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KYBERNETIKA — VOLUME 23 (1987), NUMBER 3

ON THE REPRESENTATION OF TRAJECTORIES
OF BILINEAR SYSTEMS AND ITS APPLICATIONS

SERGEJ CELIKOVSKY

Special representation of trajectories of bilinear systems is obtained. On the basis of this
representation estimate for continuous dependence of trajectories of bilinear systems on control
is developed and properties of the so-called attainable set of these systems are studied. An algorithm
for the numerical solution of bilinear systems is suggested. Anillustrative example is also included.

1. INTRODUCTION

Let us consider the following control system which we shall call a bilinear one:
(1) %=Ax + (Bx + c)u, x(tp) = xo,

where A4, B are (n x n)-dimensional constant matrices and c is vector in R* space.
Scalar control u is assumed to be a measurable function on every finite time interval
[0, 1,] such that almost everywhere on [#,, ¢,] holds

Ui S (1) S Uy

where ., g, are given real numbers. Such a control is further denoted as an
admissible one. Finally, x € R” is the vector of state variables and x, € R" is the given
initial state of the system. More general forms of bilinear systems are described in [3]
Examples of practical application of bilinear systems are presented in [3], [4], [5].
In this paper special representation for trajectories of system (1) is developed.
Further, continuous dependence of trajectories resulting from (1) on controls is
studied. The following estimate for this continuous dependence was obtained:

j ;(u,@ — u(s)) ds,

where x;(t) and x,(t) are solutions of (1) for u,(f) and u,(r) respectively, K is a con-
stant depending only on A4, B, ¢, ty, t;, Uy, and u,,,,. Representation of trajectories

2) max |x,(£) = x;()rs £ K max
toStsty

toStst
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of system (1) and estimate (2) are used in order to study some important properties
of the so-called attainable set of bilinear systems.

In the last section of this paper an algorithm for the numerical solution of bilinear
system (1) is suggested and an illustrative example is included.

2. ANALYTICAL REPRESENTATION OF SOLUTION OF BILINEAR
SYSTEMS

Let us introduce the following notation

4
(3) w(t) = f u(s)ds .

to
By exp (F), where F is some real (n x n)-dimensional matrix, we denote the matrix
function defined by:

(4) exp (F) =§0 i—,k

It can be easily verified that this sum exists for any real matrix F.

Our aim in this section is to find a special representation of x(t), the solution of (1)
for a given u(t), which allows us to obtain the estimate (2). First we construct special
representation for the fundamental matrix &(f) of system (1) and its inverse &~ *(1).
Let us recall that the fundamental matrix ®(z) of system (1) is a solution to the fol-
lowing matrix differential equation

0 S X0 = (4 + BUO)X(). X1 =1,
and its inverse matrix @~ *(f) is a solution to
©) S0 = ~Y()(4 + Bud), Yo =1,

where I denotes the (n x n)-dimensional identity matrix.

Theorem 1. Let us consider system (1). Then we can represent its fundamental
matrix @(¢) and its inverse matrix ¢~ ‘(l) as the sums of the following infinite series:

R UR I (T ewp (BOw(arss-) -

to

— w(te=y))) A} exp (B w(z,)) dry ... dr,
and

(8) @~ (t) = exp (—B w(t)) +1§‘1 frtkﬂ . .J"z exp (—B w(ty)).
{

(—A) exp (B(w(t;) — w(tix1)))} dry ... drp .

=N

i=1

199



Proof. Let us consider the following iterative procedure:
#°(1) = exp (B w()
a‘%qﬁfﬂ(z) = Bu(t) 0 1(d) + A B1), D) =1,
that is
@*1(f) = exp (B w(t)) + J-r exp (B(w(t) — w(s))) A d'(s) ds

to
or
i+1 M=, 2
to

Y1) = exp (B w(t)) +k; . J {l:liexp (B(w(t1-1) —

— w{t,—;))) A} exp (B w(r,)) d7, ... dv, .
For the solution of (5) it holds clearly

(1) = exp (Bw(t)) + J't exp (B(w(t) — w(s))) A &(s) ds .
Hence

1
lo**1() - (1), éJ PO OD 4] [ o(s) — @(5)], ds <
fo
t i+t1
s v [ ot — o9 s 5 PO max o) — %),
” i+ 1) tosesn
Here |+ |, denotes.spectral matrix norm, M is a certain constant.

So, we can see that the sequence {®'}{2, converges to the solution of (5) in the
spectral matrix norm, as i tends to infinity. On the other hand, it is obvious that the
series on the right hand side of (7) is just the limit of the sequence {@'};2,. Hence,
validity of representation (7) was proved.

In the same way we can prove representation (8), the only difference is that the
appropriate iterative procedure is of the form:

@5 (1) = exp (=B w(1))

;%rb;ﬁ(t) = 22450 (—-Bu(t) - 7)) A, OTh(t) =1 o

The following theorem gives a representation of the solution x(f) of (1) such that
x(t) depends only on w(t), ¢ € [#o, t,], with w(1) given by (3).

Theorem 2. Let us consider system (1) with initial state x(fp) = X, and control
u(t). Then for the appropriate solution of this system x(r) the following formula
holds:

)] x(1) = &(r) (xo + J“ @~ Y(s) A exp (B w(s)) E(w(s)) ¢ ds) +
+ exp (B w(2)) E(w(1)) c .
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Here E(s) denotes the following real matrix function of a real varjable:

(19) B(s) =

. . sH'l
(=B .= .
0 (i + 1)

Proof. Let us first remark that the infinite series on the right hand side of (10)
evidently converges for any real matrix B and any real number s. Furthermore, the

following equality holds:

(11) g—slz(s) = exp(—Bs), E(0)=0.

As it is known from the theory of ordinary differential equations (see e.g. [1], p- 135)
solution x(f) of system (1) has the following form:

(12) *() = (1) <x0 . f u(s) (b"(s)cds).

o
Here ®(t) is again the fundamental matrix of (1). From (8) it follows that we can
write:

(113) @~ Y1) = @,(t)exp (=B w(t)),

(14)
o)=1+3 j' " {ﬁl exp (= B wle)) (= 4) exp (B we)} de, ... dr,
By direct evaluation we obtainrothat
(19) £ 0,00) = 0.(0) exp (=B w(0) (=4) exp (B v(0)
(16) ®(te) = I.
Using relations (11), (13)—(16) and integrating by parts we have:

f u(s) @ (s)cds = f u(s) @,4(s) exp (—B w(s)) cds =

to

s

= Tpeh

o

- j' @.05) % E(w's)) ¢ ds =

= &,(1) E(w(t) ¢ — J " B(s) exp (= B w(s) (= A) exp (B w(s) E(w(s)) c ds .

fo

that is

T (3
(17) J. u(s) 7Y(s) cds = P,(1) E(w(t)) ¢ +J @~ Y(s) A exp (B w(s)) E(w(s)) cds .
to to

When the substitution from (17) in the right-hand side of (12) is performed, taking
into the account (13), we obtain representation (9). 0

Remark 1. Formula (9) for the solution of system (1) is more complicated than
(12), but it gives explicit dependence of x(t) on w(t), defined by (3). From this explicit
dependence numerous interesting conclusions follow.
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An important class of bilinear systems is the class of the so-called commutative
bilinear systems for which condition AB = BA holds. Under this condition we can
simplify formula (9).

Corollary 1. Let us consider system (1) for which condition AB = B4 holds. Then
for the solution x(f) of this system with the initial state x(fo) = X, and control u(?)
the following formula is true:

(18)  x(1) = exp (A(1 — o) + Bw1)) (xo - oxp (= A(1 — 1)) E(w(i) ¢ +
+ AJ‘ exp (—A(s — to)) E(w(s)) c ds) .

In order to prove Corollary 1 it is sufficient to realize that in the case AB = BA
the fundamental matrix of (1) has the form &(t) = exp (At — 1o} + B w(t)) and its
inverse ¢7(t) = exp (—A(t — 1) — B w(r)). Furthermore, it is casily verified that
if AB = BA also the following equality holds:

Aexp(—Bw(t)) = exp(—Bw(r)) 4.

Remark 2. Let in addition to the assumption of Corollary 1 Ac = 0. Then if we
take into account that in this case exp (~As) ¢ = ¢ for each real s, we can even
more simplify the formula (18)

(19) x(t) = exp (A(t — t5) + Bw{1))(xo + E(w(t)) c} .

3. ESTIMATE FOR CONTINUOUS DEPENDENCE
OF TRAJECTORIES OF BILINEAR SYSTEM ON CONTROLS

In this section estimate (2) will be derived.

Theorem 3. Let us consider system (1), defined on the time interval [, t;], with
the initial state x(#,) = Xo and let x,(r) and x,(f) be trajectories of this system for
admissible controls u,(z) and u,(r), respectively. Then the estimate (2) is valid, where

(20) K = KK, xo||rn + 2K K3K K || All, [ic]lrn (t; = 1) +
+ KK AL fellrs (x = t6) + Kalle]an-

Here we use the notation:

(21) K, = (2HA”s 1B (2x — 1) + []B[“)
(22) Kz = exp (B, u, + |4]) (1, = 1))
(23) - K= {ewp (IBlouy(ty ~ 1)) — 1}/]B,
(24) Ko = exp (Bl w1, — 1))

(25) 4, = max {[u,, [toman }
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Finally |+ ], stands for the spectral matrix norm and |+ |« for the Euclidean vector
norm.

Proof. Let us denote fundamental matrices of system (1) for controls u,(f) and
u,(1) by @,(1) and @,(1), respectively. First we establish estimates for

max [@,(t) — #,(7)], and max [&7'() — 23D
toSt=ty toSt=ty

It is easily verified that for any square matrices X1, X2, ..., Xp» Y15 Yy, .. Y the
following identity holds

(29) {13 - 1= (T - 9 110

i=1 =1 j=it1

q
(We define that J] D; = 1 for g < p.)
i=p

Using this identity and formula (7) we obtain:
@7 B,(1) — @,(1) =

o Mt=tern o ko i-2 ) . . k-t .
=F<r>+zj ‘ j S (] D574y (D41 — D5 ) A(T] DY) -
k=1 J ¢ izl J=0 i=i

o M=) 7y k—1 3
L exp (B w(e))) dry ... dry + 3 j L J (TT Dk-4) F(z;) dy ... dm,»
k=1 o

to [

where
DY = exp (B(w,(t,41) — W(w))) »
F(s) = exp (B wy(s)) — exp (B wy(s)) -
The following relation holds

[Pt~ Dt < |3, max {Jexp (B} wilrers) =

= wizg) - Wa(7g+ )+ WZ(Tq)i ’
where
W = wy(7,4,) — wilty) + O(waltges) = walty) — witge1) + waltg) and
0<O<1.
Further, from (3) it follows

w*:(l—@)J

g+ g+

1
uy(s)ds, 00 1.

lul(s) ds + OJ.

Hence

@8 101 - D, < 2Bl exp ([Bl o = vl ) max () = wld)
Moreover o

) 1], < exp (Bl |7q+1 = 7 %) »

G0 O = 1Bl ew (Bl ~ ) w) max o) = wald]-
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Using relation (27), (28), (29), (30) we obtain:
|#:(1) = @21}, = {[ Bl exp (Bl (11 — to) ) +
208l T [ [T By 3 e = <) -

k=1

.exp (| B]l; up(rs — to)) d1:1 .dgy +

S [T [l B - e
-exp (| Bl up(ty — to)) dry ... dz} rﬁ?znw, — wy(1)] -

Let us observe that 7,4, = 7, = ... = T, = 74, hence

Y {tas — | = T — T =Ty
g=1

Thus '
18.06) = ©x(0)], < |B], exp (B, up(ts — 10) {éﬂAH,;Jrﬂk,,mJ-:z bt
+k§12"’4u‘; k {‘:Ik“ .. -JU dey ... dr + l}tmtaX‘ ‘Wl(t) - Wz(l)l =<
< B exp (1B]s u,{ty — to}) {ki JI_"_(H ) Ly

#2fe = ) L., 1 - o) m @ = w01 =

= [B]ls exp (B u,(t; — to)) exp (4] (s — to)) (1 + 2(t; = 1) [ 4])-
',OT?E,JWI — wy(t)] -
Finally we can write the following estimate
(@1) Jmax [2(0) = 229, < KiK max () = wald)]

where K, K, are given by (21) and (22).
Analogously as for &(f) we can obtain estimate for &7 (z):

) max | o71() — &7 (0)]s = KK, max [wy(r) — wa()[ -
totst toSt<ty
Now it follows from (10)

(33) TEGo ()]s = (exp (Bl uplt — 10) = 1)/[B] -

Furthermore
Jexp (B wi(s)) E(w,(s)) — exp (B wa(s)) E(w(s))]s <
< max. {ﬂB exp (B w*(s)) E(w*(s)) + I|)g} [wi(s) = wa(9)]»

0=6(s]
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where
w¥(s) = wy(s) + O(s) (wa(s) — wys)), 0L O(s) 1.
Taking into account that B E(w*) = I — exp (—Bw*), we obtain :
) Jexp (B w,(5) E46)) — exp (B w,(9) EGws (o) <
< exp (|| Bl|; u,(s — to)) [wi(s) — wa(s)] -
Now we can prove estimate (2). From (9) it follows that

() = (1) = (@:() - B5() (xo + J " 571(5) A exp (B wy(s) E(wy(s)) cds) +

to

+ 1) J " (071(s) — 05 (5)) A exp (B wy(s)) E(wi(s)) c ds +

+ @,(1) Jr @3 '(s) A(cxp (B wy(s)) E(wy(s)) ~ exp (B wy(s)) E(wx(s))) c ds +
+ (exp (B wy(t)) E(wy(2)) — exp (B wa(1)) E(w, (1)) ¢ .

Using estimates (31), (32), (33), (34), the triangle inequality and the relation between
spectral matrix norm of the (n x n)-dimensional matrix F and the Euclidean vector
norm of some vector y e R" (see e.g. [2]):

1y = [F]- |y
we obtain estimate (2) with K given by (20)—(24). ]

R >

Remark 3. Theorem 3 in fact establishes not only continuous dependence of
trajectory of system (1) on control with respect to norms max |f}, u(s) ds| and
toStsty

s DUt even Lipschitzean dependence of a trajectory of a bilinear system

max ||x(z)
PR

on control with respect to these norms. This fact can be employed for practical
computations as it will be shown.

4. PROPERTIES OF ATTAINABLE SET FOR BILINEAR SYSTEMS

In this section we use the results of preceding sections in order to study some
important properties of the so-called attainable set for bilinear systems. First, let us
recall the definition of an attainable set.

Definition 1. Let us consider system (1) with initial state x(t,) = x,. We call
an attainable set for this system at time ¢ € [f,, ¢,] the set of all points y from R",
for which there exists an admissible control u(s) on [1,, ] such that for the respective
trajectory x(s), s € [to, ], holds x(t) = y. We denote attainable set at time ¢ by
X(to, t, xo)-

Definition 2. Let us consider system (1) with initial state x(to) = xo. By X*(t,, t, %o)
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we denote the set of all points y from R” for which there exists a piecewise constant
control u(s) on [to, 1], (s) € {Umic> tmax} for all s € 1o, t], such that for respective
trajectory x(s), s € [to, £], holds x(f) = y.

It is obvious that X*(to, t, xo) = X(t, 1, X,).

The following theorem establishes the fundamental property of an attainable set

for bilinear systems (1).

Theorem 4. Let system (1) with initial state x(t,) = x, be given. Then for any
1e[to, 4]

X(t0, 1, x0) = X*(t05 1, Xo)
that is, X*(to, 1, x,) is dense in X(zo, t, Xo).

Proof. In order to prove assertion of Theorem 4 we need to establish that for any
measurable function u(s) € [t thnex ] a.€. 0N [fo, £] and for any & > 0 there exists
u,(s) piecewise constant on [Zo, 1] and u,(s) € {Upin, ey for all s € [14, £] such that
for the appropriate trajectories x(t), x,(t) of system (1) holds

[5(t) = x{D)]an < 2.

Taking into account Theorem 3 it only sufficies to prove the following assertion
which we formulate as a separate lemma.

Lemma 1. Let us consider function u(s) measurable on a closed interval [, #,]
such that u(s) € [#in, Umax ] @.€. 0n [to, 2,]. Let us divide closed interval [to, t,] into k
closed equal subintervals [ty + (i — 1) h, fo + ih], i = 1,2, ..., k, h = (t; — to)[k.
Then there exists a function u*(s) with the following properties: '

1) u*(s) is constant on each subinterval of the form [t + (i — 1) h, t, + ik],
2) U*(S) € {Upmins Unax) for all s € [10, 1,],
3) for all te[ty, 1]

(35) j u(s) ds — J u*(s) ds

Proof. Let us denote

= %(umm - umin) h.

i
U, = '[ u(s)ds and w*(s) = u;, where u;€ {Unppn, Uy} 5
to

selto+ (i—1)h, to + ih].
We shall construct the function u*(s), i.e. numbers uy, ..., u,, in the following way:

1)

or

; 1

Uy = Upmey» AT Uy 2ty + Upin) Tt
Uy = U, if Uy < kg + Uin) B

1 min » 1 < 2(Umax min) B .
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2) Let us suppose that we have already defined u, ..-» #i;» Where i < k, then we define

Uis1 = tmax> 1f Ujgyq — i uh Z Mt + sy B
o i=1
i
Uipr = Umin, H Uppy — VZ‘“jh < Htma + i) 1.
i=
From the definition of U, it follows that

Uit £ U; = Uiy € thaglt

So we can conclude that if we construct numbers u;, i = 1, 2, ..., k according to the
preceding procedure the following relations hold:
02U, —uhZ = Mty — i) By 10 Uy = Uy
3h (umux - umin) >U;p —uhz0, if uy = upy,.
Thus
EUI - ulhl = %(um:\x - “miu) h.
Further

i i
. 1 — i —
U= Yuh 2 Uy —uph = Y uh 20— Mgy — i) By 0 U = U
i=1 Jj=1

i i
th (“nm - umiu) >Up g —uppih — Z uh 2 U; - Zuih s A Uy = U
. i=t i=1
Thus
i+t

[Uive = ¥ w;h] < max (Mt — ) 1, [U; — 3 u;h]}
j J=1

Jj=1
foreachi=1,2,....,k — 1.

These relations imply that inequality (35) holds for every ¢ of the form t = o + ih,
i=1,2,..., k, that is for all boundary points of subintervals. It remains to prove
inequality (35) for the interior points of subintervals. Let teint[t, + (i — 1) I,
to + ik}, i =1,2,..., k. Then

(36) ; J u(s) ds —J' w¥(s) ds

to

i-1 t
Uiy — Y ush +J‘ (u(s) — u;)ds|.
=1

to+(i— L)

Let us analyze the term Jj . ;_ 1y, (u(s) — 1) ds.
There are two possibilities.
1) 4; = t,,,. Then we have

(u(s) — u;)ds ngﬁh (u(s) ~ u)ds = Uy — U;_y — hu,.

o+ (i~ 1)h

rt

(37 0 ;J
2) u; = Up,. Then we have

i to+ il
(38) 0 gJ (u(s) - uy) ds gj (u(s) = u)ds = Uy = Us_, — hu;

to+ (i~ 1)k to+ (i~ 1)k

to+(i— 1)k

207



From (37) it follows

4 i-1

i i-1
U= Y hu; Uy — Y hu; +'[ (u{s) —u)ds S U,y — Y hu; .
=1 =1

to+(i— 1)k J=1

On the other hand from (38)
i—1 i-1
Upsy — 2 huy Uy = Y hu; +J'
j=1 j=1
From these relations and from (36) we obtain

't T
I uls)ds — J’ u*(s) ds
to ta

when t e[ty + (i — 1) h, to + ih]. This relation means that if inequality (35) holds
for all t of the form ¢t = t, + ih, i = 1,2, ..., k, then it holds for all € [t,, t,],
too. 0O

" i
(u’s) — u)ds £ U, — Zlhuj.
=

to+ (i—1)h

i-1
NV = X hugl}

ey

i
< max {|U; — ¥ hu;
=1

Lemma 1 will be further used in the next section where an algorithm for numerical
solution of bilinear systems will be constructed.

Now we establish an interesting property of attainable sets for some commutative
bilinear systems.

Theorem 5. Let us consider system (1) with initial state x(t,) = x,, where AB = BA
and Ac = 0. Then the point y € X(t, t, x,) if and only if there exists constant control
U € [Uins Unge ], such that for the appropriate trajectory x(s), se€[t,, t], holds
x(t) = y.

In other words, Theorem 5 asserts that under the given condition state y is reachable
by some trajectory of system (1) if and only if it is reachable by a trajectory cor-
responding to a constant control. The proof of this theorem clearly follows from
equality (19) (Remark 2 to Theorem 2) and from the fact that for any admissible
control u(s) there exists real number u, € [sin» Umax ] Such that

w(t) = J " () ds = ut = 1p).

to

5. ALGORITHM FOR THE NUMERICAL SOLUTION
OF BILINEAR SYSTEMS

In this section we shall use the previous results to construct an algorithm for the
approximate solution of system (1). First we formulate the following theorem which
is a corollary to Lemma 1 and Theorem 3.

Theorem 6. Let us consider an arbitrary admissible control u(s) for system (1) on the
time interval [#o, ¢,] and let us denote the corresponding trajectory of system (1)
with initial condition x(t5) = X, by x(7). Further, let [to, ¢,] be divided into k sub-
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intervals as in Lemma 1, let u*(s) be a control constructed to the control u(s) by
Lemma 1 and let x*() be the corresponding trajectory of system (1) with initial
condition x(t,) = x,. Then

(39) max [x(t) — x*(0)gn < K Smer = Hemin,
toStSty 2 k

Here K is given by (20)—(24).

L —1

The proof of Lemma 1 suggests directly a simple algorithm, how to construct for
any given admissible control u(s) the appropriate control u*(s). Furthermore, the
corresponding trajectory x*(1), which we can naturally consider as an approximate
solution of system (1), is easily being computed in the following way.

Let us introduce two operators Lj, L; which act from R" to R™

|

h
Ly x = exp ((4 + Bitgy,) B) x + ume‘ exp (4 + Bu,y) (h — ) cds,
(]

L, x

b
exp (A + Buy;,) h) x + uminj exp ((4 + Bu,y,) (h — s)) cds.
0

The matrices on the right hand sides can be easily analytically computed for arbitrary
A, B, c and h.

Then
x*(tg + ih) = LyLy ... L;x(to), i=1,2,..,k,
where
Ly=L;, if w*s)=up, for sefto+(j—1)h, to + jh]
and

Ly=L;, if u*s)=uwm, for se[to+ (j—1)h to+jh], j=1,2,....0.

1t is not difficult to see that necessary computation grows linearly with k.

The corresponding computer code was prepared, which for the given system,
initial state and control computes and approximate trajectory. The method was
tested on systems with

01 10 0
A=(_1 0)’ B=(01)s C=(0), Unmin = =1, U =1,

to=0, t =2m,

fot controls u,(t) = 0and u,(t) = cos  and initial states x§ = (5 5)Tand x5 = (3 3)T,
respectively. Computations were performed for k = 100 and k = 1 000. Results are
shown in Figures 1—3; for u,(t) = 0 the exact solution is a circle with centre at the
point (0, 0) and radius 5 /2; for u,(t) = cos t the exact solution is a certain closed
curve passing through the point (3,3). The achieved accuracy in the case u,(f) = 0
was 5.107* for k = 100 and 5. 1072 for k = 1 000.

In order to improve accuracy and have the trajectory x*(r) more smooth, special
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Fig. 1. Trajectory for u;(t) = 0, k = 100, x(t9) = (5,5).
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e \
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X0 \\
[ L
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Fig. 2. Trajectory for u;(z) = 0, k = 1000, x(15) = (5,5).

interpolation procedure was implemented. While earlier computed points x*(t, + ih)
and x*(t, + (i + 1) ) were connected by a line, this procedure searches line I,
passing through the point x*(t, + ih) such that

d(x*(to + (i + 1) h), L)? + d(x*(to + (i + 2) B}, [)* is minimal,
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Fig. 4. Trajectory for u,(r) = 0, k = 100, x(tp) = (5,5) — special interpolation.
Here d(+, I;) is the distance to line I;. Then the point x*(t, + (i + 1) h) is replaced

by its nearest point on line /; and the next step searches line [;,, passing through
this point, such that

d(x*(to + (1 + 2) ), Ly + d(x*(to + (i + 3), ;41)* is minimal.
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Fig. 5, Trajectory for u,(t) = 0, k = 1000, x(1) = (5,5) — special interpolation.
X2

{

cos t, k = 1000, x(#y) = (3,3) — special interpolation.

- Fig. 6. Trajectory for u,(t)

This is done gradually for i = 1,2, ...,k — 1. The points x*(f,) and x*(¢;) remains

without changes. Results of application of this procedure are shown in Fig. 4—6.
Comparison with Fig. 1—3 shows that this procedure improves approximation
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x*(t), although there is no strict mathematical proof of this fact. Accuracy in the
case u,(f) = 0 was 3. 107! for k = 100 and 3. 1072 for k = 1 000.

In Fig. 7 is depicted a part of trajectory x*(z) in the case u,(f) = cos t, x(fo) =
= (3,3), for k = 12000 with ¢ in the range from ' = 0.42n to ¢" = (0,42 + ;) m.
Also here the special interpolation procedure was applied. Observe the gain in ac-
curacy with respect to the case in Fig. 6.

X2
. e X
"
\\ ~\\
\ N
\ N,’n
\ I
S
\ :
. X() \‘\ /
Fig. 7. Part of trajectory for u,(¢) = cos¢, \ /
k= 12000, x(to)=(3,3) — special interpolation. ‘ \ /

The suggested algorithm of numerical solution of bilinear systems is attractive by
its simplicity. Moreover it gives trajectories corresponding only to two values of
control; this fact may be sometimes useful for applications. This algorithm is fast,
cases with k = 1000 were computed on IBM 370/135 per 10 second CPU time in-
cluding using rather slow graphics Calcomp. Last, but not least, there are no requi-
rements on smoothness of function u(s), which may be even only measurable.

(Received September 3, 1986.)
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