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REGIONAL POLE PLACEMENT

ViapIMiR KUCERA AND FRANTISEK J. KRAUS

The problem of pole placement is studied for a fixed plant with rational transfer function
and unsharply given desired poles. All output feedback controllers are parametrized which
will place the poles within a subset of the complex plane that corresponds to a polytope in
the coefficient space.

1. INTRODUCTION

The pole placement has proved to be one of the most successful design methods for
linear control systems. Ultimately, each design specification leads, either directly or
indirectly, to a particular assignment of the poles of the system.

The practical designs, however, rarely call for ezact pole positions. The poles are
required instead to lie within a subset of the complex plane.

Well known examples of the subsets are half-planes or sectors used to achieve a
desired stability margin. These subsets are defined directly through the desired pole
loci in the complex plane.

We propose here an alternative: the subset is defined in an implicit manner
by specifying a desired region for the coefficients of the characteristic polynomial.
Preferably it willl be a polytope. This approach has been employed [1] to solve the
robust pole placement, where the plant lives in a polytope also. The set of controllers
that achieve the desired pole placement, however, was not parametrized in [1].

2. FIXED POLES

We briefly review a solution to the problem of assigning a fized characteristic poly-
nomial. We are given a plant with strictly proper real-rational transfer function

where A(s) and B(s) are coprime polynomials. We suppose that the plant is a
minimal realization of G(s).
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Further given is a polynomial C(s) and we scek to determine all output feedback
controllers with proper rational transfer function, say K(s), such that the closed-
loop system has characteristic polynomial C(s).

Let X(s), Y(s) be any polynomials that satisfy the equation

A(s)X(s) + B(s)Y(s) = C(s) (1)

as well as the constraint ;
deg X (s) > deg Y (s). : (2)
Then [2]
K(s) = —2)
X(s) -
If
deg C(s) > 2deg A(s) — 1 ) (3)

then polynomials satisfying (1) and (2) exist no matter which polynomial C(s) is cho-
sen. Denote X'(s), Y'(s) the solution pair of (1) that satisfies deg Y'(s) < deg A(s);
it is the least—degree solution pair of (1) with respect to Y'(s). Then the solution set
of (1) having the property (2) 1s given as [3]

X(s) = X'(s)— B(s)T(s)
Y(s) = Y'(s)+ A(s)T'(s)

where either T'(s) = 0 or 7(s) is a free polynomial parameter of degree
deg T(s) < deg C(s) — 2deg A(s).

Polynomials satisfying (1) and (2) can exist even for polynomials C(s) having
degree lower than that indicated in (3). This situation, however, is not generic.

3. POLES WITHIN A REGION

When the desired poles are not fixed but limited to a certain region in the complex
plane, one can proceed as follows [4].

Call D the region; as a matter of fact, it can be any subset of the complex plane
not including the point s = co. Let Rp(s) be the set of rational functions having no
pole outside D. Then Rp(s) is a ring, in particular a principal ideal domain [4].

Recall that the plant transfer function, G(s), is a strictly proper rational function
and write it as
_ B(s)

A(s)

where A(s) and 73(s) arc coprime functions from Rp(s). Consider the equation

()

A($)X (s) + B(s)Y (s) = 1 (4)
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in Rp(s) and denote X'(s), Y’(s) any particular solution of (4). Then the solution
set of (4) is given as

X(s) = X'(5) = B)T()
V(s) = V'(s)+A(s)T(s)

where T'(s) is a free parameter ranging over Rp(s). Then [4]
Y(s)

X (s)

defines the set of all output feedback controllers that achieve the desired pole place-
ment: all closed—]loop poles are within D.

This general result covers the case where neither the position nor the number of
poles 1s specified within D. In many practical situations, however, the number of
poles is either fixed or at least limited from above. It is not a simple task to i1dentify
the subset of 7'(s)’s that parametrize the controllers under this constraint. Instead
we shall propose an alternative approach. The (largest) degree of the characteristic
polynomials to be designed being fixed, we specify the pole positions by constraining
the coeflicients to a polytope in the coefficient space. A simple parametrization of
the corresponding controllers can then be obtained.

K(s) =

4. PROBLEM FORMULATION

We shall now investigate the pole placement problem for a polytope of characteristic
polynomials.

We consider a fixed plant that gives rise to a strictly proper rational transfer
function

6e) = Fir

where A(s) and B(s) are coprime polynomials. We suppose that the plant is a

minimal realization of G(s).
also given is a polytope of polynomials

g Fc:{C’(le ZAC(S Ai >0, ZA .~1}

where C;(s), i =1,2,...,n are the corner polynomials of the desired region.

We seek to find the set of output feedback controllers with proper rational transfer
function, say K (s), such that the characteristic polynomial of the closed-loop system,
C(s), ranges over T'c.

5. SOLUTION

The problem will be solved by attending to the corners. Denote X!(s), Y/(s) the
least—degree solution with respect to Y;(s) of the polynomial equation

AE)Xi(5) + B(s)Yils) = Ci(s)
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for ¢ = 1,2,..,n. Then for any C(s) € I'c we obtain for the associated set of
multipliers A;, 1 =1,2,...,n

A(s) Z XiX!(s) + B(s) Z AY'(s) = Z X Ci(s).

Therefore the solution set of equation (1) reads

X(s) = 32 AiX(s) — B(s)T(s)
®)
Y(s)= Z; AiY{(s) + A(s)T(s)

and, under the proviso that (3) holds for any polynomial C(s) € T'¢, the polynomials
(5) will satisfy the constraint (2) if and only if either T(s) = 0 or deg7'(s) <
deg C(s) — 2deg A(s). Should (3) fail to hold for some C(s) € I'¢c, the least—degree
solution pair corresponding to T'(s) = 0 in (5) can still satisfy (2).

The set of desirable controllers is then given by the transfer functions

Y(s)

K(s) = _X(s)

: (6)

It is a doubly parametrized family. The polynomial T'(s) parametrizes all controllers
that assign the same C(s) while the n-tuple (A1, Az, ..., A;) parametrizes all the C(s)
allowed.

The parameter T'(s) = 0 yields the controllers of least McMillan degree that
achieve the pole placement desired. If one allows a higher degree, then T'(s) can be
used to meet further design specifications beyond the pole placement.

6. EXAMPLE

We consider a water tank with the inflow—to-level transfer function

1
G(s) = STT

To counteract level disturbances without offset, a PI controller is to be used,

k
K(s) = kp+ —.
S

We seek to tune the controller so that the closed-loop poles are placed within the
disk
|s+3] < 1.

The closed-loop characteristic polynomial will have degree 2,

C(s) = s+ eis+co
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and the polytope I'c in the coeflicient space that corresponds to the disk above is
given by the inequalities
co—4c1+16>0

co—3c1+8<0

co— 2¢1+4>0.

The three corner polynomials are
Ci(s) =s?2 +4s+14
Cy(s) =s® +65+8
Cs(s) = s* 4+ 85 + 16.
We now solve the polynomial equations
(s + 1) Xi(s) + Yi(s) = Ci(s)
for i = 1,2, 3 to obtain the following least—degree solution pairs
Xi(s)=s+3, Yi(s)=1
Xi(s) =545, Yi(s)=3
X3(s)=s+7, Y3(s)=9.

The solution set of equation (1) that satisfies (2) is given, in parametric form, by
formula (5) in which T'(s) = 7, a real constant:

X(S) = S+(3)\1 +5/\2+7A3)—- T
Y (s) (M 4+ 32X+ 9A3)+ (s + )7

fl

and Ay, Ag, Az are real non-negative numbers such that A; + Ay + Az = 1.
Wow 7 can be chosen so as to obtain a PI controller. The choice

T=3A +5X+ T3

yields
41 + 8As + 16)3

S

K(s) = ~(3A1 +5A2 -+ 7h3) —

see (6).

7. CONCLUSIONS

The pole placement problem with unsharply given desired poles has been considered.
The problem can easily be solved using polynomial techniques when the pole region
is specified as a polytope in the coefficient space. The set of controllers that achieve
the desired pole locations has been obtained in a simple parametric form. The
parameters can be chosen so as to meet additional design specifications.
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