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KYBERNETIKA — VOLUME 8 (1972), NUMBER 5

The Discrete Riccati Equation of Optimal
Control

VLADIMIR KUCERA

In a previous paper the author has proved a fundamental theorem on Riccati equation solutions
in the continuous case. This paper extends the results for the discrete case and summarizes the
theory of the discrete Riccati algebraic equation.

1. INTRODUCTION
Consider the discrete dynamical system described by

(D Xpr1 = Ax + Gu,, x, given
Y = Hx,

where x, € R,, u, € R and y, € R are the state, the input, and the output of the system
respectively [10]. Here A, G and H are real matrices of appropriate dimensions and
det A + 0.

Further consider the discrete linear regulator problem. Given system (1), find
a control u, such that the cost

@ £ =Y 0w + uiRu,

is minimized for any x, € R,.

Both Q and R are assumed to be symmetric positive definite matrices of dimensions
p x pand r x r respectively.

Sometimes the cost functional involves the state of the system rather than its
output. Then a nonnegative definite Q is the proper choice. In our case, however,
we can consider Q positive definite in complete generality. On the other hand, the
assumption that R be positive definite is certainly restrictive for the discrete linear
regulator problem. However, the cost functional with nonnegative definite R can be



converted into that with positive definite R using the inverse system representation.
This transformation js shown for single-input single-output systems in [5].

We invoke the discrete minimum principle [8] to solve the problem. We thus form
the Hamiltonian given by

he = 3x H' QHx, + JugRuy + pryiXeey s

where p,, the costate, is coupled with x; via the equations

ch
X+ = ;‘—5’ s
OPk+1
oh,
P =—E.
0x,,

By minimizing the Hamiltonian with respect to u, we obtain the following two-
point boundary-value problem to be solved [8]:

(3) Xeo1 = Axg — GR7'G'piyy s

Dx x;H'QH + ppy 4.

Guessing a solution of the form
P = %P,
the P matrix must satisfy the equation
@) P— A'P(I + GRT'G'P)™' A — HQH = 0.
The optimal control u; is given by
uy = —R7!GAYP — HQH)x,
and thus the optimal closed-loop system obeys the equation
Xpsy =[A~ GRT'G'A P — HQH)] x,.
The minimal value #* of (2) is given [8] as
) F* = 3xoPx, .

Equation (4) is sometimes referred to as the discrete Riccati algebraic equation.

To proceed further we find it convenient to set
GR™'G’' = BB,
HQH =CC¢C,
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where B and C are matrices of full rank such that

rank B = rank GR™!G’,
rank C = rank H'QH .
The discrete Riceati equation (4) then reads
(6a) P—API+BBP)'4-CC=0
or, equivalently,
(6b) P — A'PA + A'PB(I + BPB)"' BPA—CC=0
by virtue of the matrix identity [8]
(U +VZT'W)y L =U — UV(Z + WUV)' WU .
Also
] Xery = [A = BBA™(P - CO)]x, =
=[4 — BT+ BPB)™" BPA] x,.
Equation (6) is closely related to the 2n x 2n composite matrix
® o[

which couples equations (3) as follows:

[X’:+[] - M[x,:] ’
Pi+1 Pi

The discrete Riccati algebraic equation can have more than one solution. In the
sections to follow, conditions will be given for a solution to possess certain special
properties.

As the central results, the existence and uniqueness of the nonnegative definite
solution is established and the lattice structure of all such solutions is discussed.

2. GENERAL FORM OF SOLUTIONS

Throughout the paper we assume that the M matrix has a diagonal Jordan cano-
nical form, i.e., it has 2n eigenvectors. This assumption is made for the sake of simpli-
city and is by no means essential. All results are easy to generalize to the nondiagonal
case.

Let

Ma; = Aa;,, i=12,..,2n



and write 433

V]
a; = s
Vi
where x; and y; are elements of C,,.
Then following {7], [6] we can express the solutions of (6) in terms of a; as follows.

Theorem 1. Each solution of (6) takes the form

P=YX!',
where
X = [Xnaxz, cn x,.],

Y = [}'17 Va5 eves J'n] 5
correspond to such a choice of eigenvalues Ay, Ay, ..., A, of M that X ™1 exists.
Proof. Let P satisfies (6) and set
K=A=BBA (P —-CC),
the closed-loop system matrix.
Then (6b) and (7) imply that

PK =A7'(P-CC)
and hence

o

Let J = X 'K X be the Jordan canonical form of K and set PX = Y. Then (9) yields

o "B

Since J is diagonal, J = diag (4, 4,, ..., 4,), the columns of [)){] constitute the

eigenvectors of M associated with A, A,,..., 4, and P = YX ! since X! exists.

Q.ED.

Corollary 1. Let P = YX ', where X = [x;, x5, ..., X,] and Y = [y, y3, .., V5]
correspond to the choice of eigenvalues Ay, Ay, ..., 4, of M. Then the closed-loop
system matrix K has eigenvalues Ay, 2,, ..., 4, associated with the eigenvectors

X1y X35 cuty Xppe

Proof. The J matrix is the Jordan form of K and X is the respective transforma-
tion matrix. Q.E.D.
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. X .
We note that if an n-tuple of elgenvectors[ generates a solution P to (6), then
. . X p . - _
any nonsingular transformation |:Y] T of theirs does so since YT(XT) ' =YX ! =

= P. Specifically, the order of the eigenvectors used is immaterial.

3. THE EIGENVALUE PROPERTIES

The cigenvalues of M enjoy a very interesting property of symmetry. To begin
with, let us prove

Lemma 1. Suppose det A = 0. Then there is no zero eigenvalue of M.

Proof. By contradiction, suppose that

o[-

Ax + BB'A'™'C'Cx — BBA "'y =0,
—ATICCx + ATly=0

Multiplying the latter equation by BB’ and adding it to the former one gives us
Ax = 0, a contradiction. Q.E.D.

In addition to the (right) eigenvectors a; defined by Ma; = A,a;, we introduce
the left eigenvectors of M as follows.

rM o= Air;.
It is wzll-known that the eigenvectors can be chosen so that

(11) ra; =0, i%j,
£0, i=j.

Vi
Then A7 ' is an eigenvalue of M and [ -y}, x}] is the corresponding left eigenvector.

MR

M-t =[ A A™'BB’
C'CA™, 4’ + C'CA~'BB’

Theorem 2. Let 2; be an eigenvalue of M and [xijl be the associated eigenvector.

Proof. Let

It is easy to see that



and hence

[—yixIM™" = A v xi].
It follows that

[—yi XM = 37 '[-vi xi].-

Q.E.D.
Note that M being a real matrix, its eigenvalues occur in quadruples (1;, Af, 17!,
/If'l). Here and below the asterisk represents the conjugate transpose of a matrix

vector, or scalar.

4. REAL SOLUTIONS

There can be both real and complex solutions P to equation (6). In the regulator
problem, however, only real solutions are of interest.

Theorem 3. A solution P of (6) is real if either all eigenvectors used to construct
it are real, or with any complex eigenvector the complex conjugated one is also

used.
Proof is trivial and can bs found in [6].
5. HERMITIAN SOLUTIONS

In the linear regulator problem, only the symmetric solutions to (6) are of interest
consistently with (5). We generalize a little here and characterize the Hermitian solu-

tions.
X X . - * -1
Theorem 4. Let M Y = y J, where J = diag (44, ..., 1,,). Then A; — 2; " #0,
-~
i,j=1,2,..., nimplies that X*Y is Hermitian.

Proof. The idea of the proof follows closely that of a similar proof in [7], [6].
By inspection,

(12) MT—-TM '=0

[

N = X*Y — Y*X = [X*, Y¥] T[);]

where

Set
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Then

JEN = NJ7' = IF[X*, Y] T[ﬂ -

- [x*v*] T[X] JTU= [XH Y [(M'T - TM™Y) [X] =0
Y Y
by (12).
It is well known that only N = 0 satisfies the equation J*N — NJ~! = 0 whenever
A =271 %0,i,j=1,2,..,n Then X*Y = Y*X. QE.D.

As a consequence, P =YX ™! = X "'*(X*Y) X! is Hermitian provided X*Y
is so and X1 exists.

6. NONNEGATIVE DEFINITE SOLUTIONS

The assumption on Q and R in (2) implies that #* = 0 and, therefore, only non-
negative definite solutions P of equation (6) are considered in the regulator problem.
We draw the reader’s attention to the fact that positive definite matrices are thought
a subset of nonnegative definite matrices.

For Hermitian or real symmetric matrices, the notation P, > P, means that P, —
~ P, is nonnegative definite.

Theorem 5. Let M [};’] = [);] J, where J = diag (A, ..., ). Then |4 < 1,

i=1,2,..,n implies that X*Y > 0.

Proof. Likein [7],[6],sct U, = [ﬁ] J*. Then U, satisfies the following recurrent

equation

X
Ugsy = MU, UO:[Y:“

Defining T = [?) (I):\ , we get X*Y = USTU,. Further introduce

S, =~ UTU, + UsTU, =

k=1
- ZU:}:+1TUI'+1 - UTTUI' =
i=0

Il

k=1
- Y UIM'TMU; — UITU, =
i=Q

k-1

- Y UNM'TM - T)U,.
i=0



The matrix M'TM — T is nonpositive definite since the matrix

LCC yprm -yl O] =[-CC 0
0,1 ce 1 0, —AT'BBA

is so; hence S, = 0 for all k.

If J is a stable matrix, lim U, = 0 and X*Y =1im S; =2 0. Q.E.D.

koo k=

Again P =YX ™! > 0 provided X*Y > 0 and X~ exists.

7. CONTROLLABILITY, OBSERVABILITY, STABILIZABILITY,
AND DETECTABILITY

In this section we discuss some preliminary results. First of all, 4 is said to be an
uncontrollable eigenvalue [2] of the pair (A, B) if there exists a row vector w + 0
such that wA = Aw and wB = 0. Similarly, 4 is an unobservable eigenvalue of the
pair (C, A) if there exists a vector z # 0 such that Az = Jz and Cz = 0.

The pair (4, B) is said to be stabilizable [9] if a rcal matrix S exists such that
A + BSisstable, i.c. |4] < 1forallits eigenvalues. Alternatively, (4, B)is stabilizable
if and only if the unstable eigenvalues of (4, B) are controllable.

In a like manner, (C, A) is detectable [9] if a real matrix D exists such that DC + 4

is stable, or, equivalently, if and only if the unstable eigenvalues of (C, A4) are observ-
able.

The concepts defined above play the central role in the subsequent development.

2+

if and only if A is an uncontrollable eigenvalue of (A4, B).

O[B4 W] _ i ]0
‘V’ Al‘]wl W’

is equivalent to wA = Aw and wB = 0. Q.E.D.

o) =2L3]

if and only if 1 is an unobservable eigenvalue of (C, A).

Lemma 2.

Proof.

Lemma 3.



438 Proof. :
o[o]=[" P hnce] =L
is equivalent to Cz = 0 and 4z = iz. Q.E.D.

Lemma 4. There is an eigenvalue 1 of M such that IAI = 1 if and only if there is

an uncontrolable eigenvalue 4 of (4, B) andfor unobservable eigenvalue . of (C, A)
such that |3| = 1.

Proof. <= This part is a consequence of Lemma 2 and 3.

= Let M [xi] =i [{] , |4] = 1. Then
y Y.

(13) Ax + BBAT!C'Cx — BBA' "'y = ix
—ATICCx + ATy =y,
Multiplying the latter of equations (13) by BB’ and adding it to the former gives us
Ax — ABB'y = ix,
—C'Cx+  y=idy.
Premultiplying the first equation by A*y* and the second one by x* yields
JEy*Ax = A*Ap*BB'y + J*iptx =
= —x*C'Cx — y*x.
Thus
—J*¥Ay*BB'y — x*C'Cx = (A*A — 1) y*x = 0
since A*4 = | = L.
It follows that
(14) VB=0,
Cx =0.
Simple algebraic manipulations based on (13) and (14) show that

(i) Cx = 0 implies y'4 = 1~'y’ which together with y'B = 0 qualifies 1™ ' as an
uncontroflable eigenvalue of (4, B), |A7"| = 1;

(ii) y’B = 0 implies Ax = Ax, which together with Cx = 0 qualifies 1 as an un-
observable eigenvalue of (C, 4), |4] = 1. Q.E.D.




8. THE FUNDAMENTAL THEOREM

To develop the fundamental theorem for the discrete Riccati algebraic equation
we proceed along the lines of [3].

A solution P 2 0 of equation (6) is said to be an optimizing solution if it yields
the optimal closed-loop system; a solution P = 0 is said to be a stabilizing solution
if it yields a stable closed-loop system.

Theorem 6. There exists a stabilizing solution P to equation (6) if and only if
(A, B) is stabilizable and || % 1 for all eigenvalues 1 of M.

Proof. = Suppose there exists a stabilizing solution P to (6). Then n stable
eigenvalues A of M must exist and hence, by Theorem 2, M % 1 for all eigenvalues A
of M.

In addition, the matrix S = —B'A’"!(P — C'C) stabilizes 4 + BS, the closed-
loop system matrix, i.e. the pair (4, B) is stabilizable.

<= Suppose (A, B) is stabilizable, ]/II % | for all eigenvalues A of M, and that the
converse of the statement is true — there is no stabilizing solution of (6). It can be
due only to the two facts below:

(i) There exist less then n stable eigenvalues of M, a contradiction.

(i1) The X matrix in (10} is singular. If this is the case, write z for any nonzero
vector of A7(X), the null space of X. By (8),

(15) AX + BB'A'T'C'CX — BBA™'Y = XJ,
—A7lCCxX + ATlY =YJ.
On premultiplying the last equation by BB’ and summing up equations (15) we oblain
(16) AX — BBYJ = XJ.
Now postmultiply the above equation by z and premultiply it by z*J*Y* to get
—z¥J¥Y*BBYJz = z*¥J*Y*XJz .

The right hand side of this equation is nonnegative since Y*X is so by Theorems 4
and 5, while the left hand side is nonpositive. It follows that either is zero and hence

(17) BYJz=0.

Multiplying (16) by z and substituting from (17) gives us XJz = 0.

It means that #7(X) is a J-invariant subspace of R,. Hence there exists at least
one nonzero vector 2 € A(X) such that J2 = p2 where u coincides with one of the
stable eigenvalues of M, that is,

(18) ],ul <1.

439
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The second equation (15) postmultiplied by # yields
(19) YA = pg'Y' .
Collecting (17), (18) and (19) we conclude that
FYA=p 2y, | >1,
2Y'B =0,
ie., (A, B) is not stabilizable, again a contradiction. Q.E.D.

It has been a well-established fact [9] that (4, B) stabilizable and (C, 4) detectable
is a sufficient condition for a stabilizing solution to exist. In the light of Lemma 4
it is evident why this condition is unnecessary unlike that of Theorem 6: there is no
need for observability of the unstable eigenvalues of A4 save those with [1] = 1.

We also point out that equation (6) can have at most one stabilizing solution due
to Theorem 2.

Theorem 7. The stabilizing solution is the only nonnegative definite solution of
(6) if and only if (C, A) is detectable.

Proof. <« Assuming (C, 4) detectable we shall demonstrate that any solution P
of (6) yields a stable closed-loop system matrix K.

Suppose to the contrary that a 4 exists such that Kz = Az, 4| = 1. Then (9) can
be rewritten as

A+ BB'AT!C'C - BBA'P=K,
—A47'cCc+  AT'P=PK.
We sum up the first equation and the second one multiplied by BB’ to obtain
K =4 - BBPK,
APK = -—-CC+P.

I

Easy algebraic manipulations with the last equations result in
A*z*PAz = J*Az*PBB'Pz + A*1z*Pz,
Az*¥*A'Pz = —z*C'Cz + z*Pz.
It follows that
—A*1z*PBB'Pz — z*C'Cz = (2*A — 1) z*Pz .
Since A*A = |7|> Z 1, the right hand side of the above equation is nonnegative, while
the left hand side is nonpositive. Therefore both are zero and hence
B'Pz =0,
Cz=0.




As a result, Az = Kz = Az — ABB'Pz implies
Az = Az, [)I =1,
Cz=0.

Thus (C, A4) is not detectable, contradicting our hypothesis. Hence K is stable.

But there is only one way how to choose the stable eigenvalues of M and hence P,
the stabilizing solution of (6), is unique.

= We proceed by contradiction, see [6] Suppose there is an undetectable eigen-
value 4, of (C, A). We are going to show that at least two different nonnegative
solutions exist to equation (6). One of them is the stabilizing solution P by hypothesis.
It is expressed as P = YX ' in terms of

X =[x, %5 nX]s Y =[yi Vo0 ¥a)

Xy

and assume that [
Y1

] is associated with Ay ".

. . . z
To form another solution P, = Y, X' we substitute the eigenvector [0‘] ot M

X1

corresponding to 4, for the eigenvector l: ] with 27 '. We thus have
Y1

X, =[z1. %0 0 xa]s Y =10, 72 .0, ¥u]
and set

X=[xpux]s T=[reuml-

Theorem 2 together with equation (11) implies that

[z’r, 0] [*y,-] =0, i=273,..,n.
X

Hence
AP =0
and
0 ¥y 00
20 XYy, = ! = =0
(20) t [0 X*?] [0 X*Y] =

because X*Y = 0.

To prove that X! indeed exists, suppose to the contrary that X, is singular. Then
a vector v + 0 exists such that z, = Xv and, consequently,

0 = z¥P = »*X*7,

441
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i.e., det £*9 = 0. Observe that det X*¥is a principal minor of X*Y = 0 and hence
[, X]* o = X*(Tv) = 0,

a contradiction since X is nonsingular and Yv = 0.

Thus P, does exist and is different from P because it corresponds to a different
n-tuple of eigenvalues of M. Q.E.D.

Now the fundamental theorem can easily be deduced.

Theorem 8. Stabilizability of (4, B) and detectability of (C, A) is necessary and
sufficient for equation (6) to have a unique nonnegative definite solution which
stabilizes the closed-loop system.

Proof. = This part is now a classical result [9].

< The existence of a stabilizing solution implies stabilizability of (4, B) by Theo-
rem 6. The uniqueness of the solution implies detectability of (C, 4) by Theorem 7.

9. THE LATTICE OF NONNEGATIVE SOLUTIONS

This section summarizes some latest results regarding equation (6). The method
of attack mimics that in [4]. We note that Theorem 5 supplies just a sufficient -condi-
tion for a solution of (6) to be nonnegative definite. We are going to fully characterize
the nonnegative solutions of (6) below.

Let there be ¢ = 0 undetectable eigenvalues of (C, 4), say 4, 4,, ..., A, and let

Then, by Lemma 3, [(Z)‘] is the eigenvector of M associated with 4,,i = 1,2,..., g, and

no other eigenvector of this form exists with the unstable eigenvalues of M.
Define
L= {1 Ay ooy Ay}

and write &, « = 1, 2, ... for the subsets of &.
Similarly, define

@ =75 LAY

and relate a subsct #, of Z to any subset &, of & consistently with the definition of %
and &. )

Note that all eigenvalues in # must be used to form the stabilizing solution since
Pt <1, i=1,2..0




Finally write P, for the solution of (6) which is generated from the stabilizing 443
solution by replacing the elements of 47, by those of .&,.

Theorem 9. Suppose there exists the stabilizing solution of equation (6). Then
the solutions P, generated respectively by all subsets &, of & form the class of all
nonnegative definite solutions of (6).

Proof. Theexistence of all P, can be proved in an identical manner as the existence
of P, in the necessity part of the proof of Theorem 7.

It remains to prove that no other nonnegative solution exists: if an eigenvalue 4;
were substituted for lj“l, A; # A, it would give us

B=[wu.ox..], P=[.,0.,p5.]

where

But

[, u*][”ﬂ +0

by (11) and Theorem 2. It follows that u*y + x*v and hence

X7 = : : + P8

We conclude that P = $X 1, if it exists at all, cannot be nonnegative definite. Q.E.D.
Before proceeding any further, we define an eigenvalue 4 of A to be cyclic if any
two eigznvectors of A associated with A are linearly dependent.

Corollary 2. Suppose equation (6) has the stabilizing solution. Further suppose
there exist ¢ undetectable eigenvalues Ay, 25, ..., A, of (C, A), ¢ Z 0. Then

(i) if A, i =1,2,...,0arecyclic, there are exactly 2° nonnegative definite solutions
of (6); and

(ii) if some of the A;'s are not cyclic, the set of all nonnegative definite solutions of
(6) is infinite (nondenumerable).

Proof. (i) follows immediately from Theorem 9 since there are 2¢ subsets of
a set consisting of ¢ elements.
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(ii) Some of the A;'s not being cyclic, there are infinitely (nondenumerably) many
ways of choosing the independent eigenvectors and for each particular choice the
case (i) applies. Q.E.D.

he above result (i) is limited to a diagonalizable matrix M. A more refined ana-

e
lysis in [4] shows that, in general, there exist [ ] (g; + 1) nonnegative solutions, where
i=1

Cziy;=0, j=0,1,...,q9, -1,
+0, j=gq;

and .
Aziy; = Az + Zisjoys J=1L2,00g = L,

= Az;, j=0.

Now a very interesting property of all nonnegative solutions will be presented [4]

Theorem 10: Let the class of the nonnegative definite solutions of (6) contains the
stabilizing solution. Then

(i) if the set is finite, it constitutes a distributive lattice with respect to the
partial ordering =. Moreover, the stabilizing and the optimizing solutions
are respectively the identity and the zero elements of the lattice.

(ii) If the set is nondenumerable, it generates nondenumerable many distributive
lattices. The lattices are isomorphic to one another and have the identity and
the zero elements in common.

Proof. (i) First we note that the family of subsets of & constitutes a distributive
lattice with respect to the partial ordering by inclusion [1].

We shall prove the theorem by establishing an isomorphism between the set of all
solutions P = 0 of (6) and the underlying lattice of the subsets of &.

By definition, there is one-to-one correspondence between &, and P,. In particular,
the stabilizing solution corresponds to the empty set @ and the optimizing solution to
& itself. Since &, € &, implies P, = P4 by (20), the isomorphism is established.

1t follows that the stabilizing (optimizing) solution is the identity (zero) element
of the lattice of solutions since @ (&) is the zero (identity) element of the underlying
lattice of the subsets of &.

Finally, distributivity follows directly from distributivity of the underlying lattice.

(i) In view of corollary 2, (ii), and the above proof, there exist nondenumerable
many distributive lattices. However, the same ordering is always preserved, i.e., the
lattices are isomorphic to one another. The uniqueness of the identity and the zero
elements corresponds to that of the stable and the optimal closed-loop systems. Q.E.D



In case ¢ = 0, that is, (C, A) is detectable, the & set is empty and the lattice col- 445
lapses to a single element — the optimizing as well as stabilizing solution. See Theo-
rem 7.

However, not all nonnegative solutions of (6) are, in general, real. The real non-
negative solutions constitute a sublattice of the lattice in Theorem 10.

The physical interpretation of different real nonnegative solutions is as follows.
Each nonnegative solution is a conditionally optimizing solution of (6), the condition
being a certain degree of stability. Specifically, P, stabilizes the undetectable eigen-
values of (C, A) included in &, and no others. The discrete Riccati algebraic equation
(6) thus contains the optimal solutions for all degrees of stability [6]. The idea that
the more undetectable eigenvalues is stabilized the higher is the cost (2} is made
rigorous via the concept of lattice.

Another important consequence of Theorem 10 is that if more than one nonnegative
solution of equation (6) exists, then the stabilizing solution is never the optimizing
one and vice versa.

10. EXAMPLE

The following simple example is intended to illustrate some fine points involved in the exposi-

tion. Consider
A= 20 , B= 10, C=0.
02 0t

Thus
2 0 -05-05
0 2 0 0
M=1o0 0 05 o
0 0 0 05

and its eigenvalues are

a ¢ d —-b
b d —c a
Bt |n T o0 3a | T =3
0 0 -3¢ 3a

where a, b, ¢, and d are reals such that ad — bc #+ 0.
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All general solutions of the discrete Riccati algebraic equation (6) are given by Theorem 1:

3 bd, —ad
P12=0, Pu:*—* ’
ac + bd | —bc, ac

3 b%, —ab 3 d*, —cd
P, = — ’ , P,, = | ,
e b2 l:—ab, az] By |:—cd, cl]

3 bd, —bc 30
Pyy=—— , Py, = .
2 ac + bd |:*ad, ac] 3 [0 3]

Note that all solutions are real and that P;5 and P,, are not symmetric. The pair (4, B) is
stabilizable and |4, + 1, i = 1, 2, 3, 4. Hence there exists a stabilizing solution and it is not the
only nonnegative solution since the pair (C, A4) is not detectable.

Theorem 9 yields all nonnegative solutions: Py,, P4, P,3 and P, are their representatives.
They generate nondenumerably many lattices, which are isomorphic to one another. The lattices
can be visualized as follows [4]

where Py, is the optimizing solution, P34 is the stabilizing solution, and the coupling represents
the partial ordering

P34

v

Pl«tgPlla
P342P23§P12'

Note that P, — P,; is indefinite, indeed.

11. CONCLUSIONS

The discrete Riccati algebraic equation has been studied. The \inderlying discrete
linear regulator problem has been posed and referred to throughout.

The paper contains a comprehensive theory of the equation studied. Theorems
regarding the general form of solutions as well as their special properties have been
proved or reproved. The main and highly original result is the fundamental theorem
in Section 8 and the lattice theorem in Szction 9.

A simple example has been appended to illustrate certain fine points of the theory.

(Received February 4, 1972)
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VYTAH

Diskrétni Riccatiho rovnice optimalniho fizeni

Veapmir KUCERA

V &lanku je podana teorie diskrétni Riccatiho algebraické rovnice, o jejiZz feSeni
se opira syntéza optimalniho fizeni dle kvadratickych kriterii ¢i syntéza optimalnich
linearnich filtrd.

Clanek vychazi z pfedchozich praci autora o spojité Riccatiho rovnici. Je dokazana
véta 0 obecném tvaru feSenif, o redlnych, hermitovskych a nezaporné definitnich
ného feleni a ve v&t& o svazovych vlastnostech t¥idy vech nezapornych feSeni.

Clanek lze chapat jako matematicky zaklad k praktickému fe$eni diskrétnich
optimalizaénich problémii.

Ing. Viadimir Kuéera, CSc.; Ustav teorie informace a automatizace CSAV (Institute of Informa«
Jtion Theory and Aut tion — Czechoslovak Academy of Sciences), VySehradskd 49, Praha 2.
i

447



		webmaster@dml.cz
	2012-06-04T22:32:44+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




