback of SRM has been presented in [16].

The eigenvalue assignment problem by state or output feedback of GSM is one
of the nontrivial open problems for singular 2-D linear systems.

(Received October 8, 1990.)
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