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KYBERNETIKA CISLO i. ROCNIK 3,1967

On a Classification of Context-Free
Languages

Jozer GRUSKA

The set £ of strings is said to be definable (strongly definable) if there is a context-free grammar
G such that F is the set of all terminal strings generated from the initial symbol (from all non-
terminal symbols) of G. The classification of definable and strongly definable sets in dependence
on minimal number of nonterminal symbols needed for their generation is given.

I. INTRODUCTION AND SUMMARY

It is well-known that a context-free language can be generated by grammars with
a different number of nonterminal symbols (metasymbols). In this paper we shall
investigate context-free languages in dependence on a minimal number of meta-
symbols needed for their generation. It gives a classification of languages — &, will
denote the class of context-free languages which may be generated by a grammar
with n metasymbols but not by a grammar with a smaller number of metasymbols —
and we shall investigate the properties of languages from separate classes.

In the rest of this paper context-free languages will be called — similarly as in
papers [3,4] — definable sets. Therefore, to every grammar G there is associated
the definable set — L(G) — defined as the set of all terminal strings which are gener-
ated from the initial symbol of G. In preceding paper [4], moreover, the set L(G) —
defined as the set of all terminal strings which are generated from all metasymbols
of G — was associated to grammar G. These sets were called strongly definable. In
this paper also a similar classification of strongly definable sets is given.

Strongly definable sets are investigated in detail in paper [4]. We shall also use
notations and definitions of that paper. The reader should be familiar with Section 1,
[4].

The technical results achieved in this paper are as follows. It is shown that for every
integer n the class &, is non-empty. (Section 2). (This is true even when we consider
only sets in a given alphabet of just two (terminal) symbols but not in an alphabet
of just one symbol (Section 3).) The sets from Z, are called n-detinable. Some pro-



perties of n-definable sets are investigated in Section 4 and Section 5 but there are
still many open problems in this area. Similar results are proved for strongly definable
sets.

2. CLASSIFICATION IN ALPHABET CONSISTING OF JUST TWO
SYMBOLS

For grammars with one metasymbol the concepts “detinable set” and “‘strongly
definable set”™ are obviously equivalent. It is natural to inquire as to whether there
is a strongly definable set which is not generated by a grammar with one metasymbol.
In the sequel we shall prove that such set exists and, moreover, that for every n 2 I,
there is a strongly definable set which is not strongly generated by a grammar with
a less number of metasymbols than n. Similar results will be proved for definable
sets, sequentially definable sets*) and regular sets. All this is true even for alphabets
consisting of just two terminal symbols.

Let o/ be an alphabet. Denote @ (), n = 1 the family of all definable (strongly
definable) sets in 7 which are generated (strongly generated) by a grammar with n
metasymbols but are not generated (not strongly generated) by a grammar with
a smaller number of metasymbols. The sets from %7 (&) will be called n-definable
(n-strongly definable) in «/. By %, (&,) we shall denote the family of all n-definable
(n-strongly definable) sets in all alphabets.

In the remaining part of this section let &/ = {4, b}. We shall prove:

Theorem 1. 27 + A for n 2 1
and

Theorem 2. % + A for n

v

Denote, for every n = 1.
"
(1 M, = {ab}* U {a*h}" o .. u{a"b) = {a'b} " .
i=1
At first we shall prove:
Lemma 1. M, € &7 and M,e 7%, if n = 1.
Proof. The case n = 1 is trivial. Now denote G"*' the grammar defined by the
set of rules
(2) Lypy =T i=1,2,..,n,

Ii»>Ta'b, I,—d'b, i=1.2...n

with the initial symbol I, ,,. Obviously L(G"*!) = M, and G"*' consists of just

* For the concept “sequentially definable sct™ see [3].
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(n + 1) metasymbols. Now let G = (&, V,, #, S> be a grammar with a minimal
number of metasymbols and such that

3 L(G) = M,

then G(T) % A if T € V because in the opposite case there would exist a grammar

with a smaller number of metasymbols satisfying (3). Moreover, if Te Vy, T S

than there are ¢ and j such that T — ¢, #(j) = T because in the opposite case T would

be a reductible metasymbol (see [2]) and we could construct a grammar with a less

number of metasymbols satisfying (3). Similarly we may assume that T -» T for no

T € Vy and that for every T € ¥V, there are x and j such that S = x and x(j) = T.
At first we shall prove that

(4) if TeVy, T £ S, then there are uniquely determined integers iy, s, i,. i, such
that | £ iSn 05i, <n 0, =0 051 G(T) a"blab)” a”
and either s = 0 =i, or s = 1. .

(We shall write i = o(T)).

Indeed, it can be readily seen that there are strings Py, P,, Q,, Q, € & such that
T= P, TQ,, S= P,TQ, and P,Q, + . Then S = P,P{TQ}Q, for every integer .
Let x € G(T). Then § = P,P,x0,Q, = te€ M, and t = (a'b)’ for suitable i, j. Thus,
there are uniquely determined integers aq, aq, @y, a2 So» S1, $1+ 82, bo, by, By, by, By,
Cos Cp. Cp, € such that

P, = (a'b)y? a®*, Py = a"'b*(a'b)” a*', x = a“b*(a’'b)° u*,
Ql e aujbin("ib)ﬁ\ atr, QZ - aﬁzsz(aib)ﬁv R
and. moreover,

either s, =0=a,=¢, or s, =1, a, +c¢,=1,

i

ag=1c¢y or so=1, ag+c¢, =1,

]

dy=1c¢o or S =1, d;y+c¢g=1i,

0
either s =0
either § =0

0

either 5, =0=ad,=¢, or §; =1, a,+¢ =1i.
Let P, + e (the case Q; =+ ¢, P, = ¢ s investigated similarly). Then there is a j such
that P,PIxQ%iQ, e M, and the length of P} is more than 2n + 1. Hence we may
assume without loss of generality that b, = 2; it means that for every x, e G(T)
we have P,P,x0,0,0, = (a’b)”® for a suitable j,. Hence x, = a®b"(a’h)* a® for
a suitable k, whereby ay =i —¢;, 50 = 1 if ¢, + 0and ay = 0 = 5, otherwise,
co =1i— @ if 5 & land ¢, = 0if §; = 1. This completes the proof of (4).

Now suppose that there is a ¢ such that S = ¢ and #(k) = S for some k. Then there
are strings P, Q € &/” such that PQ # ¢ and S = PSQ. That is S = P3*45Q3*4,
too. Assume that P = & (The case P = ¢ =+ Q is investigated similarly). Then therc



are integers i, j and strings P,, 0, «* such that P*** = P,(a'by Q,, j > 3.
Since L(G) = M, there is i; + i such that (a’b)® € L(G). But then (a'bY. (a’'b)® are
substrings of the string P3"*4(4"1p)* 03 ** which contradicts the definition of M,
Hence S = ¢ implies #(j) = S for no ;.

Now let n, be the number of metasymbols of G. Obviously | < ny < n + | and
suppose that ny £ n. Then there is an i such that | £ i < n and o(T) = i for no
TeVy — {S}. If S — t and (k) e Vy for some k then, with regard to the definition
of M, {xit=xed”} c {a”"™b}”. Hence the set {x:xe{a'b}*, §—x} is
finite which contradicts the definition of M,. Thus, n, = n + 1. This completes the
proof of Lemma 1.

Lemma 2. Denote Ny = {a}* U {b}. Then N, e D3,
Proof. Let G be a grammar defined by rules

(5) BoA, B-ob, A= Aa, A->a,

with the initial symbol B. Then L(G) = N,. Now suppose on the contrary that there
is a grammar G, with one metasymbol S such that L(G,) = N,. Then S — b has
to be the rule of G,. Moreover, there is a ¢ such that S — ¢, t = PSQ where PQ ¢
e {o/ U {S}}*. Thus, there is a string x such that S = x € &/®; x has at least two
symbols and x(i) = b for some i; this contradicts the definition of N, and therefore
N, e DY. This completes the proof of Lemma 2.

Theorem 1 is now an immediate consequence of Lemma { and Lemma 2.

To prove Theorem 2 we proceed as follows: If a set Z is strongly generated by
a grammar G with n metasymbols then obviously there is a grammar G, with n + 1
metasymbols such that L(G,) = Z. The set M, (see (8)) is strongly generated by the
grammars with rules:

S - S,.a"b, S - ath, i=1,2,..,n
which has n metasymbols. If M, would be strongly generated by a grammar G,
with a smaller number of metasymbols than n, then, as we have just shown, there
would exist a grammar G, consisting of j < n metasymbols and such that L(G,) =
= M,, contrary to our previous result M, € 92, . Hence M, € S. This completes
the proof of Theorem 2.

We have actually proved much more. By (2), the set M,, n > | is sequentially
definable and, moreover, regular and is generated by a sequential grammar with
n + | metasymbols but not by a sequential grammar (and also non-self-embedding
grammar) with a less number of metasymbols. Similarly the set N,(M,) is regular
and is generated by a non-self-embedding grammar with two (one) metasymbols.
Hence the same result as in Theorem 1 is valid for a family of sequentially definable
sets (even when we consider only sequential grammars) and also for a family of
regular sets.

b
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By a method similar to that given in this section it can be shown that if n > I,
| £i, <i,<..<i,and

(6) M(iy. i) = {d"b}* U {a™ b}
then
Q) M(iy. i) e D S )

Moreover, if Q, is a finite non-empty subset of {a*b}* and

Ny owiy) = M(i.oiy )V Qy,
then

8) Nfiy,...iye@l(e %),
Finally, there holds

(9) Pliye iy )= {xix=0clyel j20. yeMyi, ..., i,_,). cisaletter} € 7,

3. CLASSIFICATION IN AN ALPHABET CONSISTING OF JUST
ONE SYMBOL

Now we shall investigate a similar problem as in the previous section but for the
case that the alphabet consists of just one symbol.

Theorem 3. Every definable (strongly definable) set in the alphabet consisting
of just one symbol is generated (strongly generated) by a grammar with two
metasymbols. Moreover, there is a definable (strongly definable) set which cannot
be generated (strongly generated) by a grammar with one metasymbol.

Proof. Let M be a (strongly) definable set in & = {a}. By Corrollary 2, [3].
{n; a" e M} is an ultimately periodic set of integers, i.e. if {x,!,., is the sequence
of its elements ordered by magnitude and the sequence {y,},x ( is defined by y; = x,.
Visr = Xy, — X, 0= 1,2, .., then there are n, and p such that y,., = v, for all
m 2 n,. Let G be the grammar defined by rules:

S ->at, i=1,2,..n,
S -8,
10
(10) S,—-a’, i=n,+1....n0+0p
S, = S,a’
where
o+ p

J = Z Y= -Y:|o+p = Xy v
k=g + 1




Then L(G) = M = L(G) and the first assertion of Theorem 3 is proved. Now we
prove that the set R = {a®}” U {a?} is not (strongly) generated by a grammar
with one metasymbol.

Assume on the contrary that there is a grammar G, with one metasymboi S, such
that L(G,) = R. Since R is an infinite set, there are  and j such that S, — 1, {(j) = S,.
We may assume that t = Sga” where ro 2 1, 1y 20, ry + r; > 1. (Since G,
consists of just one symbol, ordering of symbols in 7 is obviously irrevelant). As the
strings @ and @ belong to R, we have t = @’ """ e R = [(G,), 1=
=¥ T2 e R whereby 3(rp — 1) + 2 + ry =3rg + £, — | =3 contrary
to the definition of R. Hence the assumption that G, has only one metasymbol
yields a contradiction and the proof of Theorem 3 is completed.

Remark. In an alphabet consisting of just one symbol the concepts: definable
set, sequentially definable set and regular set are, by [3], equivalent. Therefore.
Theorem 3 is valid if we replace the word “‘definable” by the words “sequentially
definable™ or “regular™.

4. CLOSURE PROPERTIES OF n-(STRONGLY) DEFINABLE SETS

Let n = | be an integer and U,, U, some n-(strongly) definable sets. What can we
say about U; n U,, U, (complement)? Are U, n U,, U, definable sets? As to the
intersection we have

Lemma 3. For every n there are U, U, e 2, (¢ ¥,) such that U, ~ U, is not
« definable set.

Proof. We shall not carry out the proof in detail, only the main idea will be
sketched. Consider grammars G, and G, defined as in (11) and (12)

{11) A= aade., A - bAc., A be,
(12) A=adce, A—adb, A->ab.

Then L(G,) = {G,)e 2, = &, L{G,) = L(G,)e %, = &, and L(G,) » L(G,) =
= L{G) N L{G,) is not definable (see [3]. p. 381) and hence neither strongly defin-
able. Now let n > 1 and | < i, < i, < ... < i,,_,. By using a similar method as
in Section 2 we can show that if Q; (Q,. ) is a finite subset of {e™ 'd}”
{{e""~*d}™) then

<
1

= LG uied™u.. vl dy v Q, €T, (e,

Uy = LG ufedi™ v v fe d)™ v Qy, e, (e,).

< i

But then U, n U, = L(G,) 0 L(G,) and hence U, N U, is not definable.

It is an open question whether for every i there is a U € ¥, (¢ &) such that the
complement of U is not definable (although. by Theorem 2, [4] there exists some i
with this property).
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S. PROPERTIES OF n-(STRONGLY) DEFINABLE SETS

Let n = land Uy, U, € Z,(e &,). It is readily seen that U, U U, € Z; (e &) for
some j = 2n + | (k £ 2n). It is not difficult to prove with respect to (7). (8) and ()
that for each je (n,2n + 1) (ke {(n, 2n)) there are U,, U, € &, (e #,) such that
Uy # Uy and Uy v Uye (e ). Indeed, let 1 S0y < iy <. < iy, Ifje
edn,2n — 1y and Uy = M,(iy, ... i, ) U QW, Uy = M(ij_, ., .. ijo1) U QP
where Q'", 0'* are different non-empty finite subscts of {a™ " 'p}, then (see (8)),
Uy, Upe 2, (e )and Uy Uy = M(iy, o.n i)V Qv Q6P (€)1 j =
=2n and Uy = P(i;_,1y....ij_,), then Us€ P, (see (9)) and U, U U, e 2,,.
If Uy = Piy.....iy—y), then Uye 2, and U Use 9,,,,. The proof of this
assertions is not difficult but cumbersome and -it is therefore omitted. Moreover
Uy =M (i ni)e S Us = My (igsysondz)e & and U u U, =
= Mypi1liys - iz) € Ly

Like in the proof of Lemma 2 we can show that the set U, = {a"b"™:n Z m > 1} U
U {ab*} € 2, #,) and also U, = {a"b"™;m = n > 1} U {a*bh} € D,(e &,). But
Uy wU,e2, (e &) Therefore there are n, j and U,, U, such that j < n, U, U,e
eZ(e S)and U, u U, e D, (e ;). But it is an open question whether for arbitrary
n > j =1 there are U;, U, e 2, (e &,) such that U, v U, e @ (e &)).

As to intersection, it is easy to prove that for every n and j such that n > j = 1|
there are different sets Uy, U, € 2, (¢ #,) such that U; n U, € Z;(e &;). Indeed,
let 1 =iy <ip<..<iy and Uy =M, ...i,o) v @y Uy =M[fi,_jey,...
oo iz jo) U Q, where Q, = Q, and Q. Q, are non-empty different finite subsets
of {a™b}*. Then U, n Uy = M;_(iy_jureon i) v Qi e%;(e F)and U, Uy
€,(e &)

It is an open question whether for every n and j > n there are U,, U, € Z,{e &)
such that U, 0 U, e Z; (e &).

1t is readily seen that if M € &, then M* e @y fora k < n. (If G = {Vy, Vy, 2, S>
is a grammar such that [{G) = M, and if we put G, = (Vg Vy, Z U {S — 8§}, 5).
then L(G;) = M™). Hence if M €2, then also M* e @,. Moreover, for every
n > 1 there is a M € @, such that M*“ € @,. Indeed, the set M (1,....n — 1)e 2,
(see (7)) and M," € 2,, too. The proof of this assertion and of the assertion given
below is omitted because it is similar to the proof of Lemma 1. It is an open question
whether for every | £ j < nthereisa Ue @, such that U” € &

If Me &, n> L then (see Section 3, [4]), M® e &, for a k < n + 1. The set
M,. (1, ..., n) defined by (6) belongs to &, and M;%; € #,,,, too. But it is also
an open question whether for every 1 < j < n there is a U e &, such that U® € & .

(Received May 25th, 1966.)
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VYTAH

O jednej klasifikacii bezkontextovych jazykov

JozeF GRUSKA

MnozZina refazcov E sa nazyva definovatelnou (silne definovateinou) ak existuje
bezkontextovd gramatika G takd, Ze E je mnoZinou vietkych termindlnych retazcov
odvodenych z daného netermindlneho symbola (zo vietkych netermindlnych sym-
bolov) gramatiky G.

V prdci je dané rozdelenie definovateInych mnozin (tj. bezkontextovych jazykov)
a silne definovateinych mnoZin do tried podia minimdlneho po¢tu netermindlnych
symbolov potrebnych k ich odvodeniu. VySetruji sa niektoré vlastnosti mnozin
z jednotlivych tried.

RNDr. Jozef Gruska CSec., Matematicky tstav SAV, Bratislava, ul. Obrancor mieru 41.
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