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KYBERNETIKA - VOLUME 27 (1985), NUMBER 4

NONDIFFERENTIABLE AND QUASIDIFFERENTIABLE
DUALITY IN VECTOR OPTIMIZATION THEORY

TRAN QUOC CHIEN

In the paper two concepts of duality, namely nondifferentiable and quasidifferentiable are
introduced for a class of vector optimization programs. Weak and partially strong duality are
established. The obtained results are then applied to define dual programs for vector fractional
programs.

0. INTRODUCTION

Duality theory may be regarded as the most delicate subject in optimization theory
and its theoretical importance cannot be questioned (e.g. in the theory of prices
and markets in economics). In vector optimization duality theory has been established
mostly for linear and convex minimization programs (see [1]—[7]).

In [8], [9], [10] a unified duality theory has been introduced for a considerably
wider class of optimization programs. Nevertheless, that theory is, in some concrete
cases, too abstract to give a satisfying form of dual programs. This paper is concerned
with a smaller class of optimization programs than those in [8], [9] and [10], but
dual programs of which have more concrete and analytical form.

In Section 2 resp. 3 a nondifferentiable resp. quasidifferentiable duality is proposed.
Weak and partially strong duality are established. Results of Sections 2 and 3 are
then applied to define dual programs for vector fractional programs in Section 4.

1. NOTATION AND PRELIMINARIES

1.1. Throughout this paper X, Y, Z and W denote locally convex spaces,

Let ¥V < X then int ¥, ¥, co V and co V denote the interior, closure, convex hull
and closed convex hull of V respectively.

Note that X' denotes the dual of X equipped with the weak* topology.

(¥)eea = X is called a net in X if A is a directed set (see [13,], p. 21).
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For V < X we denote the following
Vo ={veX |v(x) 2 —1 VxeV} the polar set of ¥
V*={veX'|v(x)= 0 VxeV} thedual coneof V
cone(V) = {Ax|A 2 0&xeV} the cone generated by V.
Forae X let
K(a,V)={xeX|31>0 Y0 <e<Ai:a+sxeV} bethetangent cone
of Vata.

1.2. Let X, be a nonempty subset of X. A function f : X, — Wis called (weakly)
directionally differentiable at a € X, if the limit

fa, x) = lim(f(a + Ax) — f(a))[2
a0
exists for each x € K(a, X,) in the weak topology of W.

1.3. Let T be a nonempty closed convex cone of Z. A function i : X, — Z is said
to be T*-quasidifferentiable at a € X, if h is directionally differentiable at a, and
if for each te T* there exists a nonempty, weak* closed convex set 6~(th) () e x’
such that

th'(a,x) = iof o(x) VxeX
ved ™ (th)(a)
If 07(th) (a) is weak* compact for each ¢ e T* we shall say h is continuously T*-
quasidifferentiable at a since in this case th'(a, x) is continuous.

i.4. A function g :X, — Y is said to be arc-wise directionally differentiable
at a € X, if (in the weak topology of Y)

9'(a, x) = lim (g(a + w(4)) — g(a))]2
Alo
for cach continuous arc w : [0, 1] — X such that w(0) = 0 and w'(0) = x.

This strengthing of directional differentiability is possible if the limit defining
g'(a, x) exists uniformly in x.

1.5. A function k : X, — R, where R is the set of all reals, is called directionally
pseudoconcave at a € X, if k is directionally differentiable and

k(x) > k(a) = k'(a,x — a) >0 VxeX

1.6. Let X, be a nonempty convex subset of X and § a nonempty closed convex
cone of W. A function f: X, —» Wis S-concave at ae X, if

vxeX, Y2e[0,1]:f0x + (1 —A)a)—Af(x)— (1 =) f(a)eS

[fis S-concave on X, if it is S-concave at a for all a € X .
If W= Rand S = R, wesayfis concaveatae X, or onX,.
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A function f is called S-convex at a, S-convex, convex at a or convex if —f is
S-concave at a, S-concave, concave at a or concave respectively.

1.7. Letf: X — [— 0, +oo) be a concave function, not identically — co, and let
aeX f(a) > — oo then the superdifferential of f at a is the set

07 f(a) = {veX'|f(x) — f(a) £ v(x — a) ¥Vxe X}

If f is a convex function, not identically -+ oo, then the subdifferential of f at a
is the set

0f(a) = ~0°(~/) (@)

1.8. Proposition. Let f:X — [~00, +)((—o0, +o0]) be a concave (convex)
function, finite and continuous at a € X. Then 07 f(a) (0_f(a)) is nonempty, weak*
compact and convex.

Proof. See [11], Proposition 5.2, p. 22.

1.9. It is easy shown that every continuous concave function and every linearly
Gateaux differentiable function is continuously (R,.-) quasidifferentiable. Zalinescu
[]4] has shown that every continuous concave or convex function is arc-wise direc-
tionally differentiable.

1.10. Let V< Xy = X, f: X, — Wa function and W, < W a closed convex cone

with int W, # 0. Consider the program
S —sup )
xeV ’ ’

Every x € Vis called a feasible solution of program (2;). A point we W is said
to be a (weak) supremum of program (#,) if there exists a net (x,) < such that
w = lim f(x,) and

VxeV:f(x) —weint W, .
The set of all suprema of program (2,) is denoted by & (#1). A point x € Vis called
and optimal solution of program (2,) if f(x)e P(2,). A net (x,) < V is called
an asymptotic optimal solution of program (.@1) if lim f(x,) exists and lim f(x,) €
e H(2y). ’

1.11. Analogously are defined feasible, optimal, asymptotic optimal solutions
and infimum of program
£(x) — inf (72)
xeG
The set of all infima of program (2,) is denoted by ¢ (22)-
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2. NONDIFFERENTIABLE DUALITY

2.1. In this section we suppose that Y, < Y and W, < W are closed convex
cones with int Y, =# § and int W, = 0. Let us have the functions f: X, - W and
g:Xo— Y, where X, = X is a nonempty set. We shall considere the following
program

f(x) - sup
g(x)e ¥, (P)
xe X,

2.2. In order to establish a dual program to (P) we assume that there exist a non-
empty set W, < W, a locally convex space W wit~h a closed convex cone W, such
that int W, = @ and a function ¢ : X, x W, ~ W such that
(2.2.1) V(x, w)e Xy x Wy :f(x) — weint W, < ¢(x, w) eint W,

2.3. The following program

w — inf
(23.1) sup (uo(x, W) + n(g(x)) < 0 (D)
w;Wo&yelT/f\{O}&t1e Y§
is called a nondifferentiable dual of program (P).
2.4. Theorem (Weak Duality). Let x and (w, g, 1) be feasible solutions of programs

(P) and (D) respectively. Then
f(x) — weint Wy

Proof. Let x and (w, 4, 1) be feasible solutions of programs (P) and (D) respectively.
If f(x) — weint W, then, by (2.2.1), ¢(x, w) e int W, and
wolx, w) + n(9(x)) = ulo(x, w) > 0
which contradicts (2.3.1).
2.5. Theorem (Partially Strong Duality). Suppose X, is convex ¢(-,w) is W,-

concave on X, for all we W, g(x) is Y,-concave on X, and the constraint g(x) ey,
satisfles the Slater constraint qualification

(2.5.1) Ixo € Xo 1 g(xo) €int ¥,
Then
S (P)n W, < #(D).

Proof. Let w*e ¢(P)n W,. Obviously
f(x) — wk¢int W, VYxeV
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which implies, by (2.2.1),
(25.2) o(x, w¥) ¢int W, VxeV
where

V={xeX,|g(x)eY,}.

Put
U={wy)eWx Y|IxeX,:p(x,w*) —weW, &g(x) —yev,}.

Obviously U is convex and from (2.5.2) it follows

Unint W, x intY, =0
So, by a separation theorem (see Holmes [12] or Ekeland, Temam [11], p. 5 Corollary
1.1), there exist e W', ne Y', (4, 1) =+ (0, 0) such that
(253)  u(w) + n(y) = p(w) + n(y") ¥w,y)eU& Y(w,))e W, xY,.
Obviously pe W) and n e Y. If u = 0, then & 0 and by (2.5.1)

H(@(xo, w¥)) + 1(g(xo)) = n(9(x0)) > O

which contradicts (2.5.3) for (p(xo, w*), g(xo))e U and (0,0)e W, x Y,. Hence
=% 0. In view of (2.5.3) the constraint (2.3.1) is fulfilled. So (w*, g, 77) is a feasible
solution of program (D) and by the weak duality w* e #(D).

2.6. Remark.

2.6.1. The Slater constraint qualification can be replaced by a weakened condition
the generalized Slater constraint qualification (see Golstein [13], p. 89).

2.6.2. From the proof we see that (w*, i, 1) is actually an optimal solution of dual
(D), so that the direct duality holds.

2.6.3. Let (x}) be an asymptotic optimal solution of program (P) with w* =
= lim f(x}). Then, by Theorem 2.5, there exists an optimal solution (w*, u*, n*)

of dual (D). It is easy to verify that for this pair of optimal solutions the asymptotic
complementary condition ‘

lim 7*(g(x})) = 0

holds. “

3. QUASIDIFFERENTIABLE DUALITY

3.1. In this section W, = W, Y, < Y and T < Z are nonempty closed convex
cones with int W, =+ Qandint Y, = 0, X, is a nonempty subset of X and f : X, — W,
g:Xo— Yand h:X, — Z are functions mapping X, to W, Y and Z respectively.
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We shall be concerned with the following program
f(x) = sup
g(x)e Y,
h(x)eT
x €X,

@)

3.2. Similarly as in Section 2 we suppose that there exist a nonempty subset W,
of Wand a function ¢ : X, x W, - Wsuch that

(3.2.1) flx) — weint Wy < olx, wyeint W, ¥(x, w)e X, x W,
and
(3.2.2) f(x) =weo(x,w) =0

3.3. Supposing ¢(+, w) (w € Wp), g(x) and h(x) are W}, Y7- and T*-quasidifferent-
iable respectively, the following program

w — inf
(3.3.1) no(x,w) + ng(x) + th(x) <0
(33.2) 0e 0™ (ugp) (x, w) + 3~ (ng) (x) + 0~ (ch) (x) (2)

xeX,&welW,
peWiIN{0}&ne Y& e T*

is called a quasidifferentiable dual of program (2).

3.4, Theorem (Weak Duality). Let (x, w, g, #, 7) be a feasible solution of program
(2). If function k(x') = pe(x’,w)+ ng(x’) + th(x’) is directionally pseudo-
concave at x then for any feasible solution x” of program (@)

f(x) ~ weint W, .
Proof. Let, on the contrary, f(x') — w ¢ int W, for feasible solution x" of program
(#). Then, by (3.2.1), ¢(x’, w) € int W.. which implies
KX) = 10X, W) + 1 g(x) + T h(x) = (s w) > 0 2
Z po(x, w) + 1 g(x) + ©h(x) = k(x).
The inequality k(x') > k(x) implies, by directional pseudoconcavity of function
k(x) at x, k'(x, x' — x) >0 which contradicts constraint (3.3.2).

3.5. The constraint h(x) (or simply k) is locally solvable at ae X, if h{a)e T
and whenever d € X satisfies h(a) + h'(a, d) € T there exists a solution x = a +
+ 2d + 0(%) to h(x)e T valid for all sufficiently small A > 0 (note 0{4)/2 — 0 as
41 0).

3.6. Theorem (Strict Duality). Suppose X is a Banach space, X, is a nonempty
convex and open set and x* is an optimal solution of program (#). Let s, w¥)
(w* = f(x*)), g(x) and h{x) be continuously W;-, Y- and T*-quasidifferentiable
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at x* respectively. Let k(x) = p ¢(x, w) + 1 g(x) + © h(x) be directionally pseudo-
concave on X, for any we W, pe Wi \{0}, ne ¥, and ve T* If h is nonlinear
let ¢(*, w*) and ¢ be arc-wise directionally differentiable at x*. Let i be locally
solvable at x* with

(3.6.1) W(x*, X) + cone (h(x*)) + T=Z

and the constraint g(x) € Y, satisfy the Slater constraint qualification

(3.6.2) Ixo € X, 1 g(xo) eint Y, & hxp)e T

Then there exist u* € Wi\ {0}, #* e Y and t* e T* such that (x*, w¥, u*, ¥, %)
is an optimal solution of program (9)

Proof. From (3.2.1) it is easy scen that ¢(-, w*) reaches (weak) maximum on
V={xeX,|g(x)e Y, & h(x)e T} at x*. Hence there exist, by [15] Theorem 4
and Corollary 2, (u*, n*)e W) x Y¥ (u*, #%) = (0, 0) and t* e T* such that

(36 0 a~(ute) (v, w¥) + 50r7) (%) + 3(6%h) ()
and
(3.6.4) ) 0 = 1* g{x*) + % h{x*)

In view of assumption (3.2.2) we have ¢{x*, w*} = 0 which, together with equality
(3.6.4), gives
(3.6.5) wF(x*, w¥) + ¥ g(x*¥) + 1 h(x*) = 0

If p* =0 then n* =% 0 for (u*, #*) % (0,0). So for x,eV with g(x,)€int Y,

(existence of such an x, is guaranteed by assumption (3.6.2)). We have
k(xo) = p* @(Xo, W) + 1% g(xo) + v* h(xo) = 1* g(xo) > 0 =
w* p(x*, w) + ¥ g(x*) 4 % h(x*) = k(x¥)

which implies, by directional pseudoconcavity of function k(x) at x*, Kk .
(x*, xo — x*) > 0, a contradiction with (3.6.3). Hence u* + 0. We have thus
proved, by (3.6.3), (3.6.5) and u* + 0, that (x*, w*, u*, n*, t*) is a feasible solution
of program (%). Optimality of (x*, w*, p*, n*, t¥) is then derived from the weak
duality 3.4. The proof is complete.

3.7. Remark. In case T= R? x {0} and h(x) is Gateaux differentiable at x*
focal solvability of function h(x) at x* and (3.6.1) are equivalent to the Kuhn-Tucker
constraint qualification and they hold, in particular, if the gradients of active con-
straints at x* (i.e. components h; of h with h,(x*) = 0) are linearly independent (see
[16] Craven p. 666). The Mangasarian constraint qualification in [17] Martos
p. 127 yields, after some transformations, the local solvability, assumption (3.6.1)
and the Slater constraint qualification required in our theorem.

3.8. Corollary. Suppose X is a Banach space, X, is an open, convex set and x*
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is an optimal solution of program (). Let ¢(-, w) (w e W), g(x) and h(x) be conti-

nuous and concave on X,. Let & be locally solvable at x*. Let assumptions (3.6.1)

and (3.6.2) hold. Then there exist u*e Wi\ {0}, #* e Y} and 7* e T* such that

(x*, w*, p*, n*, v*), where w* = f(x*), is an optimal solution of program (2).
Proof. Obviously directional pseudoconcavity of function

K(x) = 1 o(x, w) + 1 g(x) + 7 h(x)

forallwe Wy, e Wi~ {0},ne Y} and v e T*is guaraniced by concavity of functions
¢(*, w), g(x) and h(x). Remark 1.9 shows that other assumptions required for
Theorem 3.6 are also fulfilled. The assertion is then a consequence of Theorem 3.6.

4. DUALITY IN VECTOR FRACTIONAL PROGRAMMING

4.1. Introduction. Some decision problems in management science as well as other
extremum problems gives rise to the optimization of ratios. Constrained ratio
optimization problems are commonly called fractional programs. They may involve
more than one ratio in the objective function. Many works (about 500 according
to Schaible [18]) have already appeared in this field. One may find a relatively
complete survey on fractional programming in Schaible [18], [19]. We shall now
develop a duality theory for vector fractional programming (V. F.P.), which is still
les investigated. For the scalar fractional programming there are several approaches
to define duals, see []8]-[25], and the most known of them is the transformation
one. On the basis of this method one can transform a fractional program, under
certain conditions, to a concave maximization program and then apply the known
duality theory for concave maximization. As regards V. F. P., these approaches
arc not applicable, since it is not generally possible to reduce simultancously all
components of objective function to a concave or convex function. That is why
one should find a new method to define dual programs for V. F. P. In [10] the author
has presented a dual concept for vector quadratic-affine and vector quadratic frac-
tional programs. In the present paper, on the basis of the duality theory developed
in Sections 2 and 3 we shall define dual programs for a widely class of V. F. P.

It should be stressed that the results given in this paper are valid for an arbitrary
Banach space, whereas the results concerning this problem, which have been published
up to this time, were proved only for finite dimensional spaces.

4.2. Definitions. Suppose X is a locally convex space, f;, g; (i = 1,..., p) and
h(k=1,..., m) are real valued functions. which are defined on a nonempty subset
X, < X. We consider the ratio

(4.2.1) qi(x) = fi{(x)lgdx) i=1,..,p
over the set
(42.2) D={xeX,|h(x)20Vk=1,..m
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We assume that g,(x), i = 1,..., p, are positive on X,. If g{x) is negative then
g(x) = (—f{x))J(—g{x)) may be used instead. Put

(423) () = (4,(3) . 4, )"
where T indicates transposed matrix.
The program
(4.2.4) 0x) = sup
xeD (p)

is called a vector fractional program (V. F. P.).

In some applications more than one ratio appear in components of objective
function. Here we consider the following program. Suppose, in addition, f;}(x),
gi{x) (i=1,..,p;j=1,..., p) are real valued functions on X, such that g;{(x)
are positive on X,.

Put
(4.2.5) dix) = min fi,(x)/g,,(x)
and e
(4.2.6) O(x) = (Fix), oo @)
Then program
(4.2.7) O(x) - sup
xeD (%)

is sometimes referred to as a generalized vector fractional program {G. V. F. P.).

The focus in fractional programming has been directed to the objective function
and not to the constraint set D. As far as D is concerned, in most of the references D
is assumed to be a convex set. Accordingly, we will require in this paper that the
domain X, of all functions in programs (p) and (p) is a nonempty convex set and the
constraints b, (k=1,..., m) are concave on X,. This implies convexity of the
feasible region D. In many applications the ratios g(x) = f(x)/g(x) satisfy the
the following assumption.

4.2.8. Concavity-Convexity Assumption:
(i) f is concave and g is convex
(i) fis positive if g is not affine (linear plus constant).

4.2.9. Program (p) resp. (p) are called vector concave fractional program
(V. C.F.P.) resp. generalized vector concave fractional program (G.V.C.F.P.)
if all the ratios appearing in the objective function satisfies the concavity-convexity
assumption.

In the following we shall establish a nondifferentiable dual for a G. V.C, F. P,
and a quasidifferentiable dual for a V. C. F. P, in particular for vector quadratic
fractional programs.
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4.3. Nondifferentiable dual

Consider G. V. C. F. P.(p). Put
o dm® if g,; are affine for all j = 1, ..., p;
0 otherwise
"
and W=TR, W, =((r;, +%) X ... x (r,, +)) U {0}, where s =Y p, and 0
indicates the zero element of R”. =t
We define the function ¢ : Xo x W, — W as follows

(4.3.1) o(x, w) = [fia(x) = w1 911(x), o f1p,(x) = Wy g1, )
~~-;fi1(~\') - W gu(x), "'}.fipi(x‘) - w; gipi(x)ﬂ
'-’fpl(x) - W gpl(x)5 .- '*fppp(x) - Wp 9”,,(«‘()]1
for all x € Xy and w = (wy, ..., w,) € W,.
Obviously the function (p(.\', w) satisfies condition (2.2.1). So according to Section 2
the following program

(4.32) w — inf ]
sop (3§00 + 5 hs) = LSy 04f) £ 0
B ,.,,,>T> i @
u; 20 Vi=1,, j=1,. ,p,z Zu‘J>()
0,20 Vk=1,..,m. o J

is a nondifferentiable dual of G. V. C. F. P. (p).

As a consequence of Theorem 2.4 and 2.5 we have

4.3.3. Theorem. For the dual pair (5) and (d) the weak duality holds. If constraints
,‘(A) 20, k=1,...,m, satisfy Slater’s constraint qualification then the partially
strong duality holds i.c.
F(p)n Wy = #(d)
4.3.4. Remark. The dual program (d) is a generalization of the dual for one-object-
ive fractional program established in Schaible [18], p. 48. Indeed, if p = 1 then
program (p) becomes

sup { min fi(x)/g{x) | x e Xo & hy(x) = 0 Vk = 1, ..., m} ()
1=isp
and its dual, as a particular case of (d), is
P ~
it {sup (S 0000 + o) S 0i0) | v 2 085l > 0} (@)
xeXo i=1 i=2

From Theorem 4.3.3 it follows that if the Slater constraint qualification holds
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then

sup (f,) = inf(ﬁl)
where sup (7,) and inf(d,) arc supremum of (#,) and infimum of (d,) respectively.
Note that in Schaible [18] in order to vanish the dual gap, instead of the Slater
constraint qualification, lower semicontinuity of functions f;, g;, h, and compactness
of the set X, are required to be satisfied.

4.4. Quasidifferentiable duality

Consider the V. C. F.P. (p). Suppose X is a Banach space, X, is a nonempty convex
and open set, f;, g; and h,(Vi, k) are continuous.

t
Pu . _{—oo it g, is affine

0 if g; is not affine
W= RPand W, = (r, +®) x ... x (r,, +o0)u {0}, where 0 is the zero element
of R".
Define the function ¢ : Xy x W, —» R as follows

(4.4.1) olx, w) = (fi(x) — wy go(x), .., f(x) = w, g, (x))T

for all xe X, and w = (wy, ..., w,) € W,.

Obviously the function ¢(x, w) satisfies conditions (3.2.1) and (3.2.2). So applying
results of Section 3 we obtain a quasidifferentiable dual of program (p) in the follow-
ing form
(4.4.2) w = inf

P " »
Yufix) + Yo hix) =Y wu,gix) <0
i=t k=1 i=1

» " "

0eY u 0 f/x)+ Y 0,0 h(x) =Y wu; 0 g{x) (d)
i=1 k=1 i=1
xeXo&weR:wzr

»
U, v, 20Vi=1,..,p; k=1,...m&> u; >0 J

i=1

If f;, g: and I, are differentiable for all i, k the dual (d) becomes

(4.4.3) w — inf ]
P m P
(i) Z uifi(x) + Z Uy hk('\') - Z wiuigi(x) =0 1
i=1 K=1 i=1
Id m 4
(ii) 0=>3u Vf,-(x) + Y 5 Vi(x) — 3 wu, Vg (x) } (‘l,)
i=1 k=1 i=1
xeXo&weR :wzr !
14
Uy 20 Vi=1,..,p; k=1,...m&Yu; >0 J
i=1

i
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As consequences of Theorem 3.4 and 3.5 one obtains

4.4.4. Theorem (Weak Duality). For any feasible solutions x’ and (x, w, u, v) of
programs (p) and (d) (') in differentiable cases) we have
J(x') — wéint R .
4.4.5. Theorem (Strict Duality). Let x* be an optimal solution of program (p). Let
the constraint h(x) = 0, where h(x) = (h,(x), ..., h,(x))", have the following form
B(x)2 0& M (x) =0
where hi: Xy, — R™, i =1,2,m; + m, = m. Suppose h'(x) satisfies the Slater
constraint qualification and h*(x) is locally solvable with

(h2Y (x*, X) = R™.

r
Then there exist u* = (uf, ..., u})", Y uf? > 0and v* = (v}, ..., v;)" such that
i=1

(%%, w*, u*, v*), where w* = Q(x*), is an optimal solution of program (d) (respect-
ively of (d') if the concerned functions are differentiable on X).

4.4.6. Remark. Obviously the above assertion is still valid if Mangasarian’s
constraint qualification (see [17] Martos, p. 127) is required instead.

If p = 1 and concerned functions are differentiable then dual program (d') reduces
to the dual (D) of Schaible [20]. There, in order to get strong duality, Schaible
has required some constraint qualification to be fulfilled. It is easy secn that our
dual (d') is a generalization of Schaible’s one.

4.4.7. Vector quadratic fractional program

Suppose C; and D, i = 1,..., p, are real symmetric n x n matrices negatively
and positively semidefinite respectively, ¢;, d;e R" and o;, ;e R for i = 1,..., p,
A is an m x n matrix and be R". Let X, = R" be a nonempty open and convex
set, on which x"Dx + d}x + B are positive for all i = 1, ..., p. Put

f{x) = x"Cix + ¢]x + o

gix) = x"Dx + dix + B

and
4(x) = (fux)g1(x): .. Flx)]g,(x))"
Program
q(x) - sup
XxeXo& Ax < b (qp)

is called a vector quadratic fractional program (V. Q. F. P.).
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Since program (gp) is evidently a vector concave fractional program, one can apply
the differentiable dual (d') for (¢p).
We have
Vi{x) =2Cx +¢; i =1,..,p

Vg{x)=2Dx+d; i =1,..,p
and
Vh(x)= —a, k=1,...,m

where a, is the kth row of the matrix 4 and h(x) = b, — a; x.
Constraint (i) of program (d’) becomes

14 P
(i) 0 =23 2u(C, —wD)x + ¥ ufc, — wd,) - ATv
- 1

i=1

where v = (v, ..., v,) € R".
Constraint (i) of (d’) becomes

0= .}p:ltti[(x"cix +oefx+ o) = w(x"™Dx + dix + )] + (b — Ax)Tv
and after replacing
A" = ifu,(ci - w;D)x + ilui(ci - wd),
what follows from (ii), we obtain
(i) 0z — i‘uixT(C,- — wD;)x +‘§2§ ufa; — wp) + b

So a differentiable dual of program (gp) is

w — in{ ]
I3 P I
Y. 2u{C; — W,'D,-) x+ Y ll,-(c,- — widi) - A% =0
i=1 =1
p P
= Y ux (Ci = wiD)x + Y ufa; — wi) + b £ 0 (ad)
i=1 i=1

xeXy,, weR? w; 20 if D, %0
u = (g, up)) €REN{O}, b= (v, .. v,)eRY

Since h(x) = b — Ax is affine all constraints qualifications required in Theorem
4.4.5 are fulfilled. Hence we have

4.4.8. Theorem (Strict Duality). If x* is an optimal solution of program (gp) then
there exist u*, v* such that (x*, w*, u*, v*), where w* = 4{x*), is an optimal solution
of program (gd).
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4.4.9. Remark, Our differentiable dual (gd) is a generalization of the scalar one
given in Schaible [20]. Indeed, if p = 1, program {gd) is reduced to program (10)
of Schaible [20]. Schaible has there assumed that

{xeR"| Ax £ b} < X,

in order to guarantee existence of an optimal solution of the primal program.

(Reccived May 14, 1984.)
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