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KYBERNETIKA —VOLUME 78 (1982), NUMBER 4

QUASI-NEWTON METHODS WITHOUT PROJECTIONS
FOR LINFARLY CONSTRAINED MINIMIZATION

LADISLAV LUKSAN

This contribution contains a description of a class of quasi-Newton methods without projec-
tions for linearly constrained minimization. These methods are generalizations of quasi-Newton
methods without projections proposed by the author and use the active set strategy with reduced
gradients in the form which is a combination of the results given previously in [4] and [7]. More-~
over an algorithm is presented which is an implementation of a class of quasi-Newton methods
without projections for linearly constrained minimization and the efficiency of this algorithm
is demonstrated by means of test functions.

1. INTRODUCTION

In [6] the present author has proposed several forms of quasi-Newton methods
without projections for unconstrained minimization which are modification of quasi-
Newton methods described in [2]. In this paper we shall use a product form of quasi-
Newton methods without projections to derive a class of reduced gradient methods
for linearly constrained minimization.

At the beginning of this section we summarize briefly the results about the product
form of quasi-Newton methods without projections given in Section 4 of [6] An
iteration of the product form of quasi-Newton methods without projections has the
form +

x% =x — 085§
a =5+ (o) (it — ob)
b =/(a)b ~ (o) (52 - )

=

* =1(1+155T)(5a—y5)
q i

(1.1) st = S(I + ;11 *BT)
where
A o=6+p@)+ (o - a) o
and
4 =2-?2®+D)
B B



(we use the notation x* = x — ¢S§ instead of the standard notation x,,; = X, —
— oS k=1,2,...). At the same time § = STg, d = —0f, § = S™g* - g),
p=d—janda=a"F,f =5, 7v=0a"d,0=0dc=id",¢=id"D1=>0Dand

A = et — o)
B = Bi(er — 67)
C = 8¥er ~ 0°)

D = (fo — a1)® = (30 — y7)?

and ¢ is a steplength which is taken so that F(x") < F(x) may hold. The choice
of the free parameter ¢ was investigated in Section 5 of [6]. S is a matrix with linearly
independent columns and & = § in the first iteration.

The product form of quasi-Newton methods without projections can be generalized
for problems with linear constraints by suitable choice of the matrix S. This matrix
must be chosen in such a manner that its columns may define a basis in the ortho-
gonal complement of the subspace spanned by normals of active constraints. We
shall show, in the following sections, the rules for changing the matrix S whenever
the set of active constraints is changed. The second order information must be kept
in the matrix S over these changes.

At the end of this paper we shall describe an algorithm which implements a class
of quasi-Newton methods without projections and we shall show its efficiency
by means of several testing functions.

2. MINIMIZATION WITH LINEAR CONSTRAINTS

Consider the problem (P) of minimizing an objective function F(x) in a convex
polytope
C={xeR,:ajx2b,1 <i<m}
A point x & C is called feasible. The set of indices
I(x)={i:ajx =b,1 i< m

can be defined for each feasible point % e C..The constraints are called active if their
indices belong to I(x) and we suppose them to be linearly independent. Let g be the
gradient of the objective function F(x) at the feasible point x e C.

Definition 2.1. A direction s is called descent at the feasible point x € C if g™s < 0.
A direction s is called feasible at the feasible point x € C if ajs = 0 for all i e I(x).
The method studied in this paper uses only feasible.directions. Its iteration begins
at a feasible point x € C and use a descent feasible direction s so that the point
xt=x+o0s
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may be feasible and F(x*) < F(x) for some steplength g, 0 < ¢ < §. The maximum
steplength § is defined as

. (b~ alx
g = min [
(2_]) fel(x) a;s

where
I(x) = {i¢I(x): ajs < 0}

Now suppose the normals a;, i €I(x) to be linearly independent at each feasible
point x € C.

Definition 2.2. Let A be a matrix whose columns are the normals a;, i € I(x) and
let S be a matrix such that [ 4, S is a nonsingular square matrix of order n and A*S =
= 0. Then we say that 4, S is an orthogonal pair of matrices generated by the set

I(x).

Lemma 2.1. Let 4, S be an orthogonal pair of matrices generated by the set I(x).
Let the gradient g be not a linear combination of the normals a;, i € I(x). Then

s = —SSTg
is a descent feasible direction.
Proof. The gradient g is not a linear combination of the normals a;, ieI(x),

hence STg + 0 by Definition 2.2 and therefore g"s = —g7SSTg < 0. Morcover als =
= 0, i e I{x) holds by Definition 2.2. m]

If g = Au, then the direction s = —SSTg is zero since the minimum of the ob-
jective function has been found on the linear manifold defined by active constraints.
If in addition, u = 0, then Kuhn-Tucker conditions are satisfied and the problem (P)
can be as usual solved. If g = Au and u; < O for some j € I(x), the j-th active con-
straint can be deleted from the basis of active constraints. Then matrices A=, S~
can be found so as to form an orthogonal pair of matrices generated by the set I'(x) =
=I(x)~N{j}.

Theorem 2.1. Let A, S be an orthogonal pair of matrices generated by the set
I(x). Let u; < 0 for some j e I(x), where

u = (A7) ATg

and where g is the gradient of the objective function F(x) at a feasible point x € C.
Let A™, ™ be an orthogonal pair of matrices generated by the set I™(x) = I(x)\ {j}
such that S7 =[S, s,] and Ss, = 0. Then

s5T=—-5(S)g
is a descent feasible direction. Moreover ast‘ > 0.
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Proof. Since [4, S] is a nonsingular square matrix of order n, the gradient g
can be uniquely expressed in the form g = Au + Sv so that ATg = A7Au + A"Sv =
= ATAu. The matrix 4"4 is nonsingular so that u = (474)™! 4Tg. Now s, # 0,
(47)Tso = 0 and STsy = O by assumption, which implies sga; # 0 and therefore
(87)T a; # 0. Furthermore we have

STS™(S™) a; = S"SS7a; + Srsosgaj =0
since STA = 0 and therefore STa; = 0. Now let us set s~ = —S7(S7)T g. The matrix
A7 results from the matrix A aftet deleting the column a; so that
ajs” = —a; S (SN g=—d} S(S7) (4u + Sv) =
= —a] S7(S7)T aju; — a; ST(S™)'Sv=—al S(S ) au,
since we have proved ST S7(S7)T 4; = Oand since (S ™)T A~ = Oimplies (S7)" Au =
= (S7)" au;. Now u; < 0 by assumption and (S™)"a; + 0 as we have proved

above so that ajs~ > 0. Moreover (47)Ts™ = —(47)TS7(S™)" g = 0 so that s~
is a feasible direction. But s~ is even a descent feasible direction since g%s~ =
= —gT"S (S )Vg<o. O

Theorem 2.1 shows that the constraint with the normal a; can be deleted from the
basis whenever u; < 0, even if g is not a linear combination of the normals a;,
iel(x).

If ¢ = § holds in the iteration (1.1) where @ is defined by (2.1) then a new constraint
must be added to the basis. It is just the constraint with the normal a;, say, which
has limited the steplength ¢. Then matrices A*, S* can be found so as to form
an orthogonal pair of matrices generated by the set I(x*) = I(x) u {j}.

We have proved that either the Kuhn-Tucker conditions are satisfied or a descent
feasible direction can be found at each feasible point x € C. In the first case the
problem (P) is usually solved (necessary conditions are satisfied), otherwise the pro-
duct form iteration (1.1) can be applied.

The new class of quasi-Newton methods without projections uses three matrices 4,
S and R which represent a current basis of active constraints. Here 4, S is an ortho-
gonal pair of matrices generated by the set I(x) and R is an upper triangular matrix
of order n such that R"R = A"A. The matrix R serves for computation of the La-
grange multipliers from the equation

(22) R™Ru = ATg .

The matrices 4, S and R must be updated after each change of the current basis
of active constraints.
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3. ADDING A CONSTRAINT TO THE BASIS

We shall describe a construction of the matrices 4%, S* and R* for the case
when the constraint with the normal a; is added to the basis.

Lemma 3.1. Let 4, S be an orthogonal pair of matrices generated by the set I(x).
Then
(3.1) SST = H — H A(ATHA)' A"H
where H is some symmetric positive definite matrix of order n.

Proof. Let H = SST + AA". Then H is symmetric and positive definite since 4,

S is an orthogonal pair of matrices generated by the set I(x). Moreover (3.1) holds
since ATS = 0. O

The matrix H contains a second order information obtained during preceding
iterations (it is an approximation of Hessian matrix of the Lagrange function).
Therefore we require the matrix S* to satisfy the condition

(3.2) SYS™) =H — HA"((A*)THA™) 1 (4*)' H

Lemma 3.2. Let A, S be an orthogonal pair of matrices generated by the set I (x)
and Iet (3.1) holds. Let A*, S* be an orthogonal pair of matrices generated by the set
I(x*) = I(x) u {j} where j ¢ I(x). Then condition (3.2) is satisfied if and only if
SS7a;a}SST

a;SSTa;

Proof. See [5] for example. O

(33 . S*HSH)T = §ST -

Theorem 3.1. Let 4, S be an orthogonal pair of matrices generated by the set I(x)
andlet A% = [A, aj] where the normal a; is not a linear combination of the normals
a;, i €I(x). Let

— T . ~
(3.4) st=5§- (I—ﬂ‘& s+ lsk> a5

T
s a;

where S is a matrix resulting from the matrix S after deleting an arbitrary column s
and where s = SS"a;. If ¢ is a root of the quadratic equation

o + Usga; — 1 =0

where @ = a]587a, = s"a; — (s;a;)?, then (3.3) holds. Moreover A*, S* is an
orthogonal pair of matrices generated by the set I(x*) = I(x) u {j}.
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Proof. The normal a; is not a linear combination of the normals a;, i € I(x)
so that S"a; # 0. Moreover s = SS"a; # 0 since the matrix S has linearly inde-
pendent columns. Let

St =8~ (is + 15,)a8
where
a2 l- tsia;
ST[lj
Then we obtain

ST(S*Y = (8§ — (as + 15) ] 8) (S — (4s + 15} a}S)" =
= 887 + (wi* — 24) §87a,a} 88T +
+ (wAspa; — isga; — t + wlt) 5,a; 887 +
+ (w23sia, — Jspa; — t + wit) 887a;s) +

+ (wi(sga;)* + 20dtspa; + o) 55 =

P 1 ”
= 8§87 — — §87q;a; 88T
s¥a;
T T
[ TEY I&T, T s a;— (‘k“') T _
-~ tTaJ. (s4a] 88T + 887a;s)) + —2L sT;j—Jf Sk
J J
T Ty T(RET T
Z 85T 4 s — (857 + sis¢) a;a; (SST + 550) _
sta;
- S§T — SSTa;a}SS”
a}8S"a;

if we use the definition of s, t, w and A successively.

Now we shall prove the last part of the theorem. Since s = SSTa; and A™S = 0
by assumption, we obtain ATS* = 0 from (3.4). Moreover a;S* = 0 follows di-
rectly from (3.4) so that (A*)T $* = 0. We shall show that the matrix [4*, S*]
is nonsingular. The matrix S* has the same rank as the matrix S *(S ")T, Suppose
that S*(S*)" w = 0 for some nonzero vector w. Then (3.3) implies that

S*(S*)'w = SST(w — pa)) =0
where
_a]SS™w

T TggT
a;SS'a;

and, by assumption, w — pua; = Au holds for some vector u. Now w = Au +
+ pa; = A*u" so that rank (4%) + rank (S*) = n. Moreover (4*)T §* = 0 has
been proved so that the matrix [4*, S*] is nonsingular. O

312



Theorem 3.1 is a generalization of the result proposed by Ritter in [7]. The matrix
R™* can be determined by the following theorem.

Theorem 3.2. Let 4 be a matrix whose columns are normals a;, i €I(x) and R
be an upper triangular matrix such that RTR = ATA. Let A™ = [A. a;] where the
normal a; is not a linear combination of the normals a,, ieI(x) and

R, r
+ o s Ty
. {0’ }.Z:I

RTr = Aa;

where
and
= a?al -l
Then R* is an upper triangular matrix and (R*)T RY = (4*)T 4™,

Proof. See [3] for example. O

4. DELETING A CONSTRAINT FROM THE BASIS

We shall describe a construction of the matrices A7, S~ and R~ for the case when
the constraint with the normal a; is deleted from the basis.

Lemma 4.1. Let 4, S be an orthogon:l pair of matrices generated by the set 1(x).
Let A7, S™ be an orthogonal pair of matrices generated, by the set I™(x) = I{(x)\ {j}
where j € I(x)such that S~ = [, s,]. Then
ST(ST) aa;S™(ST)"

alS™(8™)a,

J

(4.1) ST(S7)T = SST +

Proof. By the assumption S™(S™)" = SST + so55. Since STa; = 0 and sga; + 0
(sce the proof of Theorem 2.1) we obtain a;S™(S™)" a; = a]sesga;and S7(S™) T a; =
= sosgaj so that
_ S"(S*)T(zj: S (S ) aq
j J(ais™(s7)" ay)

Afier substituting the last expression into the formula S7(S7)" = SST + sos5 we
obtain (4.1). 0

Suppose that (3.1) and (4.1) hold. Then Lemma 3.2 implies (after changing the

notation) that

So

soa

SY(STV'=H— HA(A")"HA™) ' (A" H
so that the second order information obtained in preceding iterations is kept.
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Theorem 4.1. Let A4, S be an orthogonal pair of matrices generated by the set I(x)
and R be an upper triangular matrix such that RTR = ATA. Let M be a permutation
matrix which transfer the column a; of the matrix 4 on the last position so that RM

is an upper Hessenberg matrix. Let Q be an orthogonal matrix such that QRM = R
where R is an upper triangular matrix. Denote

R, ¥ _To
SIS

Let A” be a matrix resulting from the matrix 4 after deleting the column a;and S~ =
=[S, so] where s, = AMR™'e. Then (R™)TR™ =(4")' A~ and A", S~ is an
orthogonal pair of matrices generated by the set I™(x) = I(x)\ {j} where j e I(x)
such that STs, = 0.

Proof. From the assumed form of the matrix R we have
RYRRTF ] g
[7{1{‘, FiF + 72 RR
On the other hand we have
[(A‘)T A7, (A7) a

= (AM)T AM = (QRM)" QRM = R'R
G ) ] = oy ane = om0

since RTR = A4 and QRM = R. By comaring both above matrices we obtain

(RI*R™ =(47)" A", Using the expression s, = AMR™'e we obtain STs, =
= STAMR !¢ = 0 since ST4 = 0. Furthermore

(A-)T _ T AAfB-1, — MTRT ~1, _
pit so = (AM)T AMR~'e = MTR'RM(QRM)" e =
= (QRM)T ¢ = RTe = [gz]

since RTR = A"™4 and QRM = R so that (47)7 s, = 0. Set S™ =[S, sp]. Then
(A4°)'S™ =0 and [47,S7] is a nonsingular square matrix of order n since
(A7) so = 0 and 875, = 0. I

Theorem 4.1 is a generalization of the result proposed by Gill and Murray in [4].
Note that the role of the orthogonal matrix Q used in Theorem 4.1 is to turn the sub-
diagonal elements of the upper Hessenberg matrix RM into zero. It can be a product
of elementary Givens matrices. The orthogonal matrix Q is not used explicitly and
need not be stored. The equality STs, = 0 is a necessary assumption of Theorem 2.1.
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5. THE IMPLEMENTATION OF QUASI-NEWTON METHODS
WITHOUT PROJECTIONS

In this section we shall describe an algorithm which is an implementation of quasi-
Newton methods without projections for linearly constrained minimization. This
new algorithm is a composition of results given in [7], [4] and [6]. It uses numerically
stable QR factorization of the matrix 4 instead of its pscudoinverse used in [7].
Moreover it works with a nonorthogonal matrix S instead of an orthogonal one used
in [4]. Before describing this algorithm we must state several notes:

1. The definition of the active constraints must be slightly modified so as to ensure
the numerical stability of the algorithm. The constraint with the normal a; will
be assumed active if [ajx — b;| < &, where &, > 0 is a small number.

. The steplength ¢ must be chosen so as to satify the conditions F* — F £ g,057g
and either ¢ = § or F" — F 2 (1 — ¢,) os"g, where 0 < 2¢, < 1. The safe-
guarded cubic interpolation with the initial estimate ¢ = min (1, 4 (F — F)[s"g)
can be used, where F is a lower bound of the minimum value of the objective
function.

3. If B + D £ 0, the product form iteration (1.1) cannot be used without sacrificing

the desired positive semidefiniteness of the matrix S*(S*)". In this case we use
the product form of BFGS method so that

(5.1) s —S+J~)TJSd<\/(aTJ)d y)

4. The selection of the quasi-Newton method without projections is controiled by the
value of the integer M in the same manner as in [6] (see note 4 in [6]).

5. The values o, B, 7, 3, ¢, ¢ and  must be scaled as in [6] (see note 5 in [6]).

6. The deletion of constraints from the basis will be controlled by an integer REM.
For REM = 1 we remove a constraint only in the neighbourhood of the minimum
on the linear manifold defined by active constraints, For REM = 2 we remove
a constraint whenever a negative Lagrange multiplier occurs.

. The algorithm requires an initial feasible point. It can be obtained by solving
a linear programming problem.

Now we are in a position to describe the complete algorithm.

[3%]

~3

Algorithm 5.1.

Step I: Determine the initial feasible point x and compute values F := F(x) and
g :=g(x). Set NEW:= 0 and K := 0.

Step 2: In the first iteration (when K = 0) go to step 3 else go to step 7.

Step 3: Restart. Suppose that |a,?x —bfSe,1<i<! and |a]x — b > &y,
I < i £ m(after the permutation of indices). Let A and R be empty matrices
and § = I (I is the unit matrix of order n). Set j := 1.
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Step
Step

Step
Step

Step
Step

Step 11:
Step 12:
Step 13:
Step 14:
Step 15:
Step 16:
Step 17:
Step 18:
Step 19:
Step 20:
Step 21:
Step 22:
Step 23:

Step 24:
Step 25:

Step 26:
Step 27:
Step 28:

Step 29:
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N

8:
9:
Step 10:

If j < 1 gotostep 5eise set § := STg and go to step 6.

Let A%, S* and R™ be matrices determined from the matrices 4, S and R
by Theorems 3.1and 3.2.Set 4 := A%, S := Stand R := R*.Setj:=j +
+ 1 and go to step 4.

:Set L:= 0. Set @ := § and go to step 21.
: Determine j := S™(g — ¢,) and 9:= — ¢f — j and compute t := §'3.

If 7 £ 0 go to step 3 else go to step 8.

Compute ¢ := #'4. If ¢ £ 0 go to step 9 else go to step 10.
If L= 0 go to step 3 else go to step 14.

Set A 1= \/(t/e), determine i ;= i and compute « := &', f:= ") and
o= &0 If § = 0 go to step 19 else go to step 11.
Seto:=afr, f:=flt,o:=0fr,y:=0+06,6:=f+landw:=1 - ¢*

If @ < 0 go to step 9 else go to step 12.

Set A 1= p», B := péwand D := (fo — a)>. If B + D £ 0 go to step 13
else go to step 15.

If L = 0 go to step 19 else go to step 14. »

Set L= 0. Set & := § and go to step 10.

Choose the value of the parameter ¢ according to the integer value M
(see note 4 above). If either ¢ < Oor ¢ > 10* go to step 16 else go to step 17.
If B6 < 0 go to step 13 else set ¢ := 0 and go to step 17.

Set g := (5 — @(B + D))/p. If ¢ < 0 go to step 3 else go to step 18.

Let #* be a vector and S™ be a matrix determined from (1.1). Set & := i
and S:= S*. Set L:= 1 and go to step 21.

Determine d := — gg and compute ¢ := d'j and & := d7d. If either 0 < 0
or ¢ £ 0 go to step 3 else go to step 20.

Let S* be a matrix determined from (5.1). Set S := S* and go to step 6.
If NEW = 0 go to step 23 clse go to step 22.

Setj:= NEW.Let A™, S* and R be matrices determined from the matrices
A, S and R by Theorems 3.1 and 3.2. Set 4 := A%, S:= ST and R := R™*.
Compute Lagrange multiplier vector u from (2.2) and determine the index j
of minimum Lagrange multiplier u;. Set OLD := j and ¢ := max (0, — u}).
If REM =1 go to step 26. If REM = 2 go to step 24.

If ¢ < ¢, go to step 26 else go to step 25.

Setj:= OLD.Let A, S™ and R~ be matrices determined from the matrices
A, S and R by Theorem 4.1. Set 4 := 47, S:= S and R:= R~ and go
to step 23.

If |lg — Au| < es]lg| go to step 27 else go to step 28.

If ¢ £ ¢, then stop else go to step 25. )
Determine § := S"g and s := —S§. If —s"g < &s| |9 — 4u] go to step
3 else go to step 29.

Determine the maximum steplength § from (2.1) and the index j of the
constraint which becomes active for ¢ = §. Set NEW : = j.



Step 30: Set x, 1= x, F, := F and g, := g¢. Use a standard procedure to determine
the steplength ¢ (see note 2 above). Compute x := x, + gs, F := F(x)
and ¢ := g(x).

Step 31: If (8 — o) |s|| > &, then set NEW := 0 and go to step 32 else go to step 32.

Step 32: Set K := K + 1 and go to step 2.

Algorithm 5.1 uses integers K, L, REM, NEW and OLD. Here K is an iteration
count, Lis a working integer which indicates that the product form iteration (1.1)
was successful, M is a parameter controlling the selection of a definite quasi-Newton
method without projections specified by user, REM is a parameter controlling the
strategy of removing constraints specified by user, NEW is the index of the constraint
added to the basis and OLD is the index of the constraint deleted from the basis.
Besides, Algorithm 5.1 uses some tolerances. The values g, = 1073, ¢, = 1077,
g, = 1071° g5, =107 and &, = 1072 were used in the implementation of this
algorithm on computer IBM. 370/135 in double precision arithmetic.

6. NUMERICAL EXPERIMENTS

Efficiency of Algorithm 5.1 was tested by means of 14 examples proposed in [1]
and [8]. Table 1 contains the original notation of these examples and minimum
values reached by Algorithm 5.1.

Table 1.
No. in (1] No. in [8] | Reached minimum value
| \
1 11-8 62 | 26272510369
2 11-1 53 ‘ 40930232558
3 - 112 - 47761090858
4 12.6 — 10719
M 5 1212 - 0050426187894
6 12:13 — 0-050426187894
7 | 122 21 99-96
8 12:21 24 10
9 [ 1222 37 3456-0
10 12-14 41 1-9259259259
11 12:1 45 .10
12 12:17 86 —32:348678966
13 12:26 — — 5280335-1332
14 12:20 119 244-89969752

Results of the tests are shownin Tables 2 and 3. Each column in the Tables 2 and 3
corresponds to a value of the integer M (choice of quasi-Newton method without
projections). Each row in Tables 3 and 4 corresponds to one example (numbers
1—14 agree with numbers in the Table 1). A pair of values in the Tables 3 and 4
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which are separated by a stoke are the number of iterations and the number of func-
tion evaluations. The second value shows the efficiency of the algorithm and it ought
to be as small as possible. An asterisk in the row 6 shows that an alternative
solution with value F = 4.941 229 3180 was found.

Table 2,
Quasi-Newton methods without projections: REM = 1
M= M=2 M=3 M=4 M=35 M=6
1 } -1 711 6—10 §—12 7-11 711
2 ‘ 3—6 3—6 3—6 3—-6 5—9 5—9
3 42-3 44—52 4151 57—69 42—51 41—51
4 10--21 10—-21 10—21 10—-21 10—21 10—21
5 2—8 2—-8 2—8 2—8 2—8 2—8
6 7—19% 8§—28 7--20*% 828 8—28 828
7 1—4 1—-4 1—4 1—4 1—-4 1-4
8 | 2—10 2—10 2—10 210 2—10 | 2—10
9 | 2-5 2-5 2--5 25 2--5 2--5
10 10—10 10—10 10—10 9—-9 9-9 9—-9
11 3—-12 3—12 3—12 3—-12 3—-12 3—12
12 | 8—11 8—12 8—12 8—12 8—11 8—11
13 5-7 5-7 5-7 5—7 5—7 5—7
4 | 20—-19 19—-17 19—-17 20—18 20—18 21—-19
Table 3.
Quasi-Newton methods without projections: REM = 2
M=1 M=2 M=2 M=4 M=35 M=6
1 T—11 7—-11 6—10 7—11 7—11 8—12
2 3—6 3—6 3—6 5-9 5-—-9 3—6,
3 35—50 31—-42 31—46 30—40 31—-39 50—68
4 10—-21 1021 10—-21 10—-21 10--21 10—-21
5 2—-8 2-8 2-8 28 2—8 2—-8
6 T—16* 7—16* 7—17* 7—16* 7—16* 6—16*
7 1—-4 1—4 1—4 1—4 1—4 1—4
8 2—10 2—10 2—10 2—-10 2—10 2—10
9 2--5 25 2—5 2—5 2—5 2—-5§
10 8—8 8—8 8—8 §—8 88 88
11 3—12 3—12 3—12 3—-12 3—12 3—-12
12 8—1v 8—10 8—10 8—10 8—10 13—18
13 5-7 5-17 5—7 57 5-17 5—7
14 17—12 18—14 17—-13 17—-12 17—12 21-20

Tables 2 and 3 differ only in the value of the integer REM used in Algorithm 5.1.
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