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KYBERNETIKA — VOLUME 9 (1973), NUMBER 4

Algebraic Theory of Discrete Optimal Control
for Single—Variable Systems III

Closed-Loop Control

ViapIMIR KUCERA

This part completes Part I: Preliminaries [3] and Part II: Open-Loop Control [4] to form
a comprehensive and unified treatment of the algebraic theory of discrete optimal control for
single-input single-output systems.

The object to be discussed here is the closed-loop optimal control theory. To recall, given
a system s we are to find such a controller r feeded by the error signal e that the output y of the
system follows a given reference signal w in a prescribed manner. This configuration, shown in
Fig. 1, is of feedback type, i.e., it counteracts possible disturbances in the control loop.

First the pole assignment problem is mentioned. Then we consider the time optimal controls
and the least squares control in the absence of disturbances. At the end the effect of disturbances,
closed-loop stability and related topics are discussed.

One of the most interesting features of the closed-loop synthesis technique presented is that
the optimal controller is synthesized directly without predetermining the closed-loop transfer
function as is usual in the literature [1], [2], [6], [7] to garantee stability.

Fig. 1.

The theorems, equations, examples, etc. are numbered separately in each part of the tripaper.
The usual system of references is used within this paper whereas cross-references are followed
by a slash and the respective part number. The notation introduced in Part I and Part II is con-
sistently adhered to throughout.

INTRODUCTION

By precascading the system to be controlled with a controller and closing the feed-
back loop we form another system. An interesting point is that this closed-loop
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system may not be canonical [3] even if the original components are. In fact, we shall
see later that the optimum system synthesis always calls for certain procedures that
produce a non-canonical closed-loop system. As a result, the transfer function does
not fully describe such a system any more and we have to take into account the
system response to initial conditions.

Fig. 2.

Given the system shown in Fig. 2, where

d
gl s
a r
the polynomials being arbitrary elements of F[{] butd > 0, (a,{,b) = 1, (b, ) =1,
(r, {s) = 1. Then

b g
y=—u+=,
a a
s h
u=-e+ —,
¥ r

where g, h e i?[(:] are arbitrary polynomials of degree one less than dimensions of s
and r respectively. They characterize the effect of x, and z,, the initial states of the

s and r respectively.
The effect of the initial states upon the error e and the control # is then obtained as

ar b r
=— S~ = g,
ar + {%bs ar + {'bs ar + (%bs

_ as w4 a b s g
ar + (%bs ar + {%bs ar + {bs ’

Now if (a, s) + 1 andfor (b, r) = 1, these factors disappear in the transfer functions
relating e and u to w. However, they do remain in the response of e or # to both
initial states. Thus the annihilating polynomial of the closed-loop system is no less
than

c=ar + {"bs.



Since it cannot be obtained from the input-output properties, a care must be exercised
in stability investigations.

POLE ASSIGNMENT PROBLEM

One of the most powerful synthesis techniques is that of pole assignment. Given
the configuration shown in Fig. 1, where

d
Sv‘={b

>

a

the polynomials being arbitrary elements of §[¢] but d > 0, (a,{b) = 1, (b, {) = 1.
Find a controller

so as to achieve a desired annihilating polynomial ¢ € §[¢], (¢, ) = 1, of the closed-
loop system.

Theorem 1. The pole assignment problem has always a solution for any c.
The solution is not unique and all solutions are given by
s=1y,
r=x,
where x and y is any solution of the Diophantine equation
(1) ax + {%by = ¢

for which (x, y) = 1.
Even the controller of minimal dimension, further specified by dx = min, is not
unique in general.

Proof. In the Introduction the polynomial ar + {’bs was shown to be the anni-
hilating polynomial of the closed-loop system provided (r,s) = 1. Otherwise the
annihilating polynomial would become

ar + {%bs
T

Thus (1) follows and the existence of a solution is implied by (a, {*b) = 1. m}

Example 1. Consider § = R,

s=;c R
1-¢
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and assign to the closed-loop system the annihilating polynomial

c=1.
The equation
A=x+¢y=1
gives
x=1+{t,
y=1-(1-0t¢,
t € R[] arbitrary. Hence any
pol- (1=t
14+t
solves the problem. Among all controll?rs,
r=1

is the only one which is of minimal dimension.

Example 2. Consider the system

{1 -2

2~ 0-5¢
over the field R. Find such a controller that
c=2— 1-50 — 2.5 + 203
By Theorem 1, solve

(2-05)x + ¢l —20)y=2~15— 25+ 203
to get

%
Il

L=+ (C—20)e,
y=1-(~-02-05)¢.
Thus
r__l~§——(2—0'5l)t

L=+ (=201’

where ¢ € R[{] arbitrary but such that (x, y) = 1.

For instance ¢ = 0 is prohibited. Otherwise (x, ¥) = 1 — { and
r=1

would yield the annihilating polynomial 2 + 0.5 — 2¢% instead of that required.



The minimal controller is not unique, either, and all such controllers are of the form

r=1—(—-(2—0-5§)1
1—C(+ (- 207
wherez € R, v + 0. )

1In particular, feedback stabilization falls within this scope. All we need is to choose
a stable c. If, on the other hand, an optimality criterion is specified, we are to find
the appropriate ¢ using the methods to follow.

We can attack the closed-loop optimal control problems in such a way as to strictly
minimize the optimality criterion whatever the resulting annihilating polynomial ¢
may be. This yields results equivalent to the open-loop control. What makes the
closed-loop solution attractive, however, is the possibility of counteracting disturban-
ces by synthesizing a stable or otherwise presprecified c.

CLOSED-LOOP OUTPUT TIME OPTIMAL CONTROL

In view of the preceding discussion the problem can be posed as follows. Given
the configuration of Fig. 1, where
d
LT,
a p

the polynomials being arbitrary elements of §[{] butd > 0, (a, {b) = 1, (b, {) = 1,
(p. L) = 1. Fing such a controller

that the control u is stable, the error e is zero in a minimum time K, and the anni-
hilating polynomial ¢ is stable.

The solution is contained in

Theorem 2. The closed-loop output time optimal control problem has a solution
if and only if p~ | a. The solution is unique and is given by

a9,

r = pob*R

N

where £ and § is such solution of the Diophantine equation

agpx + {07y =q*
that 0% = min. '

295



296 Moreover

e =asq %,
= asq 9 ,
pob*
and
Kmin = 1 + 8ag + 0~ + 0% .
Finally,
+r+ o+
¢ Bba
(r.s)
Proof. On inspecting Fig. 1 we get
1 ar q

e =

w=—— 2,
1+ sr ar + {%s p
Using (14/I),
om0 0
ar + {“bs p,
The error being zero in a finite time, it calls for a polynomial e. Therefore p, ] rand in

order to reduce the expression for e as much as possible while preserving u and ar +
+ {?bs stable, we write

s=a5y,

r = pobTx.
Then

ag gx

2 e = _ Todr @
@) agpx + by
and the utmost reduction yields
3 agpx + "y = q*

since the denominator in (2) must be stable.

It follows that
e=ay,q x.

But e is to be zero in a.minimum time a hence we have to extract that solution £
of (3) for which 8% = min. Then

Kmin = 1 + 0ag + 89~ + 0%.



We infer from Fig. 1 that

u=re=207
pob™*

The control is stable if and only if p, is stable, that is, if p~ ] a. This implies
(ag p, (*b™) = 1 and, in turn, the existence of a solution to (3).

Inasmuch as r and s are required to be relatively prime, we obtain
_ar+{'%s _agb*q”
(r,s) (r,5)

which is indeed stable. J

Remark 1. In case s originated from a continuous system by the process of sampling
the error need not vanish in between sampling points. However, it is stable.

Remark 2. If we drop the requirement that ¢ be stable, we obtain

s = aef,
r=pob*%
where
px+ by =94
and 0% = min.

Then
e =X,
_ ol
pob*
and
Kin =1 + 0%,

Comparing the results with Theorem 1/II we see that the solutions are identical. Thus
the kmia is as small as for the open-loop control, but

+
¢ = agb™q
(r:s)

is not generally stable.

Example 3. Let § = R and

(S 5 N

1-5+42 " 1-¢°

297
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Obtain the closed-loop output time optimal control. We have

ap =1—-40, po =1,

bt =105, b~ =1-2(.

The Diophantine equation to be solved reads
(1=5+4)x+{1-2)y

We arrange the computations into the table below, see (9/T)

L= 50 +4 (—20% 1-3
I Y
-2 -
0 1 -5+

Using (5/I) and (6/I), the general solution becomes

x= 1— 60+ (9% —18¢%)¢,

y =11 — 120 — (9 — 45( + 36
The condition &% = min gives
£=1- 6,
9= 11 - 12¢.
Therefore the optimal controller is
11— 12

TS 0s) (1 - e
Further we compute
e=1—10{ + 24¢?
u= (1 -4 (11 — 12¢)
1—-05
Kenin = 3.

=1.

1

9

9 — 27t

9 — 450 + 36¢2
9¢ — 18¢2

It

The annihilating polynomial of the closed-loop system becomes

c=1-05.

Example 4. Consider § = &,
s=(, w=
¢ P

and find the closed-loop output time optimal control,

2-(+ 0



Since
a =1, b™ =1,

Po=2-¢, q+=2—C+C2,
we obtain
Q-0x+ly=2-0+0.

The solution satisfying 8% = min reads

=1,
=0,
and hence
s =1,
r=2»—ﬁ:.
Therefore
r=___£___,
2-1¢
e=1, kyn i,
P
2-¢
Since (r,5) = 1,
=2-({+.

Note that s may be divisible by, i.e., the optimal conirol strategy may require a delay!

CLOSED-LOOP STATE TIME OPTIMAL CONTROL

This is a modification of the preceding problem. We are to zero e in a minimum
time by application of a finite control. This is equivalent to reaching equilibrium state
in a finite time.

More formally, given the configuration shown in Fig. 1, where
a »

the polynomials being arbitrary elements of §[{] but d > 0, (a, {b) = 1, (b, {) = 1,
(p, Lg) = 1; find such a controller

~

that the # is zero in a finite time, the e is zero in a minimum time K and the ¢
is stable.



300 Then we claim the following

Theorem 3. The closed-loop state time optimal control problem has a solution
if and only if p I a. The solution is unique and is given as

s=agy,
r=2%,
where £ and § is such solution of the Diophantine equation

ag px + {*by = q*
that é% = min.

Moreover
e=ayq %,
Tu=aeq 9,
Kkpion = 1 + dag + 09~ + 0%
and

_%4"
(r.9)

Proof. On inspecting Fig. 1 we obtain

c

- ar q_ 4r 4
ar + Ulbsp  ar + U%bs py

To make e polynomial we first have to require po = 1 or p | a by (14/I). Further
we set

s=4dagy,
F=x,
to reduce the expression for e as much as possible,
@ P Y . S
ag px + (“by
and to keep the ar + {%bs stable.

Since the denominator in (4) must be stable, the best we can do to minimize the
degree of e while preserving a polynomial u is to set

agpx + by = q* .
This Diophantine equation has indeed a solution since p l a implies

(agp, b)) = 1.



It follows that
e=agq %
and
kein = 1 + dag + 99~ + 0%.
Further,
u=re=ayq §

and the annihilating polynomial ¢ is given as

_ar+ C%bs _ agq*
(r,s) (r,9)

since r and s are required to be relatively prime. O

Remark 3. Similarly to the open-loop control, the control time may exceed the
follow-up time and hence the system need not reach equilibrium within kg, time
units. See Example 6.

Remark 4. There is a common fallacy in the literature that

ar
5 ke=—
®) ar + s’

the overall transfer function relating ¢ to w, must be a polynomial in order for e
to vanish in a finite time. It is easily seen and also illustrated in Example 6 that
a polynomial k is not the optimizing choice for the output or state time optimal
control whenever g% # 1.

Remark 5. Had we strictly minimized K, Without any restrictions on ¢, we would
have obtained

5= apy,

r=2%
where

px + (*by =g
and % = min,
Then

e=%

u=dsf, ‘
and

kin = 1 + 0% .

301



302 The results arc identical to those in Theorem 2/IT and

c = aoq
)
is not stable in general. Therefore, the closed-loop control can do no better than the
open-loop control except for stabilizing the annihilating polynomial c.

Example 5. Obtain the closed-loop state time optimal control for the system

S_C(I—Z'SCJ.-CZ) W= 1
1— 5+ 42 7 1—¢
over the field R,

The respective equation to be solved becomes

® - (1 =S+ 4 x+ (1 =250+ %)y =1
and its solution
2= 37— 55 + 26{2) ,
P =390 — 104{)
has the property that X = min.
Thus we see that
e 90 — 104{
7 — 55¢ + 26¢2

and
e = 4,‘(7 — 83¢ + 246¢% — 104(3) s
u = 390 — 464{ + 416{2) s K = 4
by invoking Theorem 3, Also
c=1.

However, imposing no restrictions on ¢, we have

A=Ox+lt~25+)y=1

instead of (6). The solution modifies to

£=1+30-22,
$=-2

and hence
=248
143 -2
‘ 143020, kpn=3,
u= -2+ 8,
1-4

conformably with Example 3/I1. As expected the c is not stable.

I

4



Example 6. Let § = R and consider

LS _ 103

§=—

(1- P’ YETI

The task is to find the closed-loop state time optimal control.

By Theorem 3, we are to solve the equation
(1=0*x+2y=1-05

under the condition that 8% = min. The solution reads

=1,

$=075-05.
The optimal controller results as

r=075~ 05

and
e=1~-{, u=075— 125 + 0-5*
Kpin =2, ¢=1—05(.

Notice that the equilibrium state is not attained within &y, time units and also that the & in
(5) is not a polynomial,
(-0

k=8

1—05¢°

CLOSED-LOOP LEAST SQUARES CONTROL

This problem involves minimization of a quadratic functional. In fact, the basic
idea of this section mimics that in the pioneering work [5]. However, our setting is
different and much more general.

The problem can be formally defined as follows. Given the configuration shown
in Fig. 1, where
¢l
5= b , W= a,
a p

the polynomial being arbitrary elements of F[¢] but d > 0, (a, {b) = 1, .0 =1,
(p, {q) = 1. Synthesize such a controller

303
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that the u is stable, the cost functional
©
¢ =&
k=0
is minimized, where e = g, + &,{ + &,{*> + ..., and the ¢ is stable.

Theorem 4. The closed-loop least squares control problem has a solution if and
only if p~ | a and d;b~§" (%, 9) is stable. The solution is unique and is given by

s=ag9,
r=peb*%,

where £ and § is such solution of the Diophantine equation

that 0% = min.

Moreover,

a4y g4 l;"

a0q”J
Podp 4™ b*

()

_ dob*q*
(rs)

Proof. Analogously to the proof of Theorem 3/II we have

" =

and

Finally,

@ = eey
if and only if e is stable.
‘We will manipulate the expression for ¢ in such a way as to make the minimizing
choice of » obvious. Rewrite

bazg~ \~( b azg
7 = {{——2 D God
) : ¢ <(6“b‘aaq~ e) (cdb“a;q' e)>

and
ar q. q 'bs  q

e =




Therefore

® b~a;q . a b g*  dyb*g*s
¢b~agq” bagp  (ar + 'bs)agp
and consider the decomposition
g b q* X + y

Ubazp b agp
of the first term in (8}, so that x and y are coupled via the Diophantine equation
© agpx + {7y = a5 qx .

Collecting the terms gives us

(19) ﬂ e=—ta,
{~agq” ¢'b-
where
” e 20
agp (ar + {%bs)agp

_ayr + (% "y — ;b7 q%) b¥s _ ayyr — peb*xs
(ar + (*bs) a5 p (ar + {%s) po

on making use of (9) and (14/I).
Substitution of (10) into (7) results in

- (@ ) ()

Further we refine the above by setting
(12) x=2%+0b"t, 0% <™.

Then the same reasoning as in the proof of Theorem 3/II justifies that

(e (T
Therefore
(13) - <(b—’%_)~ (%» + (aay + 2 ary + ity .
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The first term in (13) cannot be further reduced. To minimize ¢, we can do no
better than to set @ = 0, ¢ = 0. Thus by virtue of (11) and (12)

s=a39,

r=peb*%,

where £ and § is such solution of (9) that 02 = min.
It follows from (9) and (14/I) that

ar g aopb*qs a5 q”

e = 4_ =
ar+ %s p agpb*(agps + (b7y) 45§

2
—.5— ’
which is stable if and only if 5~/(%, 57) is stable.

Also
u=re= .A_q_.z_ s
Pody §b*

which is stable if and only if 57/(, 57) is stable and p, is stable, that is, p~ | a.
This last condition implies that (ag p, {’b”) = 1 and hence (9) has a solution.
Finally, since r and s are required to be relatively prime, the annihilating poly~
nomial ¢ is given as
o ar+ Ubs _ agb*q*

GO
on employing (9). Note that c is stable, as required, if and only if d; b~§[(%, ) is
stable. O

Remark 6. For a minimum-phase system (i.e. b stable) the closed-loop output
time optimal control and the least squares control are not the same in contradistinction
to the open-loop control. Compare Example 5/II and Example 8 to follow. They may
equal, however, in some cases.

Remark 7. As before, not restricting ¢ to the class of stable polynomials would
yield results identical to the open-loop case (Theorem 3/II). We just need to write:

- <(C"ET> (cbb»

instead of (7) and follow the proof of Theorem 4 to obtain

s = aof,
r=peb*%,
where
px+ "y =b7gq



and 8% = min. As expected,
*
¢ = b
(r:s)
Example 7. Let § == R and consider the running example
_=2st+ ey 1
1—50+42 1-¢°
The closed-loop least squares control is obtained by solving the equation
-0 —-4)x+1-20)y=( -2 -4

for such % and » that 8% = min.

The solution is seen to be

L= 837,
y=71-174.

1t follows that
71— 74¢

(1 —0:5L) (8 — 370)
and further
= (1-40)(8 - 37)
S -9e-2
o (1=4D (T~ 74
Te-at-enE-2 :

Using the algorithm (11/II) we get

377,621
315

Pmin =
The polynomial ¢ follows as

c= =050 —4)( - 27.

Example 8. Consider again

{ 1-2{
§=—,
1-¢ 1—¢

over the field R. We seek for the closed-loop least squares control. Bearing in mind that b is
stable, we set up the equation

A=-x+ly=¢-2.

307



308 The solution

$=-2,
p=-1
meets the requirement &% = min.
Thus the optimal controller becomes
r=1%
and
¢=2+4,, "_I—ZC'
2-¢ 2-¢

c={=2, OPmn=4.

Example 9. Let

be given over R. We are to find the closed-loop least squares control.

The Diophantine equation
(2—{2)x+Czy=2+ZC

yields
=1+,
=1+¢.
Therefore
s=1+¢,
r=02-0)0+Y
and hence
1 1+¢

sTE taog
e=147(, Qua=2.
Since (r, s) = 1 + {, the annihilating polynomial ¢ becomes

2+ 2 .
Cc = J_.é =2.
1+¢
This example is intended to illustrate that itis the 35 5~ /(% ), not @55~ ~, that is essential

for stability. Otherwise speaking, nothing can be concluded about the optimal system stability
until the Diophantine equation is solved for X and 7.
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The most important condition imposed on control systems is that of stability.
Specifically, we require both u and e to be stable, that is, we require external stability.
However, this is not enough as the closed-loop system is not canonical. We have to
ensure internal stability so that the system may remain stable even if disturbances
occur. This is materialized by synthesizing the closed-loop system so as to make its
annihilating polynomial ¢ stable. At the same time all remaining degrees of freedom
are exploited to minimize an optimality criterion, as it has been done above. Alter-
natively, we may choose ¢ so as to obtain a particular performance, e.g., to make the
disturbances vanish in a finite time.

Consider a nonzero initial state x, of the system s and a nonzero initial state z,
of the controller r as typical disturbances (Fig. 2).

Then
b
y—c u+g,
a a
s h
u=-e+—,
¥ r

where g, h € F[{] are arbitrary polynomials of degree one less than dimensions of s
and r respectively. They characterize respectively x,, the system output due to x,,
and z,, the controller output due to z,.
The effect of g and k upon the error e is then obtained as
b
ar b, T

(14) . e= -9,
[4 [4 [
where

c=ar+ {%s.

Thus the disturbances are stabilized or otherwise influenced through c.
Let us try to eliminate disturbances in a finite time. If an infinite but stable control
is allowed, the problem is solved when the constraint

¢c=b"*

is imposed on the closed-loop output time-optimal control. If a finite control is
required, we have to set
c=1

in the closed-loop state time-optimal control problem. This results from (14) and
from the form of r in Theorems 2 and 3.
Quite analogically, we can demand

¢ = b*



310 to obtain a sort of least squares control the physical interpretation of which is left
to the reader.
As expected, these strict constraints necessitate the following modifications in
Theorem 2
apex + (°b"y =1, 8% = min,
s=9, r=pb*s,
¢c=bt,

e=ayq% — b h — poty,

ayqy a b
u=—"-+4—nh—--—g.
p0b+ b+ b+
Similarly in Theorem 3
(15) ax + {*by =1, 0% = min,

s=9 r=2%,

.

c=1,

e = agqf — {'bh — g,
u=a,qy + ah — 9g.

Theorem 4 will be altered to yield

apox + %"y = b, 8% = min,
s=9, F=p0b+£,

¢ = b*,
ap -
com U, mt,
b~ b~ b~
pof a9

- pob* b* b*

Example 10. Let § = R and
e 1
§= o, W=
1-9¢-2 1-¢
We are to obtain the closed-loop state time-optimal control while

(i) stabilizing disturbancés, i.e., ¢ stable.
Theorem 3 yields the equation

I-0x+y=1



which gives

2=1+¢,
=1.
Then
P Y
1+¢
and by (14)
{Z 1 I
e=(1+{)———h— toy
(-2 (-2

(ii) eliminating disturbances in a finite time, i.e., ¢ = 1.
Now the equation

1=-0)C-2)x+Py=1

is to be solved by (15).
It is seen that

£=-05 — 075,
$= 175-075;

hence
_ 1175 - 075 _
T 05— o075
and
(]6) e = (1 + (- 0-75{2) — (2h — (0-5 + 0'75{) g.

Thus a faster response to w has been traded for a polynomial error in the presence of distur~
bances.

Remark 8. It is commonly believed that prespecifying ¢ = 1 in the state time-
optimal control problem always leads to kn;, = 1, the dimension of the system s,
whenever w = 1/(1 — {). This is false, however, as (16) indicates.

CONCLUSIONS

This paper has completed the discussion of the algebraic theory of discrete optimal
control for single-variable systems. In Part I (Preliminaries) essential mathematical
concepts have been established. Part I (Open-Loop Control) has been devoted to the
basic open-loop control problems and some computational aspects whereas this part
has been concerned with the closed-loop controls.

One might think of closing the loop by simply feeding back the error of the open-
loop control to get the closed-loop system. However, this is not acceptable. The
resulting controller need not exist (e.g. s = {, w = { yields r = 0, s = 1 for any
criterion) or need not be causal (e.g. s = (%, w = { + {* yields r = {, s = 1 for any
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criterion). To make the matters worse, the closed-loop system created in this way
will not be stable whenever ag g, #+ 1. Thus special synthesis procedures have been
developed to produce the appropriate closed-loop system directly.

The reader will have noticed that the closed-loop control problems considered here
are not completely general in that they are a priori endowed with the structure of
Fig. 1. However, this configuration is reasonably general and well-established.

An interesting observation is that the closed-loop control is always inferior to the
corresponding open-loop control in minimizing the optimality criterion. This is
a penalty for making the annihilating polynomial ¢ stable.

Each problem has been stated with great care because seemingly identical problems
can have different solutions. For example, compare minimization of all optimality
criteria under three types of constraints, viz. ¢ unrestricted, ¢ stable, and a fixed ¢
prespecified.

All the problems included are, in fact, classical. The setting and the method of
attack is new, however. It provides a deep and inconventional insight into the pro~
blems of discrete optimal control. With this machinery at hand it is possible to treat
stable as well as unstable systems, continuum-state systems as well as finite automata,
closed-loop as well as open-loop controls, etc. within a unified framework of the
general theory. We have arrived at many extensions of classical results, to mention
the control of unstable systems, the pole assignment problem, new existence and
unicity condictions, etc. As a by-product some clasical fallacies have been elucidated.

The synthesis technique proposed in this paper is not only conceptually simple,
unified and transparent, but it also yields effective and uniform computational algo-
rithms. Last but not least, the author believes that the closed-loop stability problem
is posed and rigorously solved for the first time here.

The theory as developed in the tripaper applies to single-variable systems only.
A natural generalization to multivariable systems will be considered in a future paper.

(Received June 6, 1972.)
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