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KYBERNETIKA — VOLUME 10 (1974), NUMBER 4

Constrained Optimal Control
The Algebraic Approach

ViapiMiR KUCERA

In a recent series of papers the author has developed a new algebraic theory of discrete optimal
control. The theory is based on polynomial algebra and the synthesis procedure is reduced
to solving a linear Diophantine equation in polynomials. This is both conceptually simpler
and computationally superior to existing methods. In this paper full advantage of the approach
is taken to pose and solve discrete optimal control problems with various constraints,

INTRODUCTION

There are two basic criteria of optimality for discrete linear control systems, viz.
optimality in the minimum time and the least squares sense. Their significance stems
from the fact that they yield a linear control law and, therefore, make the problem
well treatable. Succintly speaking the minimum time criterion calls for zeroing the
error in a minimum time and thereafter, while the least squares criterion minimizes
the quadratic norm of the error. An advantage of the minimum time criterion is
that the error vanishes after a finite number of time units. On the other hand, its
serious drawback is that the optimal strategy may require large controls. They may
saturate the system or produce large transient errors.

It is more realistic, therefore, to require that the largest control or the largest
error should not exceed a given bound, in addition to the minimum time require-
ment. Alternatively, we can bound the error indirectly by allowing a longer settling
time and minimizing the quadratic norm of the error. The basic observation is that
all these constrained optimal control problems yield again a linear control law.

If we tried to bound the control sequence in the least squares control problem,
we would obtain a non-linear control law. Such problems do not fall within the scope
of this paper.

The theory given in the paper is valid for any finite dimensional, discrete, linear,
single-input, single-output system defined over an arbitrary subfield of the field
of complex numbers.
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PRELIMINARIES

The basic mathematical tool of the paper will be the polynomial algebra. For basic
definitions of a ring, units of a ring, divisibility in a ring, the fundamental concept
of a field and other concepts used throughout the paper the reader is referred to [2],
[5]

Given a field F, which is a subfield of the field of complex numbers, we consider
the ring F[z 7] of polynomials over F in the indeterminate z™*. Let

a=o0y+az '+ ... +az"eFz71].

If o, # O the n is the degree of a, denoted by da. We define da = —oo fora = 0.

We shall alsc consider the ring F{z~'} of realizable rational functions over F, i.e.
the ring of elements q/p, where p, g € F[z7!] and (z™', p) = 1. They can also be
written in the form

A=ay+oz ' +oz”?+ ..., weF.

The subset of elements A of F{z™'} for which the sequence {a, «,, %, ...} con-
verges to zero forms the ring of stable realizable rational functions over F and will
be denoted by F*{z1].

A polynomial a € F[z™'] is stable if 1/a e F*{z7*}. Given a & F[z7'], we shall
consider the factorization

a=a%a",
where a* is the stable factor of a having highest degree and belonging to F[z™*].

This factorization is unique up to units of F[z~*], see [2].
If

A=oy+az ' +az7? + . eF{z7'},
the norm of A is defined as

l4] = sup o

i=0,1...

I

if the supremum exists, otherwise || 4]| = oo.
The quadratic norm of A is defined as

AL = Jf? + fl? + faf + ...
Defining '

A=dy + ¥z + 827 + ...,
where &, is the complex conjugate of «,, and

Ay =2,
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4] = <44>

whenever 4 e F*{z71}.

It is to be noted that both norms are elements of R, the topologically complete
field of reals.

Since F[z™!] is a subring of F{z™'}, the two norms for polynomials are defined
analogously.

Further consider a linear Diophantine equation

6] ax + by =¢

over F[z™']. It is well-known [2] that this equation has a solution if and only if the
greatest common divisor of a and b divides ¢, which is written as (a, b) | c. If xq, Yo
is a particular solution of equation (1) then all solutions x, y are given by

(a,b)

where t is an arbitrary polynomial of F[z™!]. A simple and effective method of finding
Xo, ¥o is presented in [2].

Y=o~ t

In applications we often seek for a particular solution x°, y° such that the degree
of one polynomial, say y°, is minimal. To obtain the solution we write

y LI Gro <8 —2—
— o, O .
0 (a, b) qdo (") 0 (a, b)
Then

a
y=re+ “‘“(‘10“[)

(a, b)

and, evidently,

is uniquely determined on setting ¢ = ¢,.

Example 1. Consider the equation
(2 (l —z x4z 3y=1+4z"" - 2z7% + 1-5z73

over the ring R[z ™ '] and find the solution x°, »° satisfying ayo = min.
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X =1+42z"1 + 05273 = 0527% + 15275 4 =73,

Il

y=14z70 =272 4 15270 — (1 — z7 1)1

for any ¢ € R[z™1]. Since
14271 —2272 415273 = (1 — z'l)(-0-5 + 05271 — I-Sz’z) + 15,
we have
X0 =1+2z71,
»W=15
on setting t = —0'5 - 05271 — 1.5.72,

Alternatively, we may wish to find a solution x,, y, such that dy, = min subject
to |y.] £ 7, wherey € Ris a given bound.

To find the solution we write

3 =y -2y

€] Y=Yy

and let :
y = +mz"t+ ...,
Y =z,

a -1

——— = Oy + g2 + ...,
(a,b) 0 1

1 =14 4+ 127 ...
Then (3) yields the finite system of equations
Mo = Ho — %oTo »
M = Ry = %1To = %oTy >

Ha = Hp — %3Tg = &3Ty — %pT2

and we are to find a t € F[z~*] with lowest degree that yields

@ i I’?k,é?; k=0,1,....



A systematic procedure to find all such ¢t is given below. First take t == 0. Then = 321
inequalities (4) read

ol £ 7,
] S,
iﬂz, <v.

Should these inequalities be satisfied,

ye=1".

This is just a check if the solution x°, y° happens to satisfy (4). If not, increase the
degree of t and consider ¢ = 7,. Then inequalities (4) read

|Ho - o‘u""ol £y,
Ir’lx - °‘170| =7,

lﬂz - o‘z‘fol =y

x, = x° + b T
e (a,b)
¥ a .
Ye (a,b) 1]

If they are contradictory, increase the degree of ¢ by one, i.e. consider t = 1, + 7,271,
Then inequalities (4) read

I#o - %Tol =7,
!ﬂ‘x - 4y To — %11! =7,

Iﬂz — ATy — '111'1! =7

and if they have a solution 74, 7;, we get

b
X =x° + ——— (10 + 1427?
(a,b)(° 1271
Ye= 3" = ——(to + 71271

(a.b)
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It they are contradictory, again increase the degrec of ¢ etc. untill we find a solution
or infer that no solution exists.
It is obvious that this solution, if it exists, need not be unique.

Example 2. Consider again equation (2) and find all solutions x., ¥,
subject to [jy, | < 1.
We write

such that dy, = min

y=15-(1-z"Y1.
Setting # = 0 we obtain y = 1-5 and the inequality
-1=s15=1
is inconsistent. Hence we have to increase the degree of £ and take f = 7. We obtain
y= (1-5 — Tg) + Tz 1
and the inequalities

-1

lIA

15— 14

IIA

L,

—-1=Z .51,

A

which have a solution for 0-5 =% 7, = 1. Therefore, equation (2) has infinitely many solutions

3
>

X, =14+ 2271 + 742~

Yo = (1'5 - 1:0) + 10270, 05= 1,

A

1.

The problem of finding a solution x,, y, of (1) such that 0y, == min subject to
[]x““ < v, where y € R is a given bound, is essentially the same. Write

b
5 x=x" 4+ —t
©) o
and let
x =& + 512—1 + >
X0 =g+ Azt + L,
b
=Bo + fiz7! + ..o,
(a,b)
t =1 +Tz7" + ...

Then (5) yields the finite system of equations
o = 4o + Poto,
¢i =41 + P70 + Boty s
&2 = A2 + Bato + Pity + fota



and we are to find a t € F[z7'] with lowest degree that yields

&l v, k=0,1,...

Example 3, Consider equation (2) and find all solutions x, v, such that dy, = min subject
to [lx,{l = 1.
We write
x=1+2z"1 4+ z73%,

It is seen that |ix|| >; 2 regardless of ¢ and hence no solution x,, y, satisfying [lx, ! < 1 exists.

A more general problem is that of finding a solution x,, y, of (1) such that dy, =
= min subject to ||U[| <y, where U e F*{z™} depends on x, through two poly-
nomials u, ve F[z7'] as

U=-x,
v
In this case we write
- b
(6) v="Yx 412
v v (a, b)
and let
U =y +wiz 4.,
u -
~x0 =g+ ez 4,
v
u b =g +ezt +
v (a, D) e
t =1, + 1270 4.

Then (6) yields the infinitc system of equations
Wo = Po + &pTg »
Wy = @1+ 8Ty + EpTy,
W, = Py + €,T¢ + &7y + T,
and we are to find a t € F[z™*] with lowest degree that gives
lof v, k=0,1,....

We note that this system of inequalities is actually finite due to the fact that U is
a stable realizable rational function.

323
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The following solution of (1) is also useful in applications. We want to find a solu-
tion x,, y,, such that dy,, £ m and the quadratic norm of y,, is minimal, {J,yn> =
= min.

To find this solution, we write

(7) Ym = yo — wt,
where we denoted w = a/(a, b). Now given an integer m we are first to find a ¢
such that dy,, < m. Hence we take

t=0 if m<ow
and
t=t,+1,z ' +...+1z" if m=ow+n.

In the former case we have

Xm = X7

V=",
while in the latter case we have to minimize {J,Vm>-

In view of (7) we write
Fdmy = FOY0 — (Fowit) -

— (Iwy0)y + (iwwe) .
It is seen that (j,,y,.> attains its minimum for some t if and only if it attains its
minimum for the {. We can write

Fmbmy = GO0 = oWty —
— (YO T — (IO Ty = o — (WO Fy +
+ wwt) Ty + {zZwwi) Ty + ... + (Z"WwI) T, .

Since the first two terms on the right-hand side above do not depend upon i, the
minimum of {¥,V,,» is evidently attained when

CGRwwey = (v, k=0,1,..,n.

This results in the set of simultaneous linear equations

(8) awy wwzTS Ll (wzT T {wy®y
(zZww)  (Fw) s (wwz T DY gy _ (zwy®)
R B I PESEN

for 7, Ty «vus Tne



System (8) has always a unique solution because (z*ww) = (Wwz *» and hence ~ 325
the system matrix is nonsingular. We can conclude that there is a unique solution
Xms Vm if and only if m = ay°.

It is obvious from (8) that

(9) Gt Vme1? S Fudmy s Mz ay°

that is, the greater m is allowed the less quadratic norm can be attained.

Example 4. Consider again equation (2) and find the solutions X, v, satisfying &y, < m
and (Ypypmy = min,m=0,1,2.
We write
y=15 —(1 - z")t.

Since w=1—z"1, we get

ww = (I - z) (l — z_l)
Wyl =(01-z15

Il

—z+2-z7t,

If

—15z + I'5.
For m = 0 we have m <2 dw = 1 and hence we have to take # = 0. Then

Xo=x"=1+2z"1,

Yo=y =15.

For m = 1 we have m = ow +- 0, i.e. n = 0 and we have to take = 74. Then we are to solve
the equation

21y = 1'5
yielding 7 = 0-75. Therefore,
xg=1+2z"4+075:73,
¥y =075+ 075271,

Form = 2weobtainn = 1,ie.t =14+ rlz". Equations (8) then become

NN

L,

and we obtain

To

1l

Ty =05,

Hence

3
1

L+2z7Y 4+ 273 405274,

v, =05 £ 05270 4 05272,



326

To conclude, we compute

FoYo) = 225

Gy = 1125,

(Faya) = 075
and relation (9) holds, indeed.

A more general problem calls for finding a solution x,,, y,, such that dy, < m
and {J,Vyny = min where ¥ = #iu and the u € F[z71] is a “weighting” polynomial.
Going through the derivation of (8) we conclude that we have just to replace w
by uw and y° by uy® throughout to solve the problem.

SYSTEM DESCRIPTION

By a system we shall mean a finite dimensional, linear, discrete, single-input,
single-output system over a field F, which is a subfield of the field of complex numbers.
The precise definition is given in [2], [5]. Such a system can be described by the
dynamical equations

X1 = Ax, + By
v, = Cx, + Dy,

where x is an n-dimensional state vector, uis the input, y is the output, and k is an inte-
ger. The A, B, C, and D are matrices of appropriate dimensions defined over the
field F.

The rational function
S=Cz7Y(I, - z7'A)"'B + DeF{z 7"}

is called the transfer function of the system. On the other hand, any system whose
transfer function is S is called a realization of S. It is apparent that there are many
realizations of S. The one having lowest dimensional state vector is called a minimal
realization. It is well-known [1], [5] that there is a one-to-one correspondence be-
tween S and its realization if and only if the realization is minimal. Otherwise speaking,
nonminimal realizations contain certain parts which have no relation to S.

By definition, the S can be written as the ratio of two polynomials of F[z‘l],

s b
a
that satisfy
(a,b) =1,
(a,z7")=1.



The polynomial det (I, — z~*A) is called the pseudocharacteristic polynomial [5] 327
of the system. Hence a is the pseudocharacteristic polynomial of the minimal reali-
zation of S. In a previous work [2], [3], [4] the a has been called the annihilating
polynomial of the system.

It can be shown [5] that a system is stable if and only if its pseudocharacteristic
polynomial is stable.

Inasmuch as the reference sequence may also be viewed as a response of a system
with transfer function W excited by a unit pulse input, we identify the reference
sequence with the ratio of two polynomials of F[z '],

w=1,
P
where
(pg) =1,
(pz7) =1

Fig. 1. Closed-Loop System. -"

In synthesizing closed-loop systems the crucial step is to make the system stable.
Since the closed-loop system shown in Fig. 1, consisting of a system & to be controlled
and a controller %, need not be a minimal realization of its transfer function K
relating Yto W,

K = SR ,
1+ SR

the K must satisfy certain additional conditions in order to yield a stable system.
It has been proved in [5] that the closed-loop system, where . and % are minimal
realizations of S = bfa and R = s[r, respectively, is stable if and only if K can be
written in the form

K=bM, | —K=aN,
where M, N are elements of F*{z ™'} that obey the linear Diophantine equation
bM +aN =1.

The freedom in choosing M and N can be utilized for optimization.
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The minimum time control problems without any constraints have been considered
in [3], [4], [5]. We shall summarize both formulation and solution of the problems
in order to obtain a basis for our future investigations. )

We are given cither the open-loop control system configuration shown in Fig. 2,
where & is a (not necessarily minimal) realization of S = bfa and W = ¢/p is the

Fig. 2. Open-Loop Control.

reference input sequence; or we are given the closed-loop control system configura-
tion shown in Fig. 1, where & is a minimal realization of S = bja and W = g|p
is the reference input sequence.

Since the closed control loop must contain a delay of at least one time unit to be
physically realizable, we shall agree on incorporating this delay into the system
to be controlled by assuming that D = 0 or equivalently z™* | b. This assumption
is unnecessary for the open-loop control problems.

For convenience, let
(a,p):d, a :aod,
p=dp, .-

Then we can consider the minimum time control problems of the following four
types.

(10) Given the open-loop configuration, find a stable control sequence U so as o zero
the error E in 2 minimum time k%, and thereafter.

(11) Given the open-loop configuration, find a finite control sequence U so as to zero
the error E in a minimum time k5, and thereafter.

min
(12) Given the closed-loop configuration, find a controller # of minimal realization
such that the closed-loop system is stable, the control sequence U is stable,

and the error E vanishes in a minimum time k2, and théreafter.

(13) Given the closed-loop configuration, find a controller % of minimal realization
such that the closed-loop system is stable, the control sequence U is finite,

and the error E vanishes in a minimum time k2;, and thereafter.

The solution of all the above problems is given below.



Theorem 1. Problem (10) has a solution if and only if py is stable. The control ~ 329
is unique and it is given as
ayx®

U =
pob”

5

where x°, y°® is such solution of the Diophantine equation

(14) b™x +py=gq
that

Proof. Write

Since the error is to vanish in a finite time, £ must be a polynomial, say y. Therefore

B
<

_by _ a0d - pebU

a agp

(15) y=

~

But E is to vanish in a minimum time and hence y must be a polynomial of lowest
degree. To reduce the degree of y as much as possible and yet preserve a stable U,
we have to set

apX
16 U= -2
( ) pob”

where x is a polynomial to be specified. In view of (16) the expression (15) is equi-
valent to equation (14), which is to be solved for x°, y° such that 9y® = min. Then

kpin =1+ 3y° if p° £0 and k,;, =0 otherwise .

It is seen that U is stable if and only if p, is stable. Then (b7, p) = 1 and, in turn,
equation (14) has always a solution. m}

Example 5. Consider a system to be controlled given by

(17) S=o0257 =2

1 -zt
over the field R and solve problem (10) for the reference sequence

1+ 2zt

@8y W =05

a4
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02527 x + (L —z7") y = 05 + 05z 1
and has the solution

X

I

242271 +(1—z‘1)t,

05 + 05271 — 025271

y

for any ¢ € R[z™!]. The solution x°, ° satisfying 8¥° = min becomes

x° =4,
¥y =05
and hencé the optimal control sequence
_ 4
z7t-2

gives E= 05, kS, = 1.

Theorem 2. Problem (11) has a solution if and only if p [ a. The control is unique
and is given by
U = ayx°,

where x°, y° is such solution of the Diophantine equation
(19) bx +py =4
that
0y° = min .
Proof. Write

E—w-su=9_"y.
P a

Since the error is to vanish in a finite time, E must be a polynomial, say y. Therefore

_ aoq — pobU

(20) y=
agp

_ty
a

L=TP Y

But E is to vanish in a minimum time and hence y must be a polynomial of lowest
degree. To reduce the degree of y as much as possible and yet preserve a polynomial
U, we have to set
U= %
Po



where x is a polynomial unspecified as yet but p, I x. Then (20) is equivalent to cqua-
tion (19), which is to be solved for x°, y° such that y° = min. Then Ko =1+
+ 3y°if yo # 0 and kS;, = 0 otherwise.

Since p, | x and po | p, equation (19) can have a solution only if p, | q, i.e. po
must be a unit of F[z~1]. Otherwise speaking, p | a. ]

Example 6. Consider again a system given by (17) and sclve problem (11) for the reference
sequence (18).
Equation (19) reads

025"zt = x4+ (1 —z7)y =05+ 05271

and its general solution is

[

x=-2-2z"'+(1-zY1t,

y=05-05z"2—-025z"z"" - 2)¢

for an arbitrary f € R[z7'].
The solution
x° = -4,

PO =05-z"1
satisfies Eyo = min and, therefore, the optimal control sequence
U= -4
gives E= 05— 27!, k%, =2
Theorem 3. Problem (12) has a solution if and only if po is stable. The controller
is unique and is given as a minimal realization of
ag x°

R= ,
pob™y°

where x°, y° is such solution of the Diophantine equation
(1) b x +agpy=q*
for which

6y° = min .
Proof. Write

E=W-Y=(1-K)W.

To guarantee the closed-loop stability we have to set 1 — K — 4N for some N e
e F*{z™'}. Hence
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As the error is to vanish in a minimum time, E must be a polynomial of minimum

degree. Therefore

Poy
22 N = £z |
2 agq*

where y is a polynomial to be specified later. It follows that
(23) E=azqy.
Using the other stability condition K = M for some M e F*{z !}, we have

E=W—-v=w-kw=9_pm?,
p P

or equivalently
pE = q — bMg .

The E is a polynomial of minimum degree whenever pE, and in turn also bMgq,
is so. Hence we have to take

>

(24) M=
b'q
where x is an unspecified polynomial as yet.
Substituting (24) and (23) into the stability equation

bM + aN =1,

we end up with equation (21) coupling the x and y. In view of (23) the equation
should be solved for x°, y° such that 8y° = min. Then k$;, = | + dag + 8q~ +

+ 8y°.
The controller is given as a minimal realization of

R—I K M _ agx°
S1—K N pb*y®°
and
-0
U = RE = %04 X
Pob+

The U is stable if and only if p, is stable. This condition implies (b~, agp) = 1
and hence equation (21) has always a solution. O

Example 7. Consider the system that is a minimal realization of (17) and solve problem (12)
for the reference sequence (18).
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025" "x + (I -z Ny=1

and its general solution becomes

x:4+(l—371)1

y=1-025"1
forany r € R[z7'].
The required solution satisfying ay% — min is
x0 =4
w=1

and hence the optimal controller is a minimal realization of

4

R= —
2t —2

and

-1
U:21+:,, E=05+05"1, (% =2.

z7t -2

Theorem 4. Problem (13) has a solution if and only if p|a. The controller is
unique and is given as a minimal realization of

+ .0
dg X

R=-"2_,
y°

where x°, y° is such solution of the Diophantine equation

(25) bx + agpy =q~
for which

2y° = min .

Proof. Write
E=W-Y=(1-K)W.
To guarantee the closed-loop stability we have to set 1 — K = aN for some N €

e F7{z7'}. Since the error is to vanish in a minimum time, E must be a polynomial
of minimum degree. Therefore

Poy
26 N = -Po¥
26) agg*

where x is a polynomial to be specified later. It follows that

(27) E=uayqy.
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Using the other stability condition K = bM for some M e F*{z71}, we obtain

E=W-Y= =wW-kKw=9_pm2,
P P

or equivalently
pE =q — bMgq.

The E is a polynomial of minimum degree whenever pE, and in turn also bMg,
is s0. As U must be a polynomial, we have to take

(28 M=

q
where x is an unspecified polynomial as yet.
Substituting (28) and (26) into the stability equation
bM + aN =1,

we eventually obtain equation (25) coupling the x and y. In view of (27) the equation
is to be solved for x°, y° such that dy° = min. Then k%, = 1 4 dag + dg~ + 0)°.
The controller is given as a minimal realization of

and

It is seen that U is a polynomial if and only if p, | x. Then equation (25) can have
a solution only if p, | g%, i.e. p, must be a unit of F[z']. Otherwise speaking,
pla. |

Example 8. Consider the system that is a minimal realization of (17) and solve problem (13)
for the reference sigaal (18).

Equation (25) becomes
02527z - x+(1—z"Yy=1
and its general solution is‘
x=—4+(1-z"Y1,
y=1—z"1- 0'25:.'“1(2“1 — 2)t

for arbitrary t € R[z‘l].
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x0 = —4,

0 1

yW=1-2z"
and it yields the optimal controller as a minimal realization of
4
R= - ————;
11—z

moreover,

U=-2-2z"1, E=05-052"%, k% =3.

CONSTRAINED MINIMUM TIME CONTROLS

In this section we shall deal with the minimum time control problems with various
constraints. It is mare realistic to consider constraints on control or error sequences
because of limitations in the system to be controlled or the controller itself.

There are four basic problems to be defined below, each in three modifications
denoted by (a), (b), or (c).

(29) Given the open-loop configuration, find a stable control sequence U so as
to make the error E vanish
(a) in a minimum time K.y, and thereafter subject to [U[ < y;
(b) in a minimum time k;, and thereafter subject to |E]| < ;
(c) ina giventime / = ko, and thereafter while minimizing (EE).

(30) Given the open-loop configuration, find a finite control sequence U so as to ma-
ke the error E vanish
(a) in a minimum time Ky, and thereafter subject to |U| < y;
(b) in a minimum time k., and thereafter subject to ||E[ < ;
(c) ina given time I = k%, and thereafter while minimizing (EE).

(31) Given the closed-loop configuration, find a controller # of minimal realization
such that the closed-loop system is stable, the control U is stable and the error

E vanishes

(a) in-a minimum time k,,;, and thereafter subject to ”U” <y

(b) in a minimum time k., and thereafter subject to |E[ < y;
(c) in a finite time / = kg, and thereafter while (EE) is minimized.

(32) Given the closed-loop configuration, find a controller # of minimal realization
such that the closed-loop system is stable, the control U is finite and the error E
vanishes
(a) in a minimum time k., and thereafter subject to |U| £ y;

(b) in a minimum time Ky, and thereafter subject to [|E[ < 7;
{c) in a given time / 2 kp, and thereafter while (EE) is minimized.
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Constraints of the type (a) are motivated by the desire to avoid too large control
inputs to the system, while constraints (b) are designed to limit too large transient
errors. In both problems the bound y is prespecified and the required limitation
is achieved at the expense of the control time. Apparently, ki, = k&;,. Constraint
(c) is an alternate way to bound the error. Instead of specifying a bound y, we specify
an acceptable control time [ = k2;, and limit the error indirectly by minimizing
its quadratic norm. This approach was first taken by Peterka in [6]; our solution,
however, is slightly different and computationally superior.

The solution of the above control problems is given in the following theorems.

Theorem 5. Problem (29) has a solution if and only if

sub (a) p, is stable and the Diophantine equation (14) has a solution x,, y, such
that 0y, = min subject to

a9
Xu

|
I < -
H =75
| pob”

sub (b) p, is stable and the Diophantine equation (14) has a solution x,, y, such that

dy. = min subject to H)CH <7y

sub (c) po is stable.
The optimal control is
sub (a) not unique, in general, and is given by

doXy

U= s
pob

sub (b) not unique, in general, and is given by

U = GoXe .
pob™
sub (¢) unique and is given by
U = %o¥m
pob™

where X, Vi is such solution of equation (14) that
VmSm=1-1 and {(J,y,> = min.

Proof. Following the proof of Theorem 1 we conclude that the error E vanishes
in a finite time and thereafter by application of a stable control if and only if

E=y
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apX
U= -2

pob” |
where x, y is a solution of equation (14).

In Theorem | we have taken the solution x°, y° satisfying 6y° = min to make E
vanish in a minimum time. In the presence of a constraint we just have to take
another appropriate solution. In fact, constraint (a) calls for taking a solution x,, y,
satisfying dy, = min subject to ”U] <y, constraint (b) calls for taking a solution
X., Y. satisfying dy, = min subject to “EH < v, while constraint (c) calls for the
solution x,,, y,, satisfying 1 + éy, <1+ m =1 and {j_y,> = min. It means
that w = b~ in (8).

The existence of the above solutions has been discussed in the Preliminaries. O
Example 9. Consider again the system to be controlled given by
Yzt =2
(33) s—o2si G2
1 -z}
over R and solve problem (29) for the reference sequence
14zt
(34) W=05"""—.
1 ~1

Equation (14) becomes
025z x + (1 —z7 ) y =05+ 05271
and has the general solution

x=4+(1-zYt,

y =05~ 05271,

Then

where x? = 4, »° = 0-5 yields the solution of the associated unconstrained control problem (10)
(a) Consider the control constraint [[U{| < 1.

Applying the procedure discussed in the Preliminaries, we first choose = 0. Then

= =2z ' —05z72...

and hence the unconstrained solution is inacceptable.



338 Taking ¢ = 70, we obtain x = (4 + 7o) — 7oz~ ! and
U= -4FT0 4=t o 4%
2 4 8

Thus we are to satisfy the inequalities

2L -4-1,=512,

—4< 441,54,

(the other inequalities are implied by the second inequality above), which is impossible.
Taking t = 7o -+ 7,27}, we have x = (4 + 70) + (t; — 1)z~ ! — 7,272 and

Ue AFT0 4-T+2n oy 4T —2n o 4% =20
2 4 8 16
and the inequalities
-2 ~4 -1, <2,
—4< -4+ 1- 2t £4,
—8=< —4+15+2t, 8,
which have the unique solution 75 = —2, t; = —1. Thus the optimal control is

=—1—-2z"1—z"2~05"% - 025z7%~ ...
and
E =054 05z"1 4+ 025272, kpn=3.
(b) Consider the error constraint [|[Ej| = 0-5
Applying a similar procedure, we first take £ = 0. Then

E =05

and hence the unconstrained optimal control

produces an error satisfying our constraint.

(c) Consider / = 2 and minimize {EE). This problem may be motivated by the desire
to decrease the control time in (a), even if the norm of U should slightly exceed unity.

We compute m = [ — 1 = 1 and since @b~
Computing

= 1, we have to take n = 0, i.e. consider t = 7.

2

>
I
<
°
i
@l
N
|
-



equation (8) reads 339

1

t6to =0,

i.e. 7o = 0. Hence the unconstrained solution

U=y 50 E=05, k=151, (EE> = 025

is also the optimal solution of this constrained control problem.

Theorem 6. Problem (30) has a solution if and only if
sub(a) p|a and the Diophantine equation (19) has a solution x
0y, = min subject to [|apx,| £ ¥;
sub{(b) p|a and the Diophantine equation (19) has a solution x,, y, such that
dy, = min subject to |y.]| £ »;
sub(c) p|a.

Vo such that

ur

The optimal control is

sub (a) not unique, in general, and is given by
U = agx,;

sub (b) not unique, in general, and is given by
U = aex.;

sub () unique and is given as
U =daoxp,

where X, Ve is the solution of equation (19) satisfying

vy Em=1—-1 and {(J,y,> = min.

Proof. Inspecting the proof of Theorem 2 we conclude that the error E vanishes
in a finite time and thereafter by application of a finite control if and only if

E=y
and
U=ayx,
where x, y is a solution of equation (19).
Now constraint (a) necessitates a solution x,, y, satisfying @y, = min subject
to |U] <, constraint (b) necessitates a solution X, y, such that éy, = min sub-

ject to |E| <y, while constraint (c) necessitates the solution x., v, satisfying
1+ 0y, £ 1+ m=land (§,¥,> = min. It means that w = b in (8). 0O



340 Example 10. Consider again a realization of (33) and solve problem (30) for the reference
signal (34).

Equation (19) becomes
025:"Mz"' = 2)x + (1 — 2"}y =05 + 057!
and it has the general solution
X= 44 (=21,
y=05—-z"1-025:"}(z"" — 2)t.
Then

where x0 = —4, yo = 05— 27! yields the solution of the associated unconstrained control

problem (11),

(&) Consider the control constraint [[U

Applying the minimizing procedure, we first set 1 = 0. Then
U= -4
and hence the unconstrained solution is not acceptable. Taking 1 = 7,5, we obtain
U=(10=4) — 127",
which yields inequalities

—1

IIA

w—4=51,

-1

A
IIA

i.

-1,

They are not compatible and hence we have to increase the degree of 7 by one and take t = 7y +
+ le_’. Then

Us=(to=4)+(ti o)z — 1272

and the inequalities

—-1<1—-4 =1,
-1t -1=s1,
1= -1 <1

are again incompatible.

2

Taking further f = 14 -~ 112"] -+ 7,27 %, we have

U=(tg~4)+(r; —to) 27 + (12 — 1) 272 = 1273



and the inequalities

!
IIA
“
)

1
IS
A

1
N
=2

— Ty =1

-1 ot s,

It

|
IIA

|
S
IIA

have the unique solution
To=3, 1,=2, T,=1.

Therefore the optimal control becomes

U= —1 -zt - 72773
and
E=05+05"" +025:72 — 025272, ko =4.
(b) Consider the error constraint [|[E|| < 0-5.
Applying a similar procedure, we first choose 1 = 0. Then
E=05-z""
and it is seen that it does not satisfy our constraint.
Taking t = 1, we obtain
E =05+ (051, — 1)z — 0257422
and the inequalities
—-05=<05 =05,
—05=051, -1 205,
-05<= -025t, =05
have the solution 1 = 7 =2 2. Therefore, the optimal control becomes
U=(tp—4)—10z7", 1S71,52
and
E =05+ (05t —1)z7" — 02515272, lpyn = 3.

(c) Consider /= 3 and minimize {EE). This problem may be motivated by the desire to
simplify problem (b) by solving a simple equation instcad of a system of inequalities.
We compute i == [ — | == 2 and since &b = 2, we have to take n = 0, i.e. t = 0.

Computing

e
I
%l
™
|
N
N
+
i



342 equation (8) becomes
5 1
1= 3

hence 7o = £ and the optimal control

U=24-16z"1
produces
E=05-02z"1—04z72, k. =321, <EE) =045,

Theorem 7. Problem (31) has a solution if and only if
sub (a) po is stable and the Diophantine equation (21) has a solution x,, y, such

that dy, = min subject to

sub (b) po is stable and the Diophantine equation (21) has a solution x,, y, such that

dy. = min subject to “a&q‘ye” <y
sub (c) py is stable.
The optimal controller is given as a minimal realization of

sub (a)
R = Lg? N
POb yu

and it is not unique, in general;

sub (b)
R o G8%e
Pob* ye

and it is not unique, in general;
sub (c)
+
R = 8%
Pob” Ve
it is unique. Here X, Y, is the solution of equation (21) that satisfies

and
Sm=1-1~0a; — 09~ and {J,Vym> = min, where

0ym =
V=g ag.a59"

aeq” x,
Pob*

Proof. Inspecting the proof of Theorem 3 we conclude that we have to take

+
9o X E=q45q97y, U=

R=-—2",
pob™y




where x, y is a solution of equation (21), in order to obtain a stable closed-loop
system, a stable control sequence, and an error vanishing in a finite time and there-
after.

Now constraint (a) calls for a solution x,, y,, satisfying dy, = min subject to
|U]l = 9; constraint (b) calls for a solution x,, y. satisfying 8y, = min subject to
|E| = 7. and constraint (c) calls for the solution Xy, y,, satisfying | + da5q” y, <
<1 +0ayg +8q” +m=1 and {J,Vy,> = min, where V= g¢q a; .aoq . We
havew = b~ in(8)and u = agq".

The existence of the above solutions has been discussed in the Preliminaries. O

Example 11. Consider again a minimal realization of (33) and solve problem (31) for the
reference sequence (34).

Equation (21) becomes

02527 x + (1 - Z_l)y =1

and has the general solution

x=4+(1-z""1,
y=1-025""1t,
for any ¢ € R{z™1]. Then
x 14271 .
R =— , U=05—"—x, E=051+z"Yy
@' =2y o2
and the solution x° = 4, y0 == | yields the optimal controller for the associated unconstrained

control problem.
(a) Consider the control constraint |U{] < 1.
Applying the minimizing procedure, we first try £ = 0. Then x = 4 and

__21+z‘1

U= = —1- 15271 = 075z7% — ...

27—
is inacceptable.

Taking ¢ = 74, we obtain x = (4 + o) - - 7oz !

and
44T 12+19 4 B

12-3t _, 12-31%
4 8 16 32

U =

We are to satisfy the inequalities

1

[=2) o S
A A A

| | |
SIS
+ |
W A A
oS s
<
IA A HIA
—

o o0 S

which is impossible.

343



344 Taking further ¢ = 74 -+ 7,27 ", we obtain x = (4 4 70) + (t; — 1)z — 1327 % and

(35) U= - 4+ 12470+ 2 P . 12— 3t + 21, 272
4 8 16

12 -3t~ 61y, 12-3tg— 67,
32 64

vields the inequalities

— 4L - 4-7 < 4,
- 8L 12— 19—-21, 2 8,
: —16 £ —12 + 31, ~ 21, £ 16,
—32 £ —12 + 37y + 61, < 32,
which have infinitely many solutions
(36) T < o0,
31y + 61y = =20,
To + 21y £ — 4,
3t — 21, 2 — 4
depicted in Fig. 3.
*’q
-3 -2 -1 0
i 1 t —
-21), L-1
(0,2)
42 4“' 2
L3
-1
T4

Fig. 3. Solutions 7,5, ; given in (36).



Therefore, the optimal controller is not unique and it is given as a minimal realization of

2

4+t +(ty ~7)z7! = nz_”

T (271 = 2)(1 — 02550zt — 025¢,272)

while U'is given by (35), with 7y, 7, satisfying (36).
(b) Consider the error constraint ||E}| < 0-5.
A similar procedure starts with # = 0. Then y = 1 and

E =05+ 02571

falls within the prescribed bounds and the optimal controller for the unconstraint problem

is optimal in the present sense, too.
(c) Discuss the solutions minimizing {ZE) for the control times /= 2,3, ..; 1 = kgnin = 2.

We have dag = 0, 9¢~ = I, and hence m = [ — 2. Further b~ = 1. Therefore, I = 2 implies
m < 8b~ and calls for taking 1 = 0. j.e.
R 4 5271 =221, <E 3
=——> E=054+05"", ku=2=1, (EE)=1.
z71
Further, / = 3 implies m = &b~ +- 0,i.e. n = 0 and t = 4. Computing

BoVb™ =gz + 5 + e,
BV = &2 + &2+ £,

equation (8) becomes

i.e. 7q = 2. Therefore

Kmin=3=1, <EEy=3.

Further, / = 4 implies 7 = 1 and hence ¢t = 74 + tjz", where

1 1 ?
%1 33dLT 0

that is, 7y = %, 7, = —%. It follows that

20 — 8271
37 R = >
©7) (z7'=2)(3 -2+ z77)

E=1+4+dz"' =322 4473, k=451, <EEy=1.

345



346 Further, / > 5 implies # = I — 3 and hence ¢ = 7q -+ 7,27 % + ... + 7,27 ", where

o
I

that is,
=%, u=-% T=tu=..=1,=0.
Thus the optimal controller for any / = § is given by (37) and Ay, = 4 = /. It follows that

there is no sense in allowing a control time / > 4 because the quadratic norm cannot be less
than that for [ = 4.

Theorem 8. Problem (32) has a solution if and only if
sub(a) p|a and the Diophantine equation (25) has a solution x,, y, such that
dy, = min subject to [lagg™x,| £ 7;
sub (b) p|a and the Diophantine equation (25) has a solution x., y. such that

dy. = min subject to |agq”y.| < y;
sub(c) p|a.
The optimal controller is given as a minimal realization of
sub (a)
~ 9% ‘
Yu
and it is not unique, in general,
sub (b)
R = ag x.
Ve
and it is not unique, in general;
sub (c)
R = 5 %
Vm

and it is unique. Here Xp, Y is the solution of equation (25) that satisfy
OymnSm=1~1—-238a; —09~ and <{(J,Vy.> = min, where V=
=g ayagq .
Proof. Following the proof of Theorem 4 we conclude that we have to take
ag

y

x

R= , U=ayq™x, E=agq’y,



where x, y is a solution of equation (25), in order to make the error vanish in a finite
time and thereafter by application of a finite control sequence and have the closed-loop
system stable.

Now constraint (a) necessitates a solution x,, v, satisfying éy, = min subject to
”Ul\‘ <, constraint (b) necessitates a solution x,, y, such that dy, = min subject to
|E]| < y. while constraint (c) necessitates the solution x,,, y,, such that I + dag g~ y, <
<1+3dag +dq~ +m = land (J,Vy,> = min, where V = g ~ag ag ¢~ . It follows
that w = bin (8) and u = agq™.

The existence of the above solutions has been discussed in the Preliminaries. ]

Example 12. Consider the system to be controlled which is a minimal realization of (33)
and solve problem (32) for the reference sequence (34).

Equation (25) becomes
025271zt = 2)x + (1 =z )y =1
and its general solution is
x=—4+(1-z"Yt,
y=1—-z1=-025""z"" - 2)¢
for arbitrary £ € R{z™"]. Then

X - —
R=>, U=05+z"Yx, E=051+z""y
y
and the solution x0 = —4, )'0 =1-—-z! gives the optimal controller for the associated uncon-
strained control problem (13).

(a) Consider the control constraint ||U}

< 1.
Applying the procedure, we first sct £ = 0. Then x = —4 and

does not satisfy the above constraint.
Taking 1 = 7, we get x = (1q — 4) — 7oz !and
Uz =3 7% 5.1 _To_-2
2 2
does not evidently satisfy the constraint, either.
Taking further ¢t = 7, + 7,7 ! we obtain

x=(t9—4)+ (t;, — o)z} =~ 1,z
and
U —4=% 4T T2 T-s
2 2 2 2

347
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The inequalities

2L -4+1,22,
-2 447,52,
-25 -1, 22,
—-2=< -1 <2

have the unique solution 7, = 7, = 2. Therefore, the optimal controller is a minimal realiza-
tion of
~2 -2z
R= —-— — —
1405272 -~ 05z
and

U= —1—z21—z"2_ ;3

[N

i

E =05+ 05271 +025z7% — 025z73%, k

min T

(b) Consider the error constraint [|E |} < 0-4.
We can write

E=05-05"2 4§27 + 272 — z7%)1t

and it is seen |[[E{| = 0-5 regardless of £. Hence our problem has no solution.

(c) Find the smallest integer / such that (EE) = 0-4. This problem may be motivated by the
desire to bound the error indirectly if it cannot be bounded directly.

Since k2, = 3, the lowest possible /is three. We have 8ag = 0,0~ = 1and hence m = [ — 2.
Since b = 2, we have to take ¢ = 0 to obtain / == 3. The resulting error

E=05~05z"2
givesus (EE) = £ £ 04.
Taking / = 4 we obtain n = 0, i.e. r == 7y, Computing

=1 Ly 1.-1
V o=,z + g+ 3z,
IR7: - 1.2 1 3 1 -1 1 _-2
bVb = —y52° + 4z + 33 + 542 z
7,0 1.3 1.2 3 Ry 1_-1
bVy® = 752° — 762" — 767 T 16 t 87 s

equation (8) becomes

and gives 7y = %, Therefore
E 1 1 5 1
=3 T &% 137 122

and again (EE) = 33 £ 0-4.
Taking further / = 5, we obtain n= 1 and f = 7o + le‘l. Then equations (8) read

3 1 1
[5" a] [T o} - [1‘5]
1 3 1
%4 324171 8



and we get 1o = 5%, 7, = %

1,4 _ 9. 1.-3 11 -4
=7z t332 762 T 16 707

and (EE) = 54 = 0-4.
Hence we have to take /= 5 and the resulting controlier is given as a minimal realization
of

-~ ~124 —%-‘2_8;'_1 — 4472 N
35 - 27z 4 18272 — 11273

CONCLUSIONS

This paper has presented a novel approach to handling control or error con-
straints in the minimum time control problems. It is' assumed that the system is
finite dimensional, linear, constant, discrete and having single input and single
output. The last assumption is not essential, however; the multivariable case will be
discussed in a future paper.

The presented method is very simple and transparent. We display all possible con-
trol or error sequences as solutions of a linear Diophantine equation in polynomials
and choose the proper solution according to the constraint required. This amounts
to solving first the associated unconstrained control problem and then solving a sys-
tem of simultaneous linear equations or inequalities.

(Received October 24, 1973.)
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