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KYBERNETIKA — VOLUME 8 (1972), NUMBER 5

On Formulation of State Equations for Linear
Nonstationary Discrete-Time System

VACLAV SOUKUP

Two different methods are given for the corpact determination of a state space description
of a linear nonstationary discrete-time system from the scalar difference equation.

Formulations of the state equations for a linear stationary system are well known
and their discrete-time version can be found, e.g., in [1] and [2]. Nevertheless these
methods are not directly applicable if system parameters vary with time.*

The methods of a state space description for linear continuous nonstationary
systems as in [3] or [4] also cannot be used in similar discrete case simply by writing
discrete instead of continuous functions in the results.

It is the purpose of this work to present two compact, non-recursive forms of a state
space description from the scalar difference equation of a linear nonstationary dis-
crete-time system. The first method correspords to the continuous system way described
in [3] and the second method is derived frem the similar method for continuous
nonstationary systems described in [4].

I. FORMULATION OF THE PROBLEM

A single-input, single-output, linear deterministic discrete time system is described
by the equation

s

(1a) S ai(k) ylk + i) = i}::ob,-(k) u(k + i)

i=0

(1b) L) E'5(8) = ¥ b(6) B ult)

* Note that Freeman’s statement on applicability of the formulations given in [1, pp. 22—27]
is not quite clear. We cannot replace constant system parameters a;, b; by time-varying parameters
a;(k), b(k) in the resulting relations in both methods.
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where an input and output are denoted by u(k) and y(k) respectively and the opera-
tor E is defined by

@ EVf(k) = f(k -+ j)
(j is an integer) with the property
€) E'Lf(k) g(k)] = E' f(k) E’ g(k) -

The system action period is assumed here to be T = | for simplicity, i.e., discrete
values of time equal k.
Initial conditions of (1) are

) E* y(ko)
where i = 0,1,...,8 — 1.
A system (1) can be described in a state space form by two equations

5 x(k + 1) = A(k) x(k) + B(k) u(k),
(6) (k) = (k) x(k) + d(k) u(k)
where

x,(k)
) X =

x(k)

isan(s x 1) vector of state variables x,(k), A(k)isan (s x s) matrix, (k) isan (s x 1)
vector, ¢(k) is an (1 x s) vector and d(k) is a scalar.
The output initial conditions (4) are transformed into the state initial conditions by

) x(ko) = P(ko) y(ko) — R(ko) u(ko)
where
[(k) ]
© vy = P
Lk + s — 1)]
[u(k)
(10) u(l) = u:(k + 1)
_u.(k + s = 1)

arc (s x 1) vectors and P(k) and R(k) are (s x s) matrices.



The methods for determination of the vector-matrix equations (5), (6) and (8)
from the scalar equations (1) and (4) are shown and proved in the following text.

Il. FIRST METHOD

The results of this method are

- %@ 100...0
- &(ZT()U 010..0
(11) A= o
- “'((:)) 000..1
- 10(%) 000
7 k) — oy (k Bk
ﬁs*l(’) s 1(/) :zs(k)
Bomall) = ty-(K) /‘x;
(12) B(k) = : " ,
A3
Bi(k) (k) )
NI
'ﬂo(l‘) o(K) k).
I
(13) c(k)=|:a—s(l?)0 0]
and
(14) ) = B4
where
(15) _ afk) = E""afk),
(16) Bk) = E™ byk);

i=01,..,s—1.
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_a‘(k)

| Bi(k)

For the initial conditions (8) we have

[o (k) 0 0
#a(K) ke + 1) 0
wk) sk + 1) ;4(1( +2)

"ﬁs(k) 0 0

(k) ﬁa(k +1) 0

ﬂz(k) ﬁs(k +1) /34(k +2) ...
Balk + 1) Balk +2) ...

.. 0
.. 0

ar(k + 1) as(k +2) ...

0
afk + s — I)J

0
Bk +s—1)

Proof. Assume that the following set of equations is valid

422
(17) P(k) =
and
(18) R(k) =
(19a) x,(k)
x(k)
(19b)
x(k)
(19¢)

(20) x,(k) = afk) y(k) = By(k) u(k),

x,(k) = o y(k) y(k) + o(k + 1) y(k + 1) —
- Bk + Nu(k + 1),

Xoma(K) = oK) oK) + a(k+ 1) y(k+1) + .+
= Ba(K) u(k) — Ba(k+ 1) u(k+1) —

x(k) = a,(k) p(k) + ar(k+1) y(k+1) + .
= Ba(k) u(k) ~ Bk +1) u(k +1) — .

Then the equation (19¢) with respect to (3) is

(21)

o) = (k) ()

= a(k) y(k) = Bu(k) u(k),
= o (k) y(k) -

= a,(k) y(k) —

Bor(k) ulk) + x,(k + 1),

Ba(k) u(k) + x,_o(k + 1),
ﬂ,(k) u(k) + xsﬁ,(k + 1),

0 = ao(k) (vk) — Bo(k)u(k) + x,(k + 1).

If x,(k) from the equation (19a) is substituted into the first equation (19b), and the
resulting x,(k) is substituted into the next equation (19b), and so on, all of the x,(k)
are eliminated and the equations (19a), (19b) can be written as

Be- \(k) "(k) -

afk+s5—2) ylk +s—2) —
—ﬁ’s(l+v—2) (k+s--2),
ot alk+s—1) yk+s—1)—
o= Bkt s— Dulk+s—1).

L E' () B o) = T E 66 E ull).



Now if the relations (15) and (16) are valid then the equations (1) and (21) are
identical.

Hence the state variables of a system (]) are defined by the equations (20).

The state equations result from the equations (19b) and (19¢).

If

(22) oK) =

U B
as(k)AL(k)+a,(k) (k)

from the equation (19a) is substituted into equations (19b) we can write (19b) and
(19¢) in the form

(23 ik + 1) = = ==0 0 4w + [ﬁs—n(k) — o) "—@] (k).

a (k) a,(k)
xofk 4 1) = - “f(;f;" (k) + (k) + [ﬁs, () — 2 oK) "%’] u(k)
(k1) = — :4(%) (k) + % (k) + [;m-) — (k) f%g]u(k)
_ “o(k) x — ok ﬁ_S(Q u
sl ) = = 0000 + [/so<k) o) is(k)] (k).

From the equations (23) A(k) is given by (11) and B(k) is given by (12).

According to (22) c(k) stands in (13) and d(k) stands in (14).

The matrices P(k) and R(k) are given by (17) and (18) respectively as it can be scen
from the equations (20).

III. SECOND METHOD

If we let a(k) = 1 for the system (1) (without loss of generality) it is possible to
prove that the coefficients of (5) and (6) can be determined as

0 I 0 0
Q 0 1 0
(24) Ak)y=| : : : )
0 0 0 e 1
| - ao(k) —ay(k) —ay(k) ... —a,_ (k)
(25) ck)=c=[10..0].

(26) d(k) = bk — s)
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and

(27) Bk) = E ZOLX1 b(k)
where

0

0
(28) b(i) =] :

is an (s x 1) vector and the operator L} is defined as

(29) - Ly b(k) = E"'{A(k) L * b(k)}, v>0
and
(30) L b(k) = E™" b(k) .

In the initial conditions relation (8)

(31) Pk)y=1
is the unit matrix and the matrix
(32) R(k) = [ro(k) i ri(k) . fres(K)]

has the columns
(33) rk) = Y Ly by (K),
v=1

i=0,1,...,s — 1.

Proof. Consider arbitrary state equations of the type (5) and (6)
(34) x(k + 1) = A*(k) x(k) + p*(k) u(k),
(35) (k) = (k) x(k) + d*(k) u(k) .

By gradual application of the translation operator E' to the equation (35) we obtain
the set of equations

(36) E' y(k) = E' ¢*(k) E' x(k) + E'{d*(k) u(k)} ,
i=01,..,5—1.
If we substitute into the equations (36),

E'x(k) = E" " x(k + 1)




where x(k + 1) is given by (34), then (36) can be written in a vector-matrix form
(37) y(k) = Q(k) x(k) + R(k) u(k)

where y(k) and u(k) are given by (9) and (10) respectively.
In the equation (37)

(38) Q(k) = [q.(k) | qa(k) |- | a(k)]T
is the (s x s) matrix with the rows

(39) 9.(k) = (k)

and

(40) qi+1(k) = qi(k + 1) A*(l") s
i=1,2,..,s—1.

If now A*(k) = A(k) and c*(k) = c are given by (24) and (25) respectively then
@) Q) =1
is the unit matrix and the equation (37) has the form
(42) y(k) = x(k) + R(k) u(k) .

Comparing the structure of the equations (42) and (8) we get
(43) P(ky=1
as it stands in (31).

It must be shown that under conditions (24) and (25) the remaining d(k), (k) and

R(k) satisfy the relations (26), (27)—(30) and (32)—(33) respectively.
The scalar difference equation (1) can be written in a vector-matrix form as

(44) y(k + 1) = A(k) y(k) + B(k) u'(k) ,

(45) (k) = cy(k)

where y(k), A(k) and ¢ are given by (9), (24) and (25) respectively,
u(k)

(46) u'(k) = | u(k + 1)
uEk + s)

is an ((s + 1) x 1) vector and
() B(K) = [5o() | b,(K) . B(0)]

is the (s x (s -+ 1)) matrix with the columns b,(k) given by (28).

425



426 Eliminating y(k) and y(k + 1) from the equations (42) and (44) we can write

(48)  x(k + 1) — A(k) x(k) = A(k) R(k) u(k) — R(k + 1) u(k + 1) + B(k) u'(k) .

With respect to the identity

(49) u'(k) = mil S]] - [ZE?+ 1)]

(48) can be written in the form
(50)  x(k + 1) — A(k) x(k) = {[A(k) R(k)' 0] — [0 R(k + 1)] + B(k)} u'(k).

If a matrix R(k) of structure as in (32) possesses now such a property that the right-
hand side of (50) equals p(k) u(k), i.c.

(51)  {[A®) R(K)10] — [0] Rk + 1] + B} u'(k) = [B(k) {0 ... | 0] a'(K)

then a system (1) can be described by (5) and (6).
Write the equation (51) in this form:

(52)  {[A(K) R(k) 1 0] = [B(k) | R(k + 1)] + B(K)} u'(k) = G(k) u'(k) = 0.

Then the equation (52) is valid for an arbitrary u'(k) if

G(k)=0.
The columns of an (s x s + 1) matrix
(53) G(k) = [gy(k) | g:(k) | g2(K) |- | £i(k)]
are in this case
(54) gs(k) = A(k) ro(k) — B(k) + bo(k) = 0
and
(55) ak) =AW (k) k1) +by(k) =0,
gos(K) = A(K) Foy(K) — Foa(k + 1) + by_ (k) = 0,

glk) = —r(k+1)+bfk)y =0.
From the last equation of (55) we have
(56) Fe (k) = bk = 1.
1f r,_ (k) is substituted into the last but one equation (55) we have

(57) roo(k) = Ak — 1) b(k — 2) + b,_,(k — 1) .



By similarly repeated substitutions we obtain generally
-

(58) fi(k) = ZiLVA_‘ bl‘+v(k) B

ve=

i=0,1,..,5s —1;

where L is given by (29) and (30).
Then the validity of (33) is evident.
From the equation (54) we get in a similar way

(59) ) = EX L b,(K)

and the validity of (27) is proved.
The matrix R(k) has the following triangular structure

| bk —5) 0 ) 0

bk —s+1)...0 0 '

(60)  R(k) = :
x by(k ~2) 0

bg(k—1)¥

Then we obtain from (42) and (45)
(61) y(k) = ex(k) + < R(k) u(k) = cx(k) + bk — s) u(k)

and (26) is correct.
If the coefficients of the system scalar equation (1) are

(62) b(k)=0 forall i>p;p<s

then

(63) rk) =0 forall izp

and

(64) d(k) =0.
EXAMPLE

Let us determine the state equations for the system described by scalar difference equation

vk +2) + kylk + 1y + e  p(k) = u(k) + e *ulk + 1) + u(k + 2).

Obviously e o )
x(k) = Iixz(k):l’ y(k) = l:"(k + 1)}' u(k) = l:u(k + l):l

in this case.



428 First method
According to (15) and (16) we shail determine at first
aolk) =e7*, Bo(k)
ay(k) =k — 1, pi(k)
nk)=1. Bk

Substituting into (11), (12}, (13) and (i4) we can write (5) and (6) as

x(k + 1) = [ﬁ;; k ]:,x(/c) + [11 - ;I: + e“k] u(k)

1,

e k-1 s

i

I

1.

I

0

and

y(k) = [1 0] x(k) + u(k).

The output initial conditions y(ky) and y(k, -i- 1) are transformed into

1 0 I 0
x(ko) = ko) — u(ky) .
00 =[]y = [ oo
By substitution into (24)—(27) with respect to (28)—(30) we obtain the state equations (5)

and (6)
0 1 L—k+e™*
k+1)= k) + k
x(k ) [—-ef" Ak:’x( ) [1 — ke F —eTF 4 k(k — ])] u(k)

y(k) = [1 0] x(k) + u(k).

In accordance with (31)— (33) the relation (8) can be written as

x(ko) = Y(ko) - [] 0

Second method

u(k,) .
1 — ko + ¢' 7% 1] (ko)

(Received December 20, 1971.)
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Formulace stavovych rovnic linearniho nestacionarniho
diskrétniho systému

VACLAV SOUKUP

Prace pojednava o vektorové-maticovém popisu linearniho diskrétné pracujiciho
systému s ¢asov¢é proménnymi parametry. Jsou zde uvedeny dvé kompaktni metody
pfevodu skalarni diferenéni rovnice systému na rovnice stavové véetné odpovidajici
transformace pocatecnich podminek.

Ing. Viclav Soukup, katedra Fidici techniky clektrotechnické fakulty CVUT ( Technical University,
Department of Automatic Control}, Karlovo ndm. 13, Praha 2.
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