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KYBERNETIKA — VOLUME 76 (1980), NUMBER 5

Optimization Problem with Parameter and
Its Application to the Problems of Two-Stage
Stochastic Nonlinear Programming

VLASTA KANKOVA

If there is an unknown parameter in an optimization problem then the optimum is a function
of this parameter. Surely, the study of this function is very important. In this paper, firstly, we
shall consider a deterministic problem with an unknown vector parameter. We shall try to find
conditions under which the optimum is a continuous, concave and Lipschitz function of the
parameter. This at the same time also yields sufficient conditions for stability of the determi-
nistic nonlinear optimization problems.

Secondly, we shall use the mentioned results for some types of stochastic models. It is easy
to see that, generally, the optimalized function in two-stage stochastic programming problems
is the mathematical expectation of the optimal value of the optimalized function in a deterministic
optimization problem with the parameter. We shall introduce conditions under which the opti-
malized function in a two-stage stochastic nonlinear programming problem is continuous and
differentiable. At the end of this paper some examples of two-stage stochastic nonlinear program-
ming problems fulfilling this conditions will be given.

I. Introduction

In the first part of this paper we shall consider a deterministic optimization problem
with an unknown parameter. We shall investigate the dependence of the optimal
value on the parameter. From the practical point of view, it is very important that
“small” variations of the parameter caused ‘“small’ variations of the optimal value
too. It is easy to see (cf. [1]) that this property need not be fulfilled even in a very
simple case. In this paper we shall try to find a class of deterministic parameteric
problems for which the optimum is a continuous, concave and Lipschitz function
of the parameter.

We shall apply the results of the first part of this paper to derive the properties
of two-stage stochastic nonlinear programming problems. We shall find conditions
under which the optimalized function in these problems is continuous and differenti-
able. These conditions apply directly to functions figuring in the setting of the problem
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itself. The results of this paper complete those of the results of [4] where the conti-
nuity of the optimalized function follows from the continuity of a set mapping.
At the end of this paper some examples of two-stage stochastic nonlinear program-
ming problems fulfilling our conditions will be given.

1t remains to remark that the corresponding results for linear case has been proved

in [2].

11. Deterministic Models
1. FORMULATION OF THE PROBLEM

Let X < E,, Y < E,, be non-empty sets, F(x, y), Fi(x,y), i =1,2,...,1 be real
valued functions defined on E, x E,. (E, n = 1 denotes n-dimensional Euclidean
space). i

If

(v K(y)={xeX:F(x,y)20,i=1,2,...,1} for yeE,,

then the general deterministic optimization problem with the vector parameter
y can be introduced as a problem to find

(9] sup {F(x,y): xeK(y)} = o(y) for yeY.

2. SOME AUXILIARY ASSERTIONS

If Y + 0 then (1) defines a mapping of Y into the space of subsets of X. If, further,
X is a compact set and F,»(x, y), i =1,2,..., ] are continuous functions then 1)
defines a mapping of Y into the space of compact subsets of X. Since it is easy seen
from [4] that the continuity of ¢(y) follows (under general conditions) from the
uniform continuity of K(y); so to obtain conditions under which ¢(y) is a continuous
function it is enough to find such properties of F(x,y), i = 1,2, ..., I that K(y) is
a uniformly continuous mapping.

We shall give some definitions.

The Hausdorff distance between two subsets in E, is defined in the following way.

Definition 1. If X', X" < E,, n 2 1 are two non-empty sets then the Hausdor{f
distance of these sets 4,(X’, X") is defined by
(3) 4,(X', X") = max [§,(X’', X"), 5,(X", X")]
5(X', X") = sup, inf g,(x', x")

x'eX’ x"eX



where g, denotes the Euclidean metric in E,. (We usually leave the subscripts in
symbols 4,, o,, &,.)

Now, we can already give the definition of the mapping semicontinuous from
below and the definition of the uniformly continuous mapping.

Definition 2. K(y) is a mapping semicontinuous from below in the point yoe Y
if for every ¢ > 0 there exists 6 > 0 such that the implication

en(Y. Yo) <3, yeY=0,[K(yo) K(y)] <«
is valid.

Definition 3. K(y) is a uniformly continuous mapping on Y if for every & > 0
there exists & > 0 such that the implication

.Y eY, aly.y)<d=A[K(y)K(y)] <
is valid.
Now we can formulate our first auxiliary assertion.

Lemma 1. Let X & 0, Y & 0 be compact sets, K(y) =+ 0 for ye Y. Let, further,
Fi(x,y), i =1,2,...,1 be continuous functions on X x Y. If K(y) is a mapping
semicontinuous from below in every y € Ythen K(y) is a uniformly continuous map-~
ping on Y.

Proof. We shall give the proof of this statement by contradiction. Let us assume
that, under the assumptions of Lemma, there exists ¢ > 0 such that for every natural
number r there exist ¥,, ¥, € Y for which

onl¥e vi) < 1r. A[K(y.). K(y)] > ¢.

But this assumption is equivalent to the following one: There exists ¢ > 0 such
that for every natural number r there exist y,, ¥, € Yand x, € K(y,) for which

4 0ulYe Y1) < Ur, 0%, %) >¢, forevery x,eK({y,).

As the sets X, Y are compact and the functions F(x, y), i = 1,2, ..., ] continuous,
it is easy to see that there exist subsequences {y, }, {x,,} of the sequences {y,}, {x,}
and points y, € Y, x4 € X such that y, — ¥, X,, = %, € K(y,).

Further, we obtain from (4) that there exists ¢ > 0 such that for every 6 > O there
exists y’ € Y for which

2n(Yo, ¥) < 8, 0%, X) > ¢ forevery x eK(y).

But this contradicts to the assumption that K(y) is a mapping semicontinuous from
below in every y e Y. O
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Let for every ¢ > 0, X(¢) be defined by
X(e)=X + Ble) = {x = x; + x,: x; € X, x, € B(e)},

where B(g) denotes ¢-surroundings of 0 € E,,.
If we shall assume that X fulfils condition

(5) X 5 {xeE,:Ff{x,y)20,i=12,..1foran ye¥}

and if

(i) X = 0is a compact, convex set, ¥ & @ is a compact set;

(ii) F,»(x, y), i=1,2,...,1 are continuous functions on X x Y and, further, there
exist on X(g,) the continuous partial derivatives of the functions F(x, y) for
every y € Y and an g, > 0;

(iii) K(y) # O for every ye Y;

then we can introduce conditions under which K(y) is a uniformly continuous

mapping.

Lemma 2. Let the conditions (i), (ii), (iii) and the relation (5) be fulfilled. If the
vectors of partial derivatives of the functions F,.(x, y), i=1,2,...,1 with respect
to the components of vector x are linearly independent at all points (x, y). xeX,
y € Ysuch that F(x, y) = 0 at least for one i e {1, 2, ..., [} then K(y) is a uniformly
continuous mapping on Y.

Proof. In according to Lemma 1 to prove Lemma 2 it is enough to prove that
K(y) is a mapping semicontinuous from below in every y € Y. Since X is a compact
set the sets K(y) for every y € Y are compact too. But from this it is easy to see that
the assertion of Lemma 2 will be proved if we shall prove the following:

For every y, € Y, xo € K(y,), & > 0, there exists 6 > 0 such that

(6) on(Ys ¥o) <8, yeY=xeK(y) existssuchthat o,(x, X,) < &.
Let y, € Y, xo € K(¥,), & > 0 be arbitrary. Then either

a) Fyxo, ¥o) >0 forevery ie{l,2,..,1}, or

b) Fi(Xo, Yo) =0 atleast forone ie{l,2,...,1}.

If a), then the validity of (6) follows from the continuity of the functions F(x, y),
i=1,2,..., 1 Soit remains to prove (6) in the case b). In this case we divide the set
1,2, ..., linto two parts I, I, by

iel, <> F (%, ¥0)>0

iel, < FXq, ¥o) = 0.



From the continuity of the functions Fy(x,y), i = 1,2, ..., I follows the existence
of an §, > 0 such that, for every y € Y such that g,,,(y, yo) < &, there exists x € K(y)
such that g,(x, Xo) < g and Fx,y) 2 Oforiel,.

It remains to consider the case i e I,. We denote the vector of partial derivatives
OFox,, j = 1,2, ..., n in the point (Xo, ¥o) by VF{(Xo. ¥o) = VF; for i€ I,. From
the assumptions of Lemma 2 follows the existence of xg € E, such that (VF,-, x5) > 0,
for every i eI, (symbol ( , ) denotes the scalar product in E,). But, as the vectors of
the partial derivatives are continuous, we can easy see that there exists also x’ € X(&,)
such that ¢,(x’, Xo) < € and F(x, y,) > 0 for i € I, simultaneously.

Further, the validity of the implication
2.(Y. Yo) < 8., ye Y= the existence of x & K(y) such that
Fx,y)2 0, iel,, gx %) <¢ simultancously

for an 8, > 0, follows from the continuity of the functions Fy(x,y), i = 1,2,..., L.
Now it is casy to see that, for § = min (J,, 8,), the relation (6) is valid. 0

Remark 1. If we assume the independence of the vectors of partial derivatives
only for ie{1,2,...,1} such that F; = 0 in the corresponding points instead of for
every i = 1,2, ..., 1, then the assertion of Lemma 2 is valid too. (This follows imme-
diately from the proof of Lemma 2.)

The conditions under which the mapping K(y) is uniformly continuous are given
in Lemma 2. The assumption of the existence of the partial derivatives of F(x, y),
i=1,2,..., 1 with respect to the components of vector x occurs in these conditions.
Now we shall introduce some other conditions. There the demand of the existence
of the partial derivatives will be replaced by a concavity.

If
(i') Fix,y), i =1,2,...,1 are continuous functions on X(g,) x Y for an g > 0

and if they are, for every y € ¥, concave functions of x on X(s,);
(i) {xeX : Fx,y) >0, i=1,2,....1} + 0 for every ye Y, then the following
statement is valid:

Lemma 3. If the conditions (i), (ii’), (iii’) are fulfilled then K(y) is uniformly
continuous mapping on Y.

Proof. Obviously, to prove this Lemma it is enough to prove (6) for all yo € Y,
x,€K(yo) and ¢ > 0.
Let yoe Y, xo€K(y,), ¢ > 0 be arbitrary. We shall define the subsets Iy, I, by

iel, < FXg,¥o) >0
iel, < FiXo, y5) =0
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Continuity of the functions Fi(x, y), i =1,2,..., 1 yields the existence of an
3, > 0 such that for every ye Y for that g(y, yo) < 6, there exists x € K(y) such
that g,(x, X,) < ¢ and also F(x,y) 2 O foriel,.

Now, we shall consider the case i €I,. It is easy to see that, under the conditions
of Lemma, there exist x, € K(yo), X, € X(¢,) such that the conditions g,(x;, Xo) < &,
0.(%2, X0) < &, Fi{xy,¥o) > 0, Fi(x3,y,) <O are fulfilled for iel,. Further, the
existence of an d, > 0 for which the implication

0u(Ys ¥o) < 83, YEY=F(x,y) >0, F{x,y) <0 for every

iel, andsome x,eX, X;eX(g)

is valid, follows from the continuity of functions Fi(xl, y), i=1,2..1

But now we have, for iel,,

0u(Y, ¥o) < 85, ye Y= there exists x € K(y) such that F{(x, y) = 0

for every iel, and g,,(x, xo) < &, simultaneously.

It is easy to see that for § = min (6,, 8,) the condition (6) is valid. ]

3. ASSERTIONS

In the previous part we have dealt with auxiliary assertions. Now we shall utilize
them to get the properties of the functions ¢(y). However to derive these we shall
use the results of the paper [4] too. There are given conditions under which the
uniform continuity of K(y) yields the continuity of the function ¢(y).

For a reference we now present Lemma 1 of [4].

Lemma 4. Let K(y) be uniformly continuous mapping of Y into a space of non-
empty and closed subsets of X. Let, further, F(x, y) is a uniformly continuous
function on X x Y. If

7 o(y) = sup {F(x,y): xeK(y)} < +o0 forevery yeY

then the function ¢(y) is continuous on Y.

Theorem 1. Let the conditions (i), (i), (iii) and the relation (5) be fulfilled. If the
vectors of partial derivatives of the functions F,-(x, y), i=1,2,...,1 with respect
to the components of vector x are linearly independent at all points (x, y), xe X,
y € Ysuch that F(x, y) = O for at least one i e {1, 2, ..., I} and if F(x, y) is a conti-
nuous function on X x Y then (p(y) is a uniformly continuous function on Y.




Proof. As X, Y are compact sets, it follows from Lemma 2 and Lemma 4 that
to prove the Theorem it is enough to prove the validity of (7). But this follows imme-

diately from the condition (i), conditions ii), (iii) and the assumption of the continuity
of the function F(x, y). O

Remark 2. If we assume the independence of the vectors of partial derivatives
of the functions Fy(x, y) only for i € {1, 2, ..., I} such that F; = 0 in the correspond-
ing points instead of for every i = 1,2, ...,/ then the assertion of Theorem holds
t0o. (This follows immediately from Remark 1.)

Theorem 2. If the conditions (i), (ii’), (iii’) are fulfilled and if F(x, y)is a continuous
function on X x Ythen ¢(y) is a uniformly continuous function on Y.

Proof. The assertion of Theorem 2 follows from Lemma 3 and Lemma 4. [}

Theorem 3. Let X, Y be convex and non-empty sets.

CIfF(x,y), F{x,y),i = 1,2,..., lare concave functionson X x YandifK(y) % 0
for every y € Y, then ¢(y) is a concave function on Y;
2. If Yis a compact set and if there exists ¢, > 0 such that
a) F(x, y) is a concave, bounded function on X x ¥(&),
b) Fi(x, y), i = 1,2, ..., I are concave functions on X x Y(g,), K(y) + @ for every
YeY;
then ¢(y)is a Lipschitz function on Y.
(Y(e) for & > 0is defined in the same way as X(&).)

Proof. The assertion 1 follows from Lemma 1 of [3].

Further, it follows from 1. that under the assumptions of 2. the function <p(y) is
bounded and concave on Y(g,). Thus we can utilize Theorem 10.2 of [8]. The asser-
tion 2 follows immediately from this Theorem. O

It is easy to see that, generally, <p(y) can be infinite. But under the assumptions
of this paper the function ¢(y) (or its stochastic equivalent) is bounded.

At the end of this part we shall note that the conditions of the stability of deter-
ministic optimization problems are given in the theorems we proved too.

Some special models of two-stage stochastic nonlinear programming problems
are given at the end of this paper. The stable deterministic optimization problems
can be found from this special stochastic models.

I11. Stochastic Models

Now we shall try to use the results of the previous parts for two-stage stochastic
nonlinear programming problems.

417
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1. FORMULATION OF TWO-STAGE STOCHASTIC NONLINEAR
PROGRAMMING PROBLEMS

First we note that in this part we will try to preserve the notation employed in the
previous part. Hence to define two-stage stochastic nonlinear programming problems
we divide vector y into two parts y = (z. u), where ze E,ueE, r + s = m.

Let now X < E,, Z ¢ E,, U < E, be non-empty sets, (@, &, P) be probability
space, &(w) be s-dimensional random vector defined on (2, &, P).

Let, further, the vector &(w) fulfil the condition

8) " Plw:éw)eZ} =1.

(in (8) it is assumed that {o : &(w) € Z} € &).

If F(x,zu), Fx,z,u), i=1,2,...,1 are real valued continuous functions
defined on E, x E; x E, and if the mapping K(u, z) and the function ¢(u, z) are
defined by

9) K(u,z) = {xeX :F{x,z,u) 20, i=12..,1}
o(u, z) = sup {F(x, z,u) : xe K(u, z)} for ueE,, zekE,

then we can introduce the general problem of two-stage stochastic nonlinear pro-
gramming as a problem to find

sup {E o(u, &(w)) :ue U},

where E denotes the operator of the mathematical expectation. (In this paper we
shall assume such conditions that all symbols in the definition of two-stage stochastic
programming problems are meaningful.)

The aim of this part is to find conditions under which the function E ¢(u, &(w))
is continuous and differentiable.

2. CONTINUITY OF THE FUNCTION E ¢(u, &(w))

Theorem 4. Let F(x, z, u) be a continuous function on X x Z x U and let

1. Z % 0, U + 0 be compact sets,
X # 0 be a compact, convex set such that the condition
X > {xeE,:F{x,z,u) = 0 for every i=1,2,..,1 and an ueU, z€Z}
holds;

2. F{x, z, u), i=1,2,..., 1 be continuous functions on X x Z x U and let there
exist on Xi (80) continuous partial derivatives of the functions Fi(x, z, u), i = 1, 2,...
..,lforeveryueU,ze Zand ang, > 0; ’



3. K(u,z) % 0 for every ue U, z€ Z.

If the vectors of partial derivatives of the functions F,-(x, z, u), i=1,2,...,1
with respect to the components of vector x are linearly independent at all points
(x,z,u), xe X, ze Z, ue U such that F(x, z, u) = 0 at least for one i e {1,2..., 1}
and if the condition (8) is fulfilled then E ¢(u, &(w)) is a continuous function on U.

Proof. The assertion of Theorem 4 follows from Theorem 1 and properties of
integral. o

Theorem 5. Let F(x, z, u) be a continuous function on X x Z x U and let

1. X = 0 be a compact, convex set,
Z + 0, U #+ 0 be compact sets;

2. Fi(x,z,u), i =1,2,...,1 be continuous functions on X(go) x Z x U for an
go > 0and F,~(x, z, u), i=1,2,...,1be for every ze Z, ue U concave functions
of x on X(z,);

3.{xeX :F{x,z,u)>0,i=1,2,...,1} + 0 forevery ze Z, ue U.

If the condition (8) is fulfilled then E ¢(u, &(w)) is a continuous function on U.
Proof. The assertion of Theorem 5 follows from Theorem 2 and properties

of integral. O
Theorem 6. Let the assumptions 1, 3 of Theorem 5 be fulfilled. Let, further, the

functions F(x, z, u), F{(x, z,u), i = 1,2,..., 1, be concave on X(g,) X U(g,) for an

& >0 and every ze Z. If F(x,z,u), F(x,zu), i=1,2,...,1 are continuous

functions on X(g,) x Z x U(ge) and if the condition (8) is fulfilled then
1. E ¢(u, &(w)) is a continuous and concave function on U;
2. E ¢(u, &w)) is a Lipschitz function on U.

Proof. Since it follows from Theorem 2 that ¢(u, z) is a continuous function
on U x Z and since, further, it follows from Theorem 3 that </)(u, z) is a concave
function for every z € Z on U, the assertion 1 follows from the properties of integral.

Further, since X, Z, U are compact sets and F(x, z, u) is a continuous function,
we can easy sec that F(x, z, u) is a bounded function on X x Z x U. However,
under the condition that F(x, z, u) is a bounded function so that ¢(u, z) must be
bounded function too. Now, the assertion 2 follows from [5] (condition (10)) and
the properties of integral). ]

Until now we have dealt with the continuity of the function E ¢(u, &(w)). In the
sequel we shall try to find conditions under which E ¢(u, &(w)) is a differentiable
function.
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3. DIFFERENTIABILITY OF THE FUNCTION E ¢(u, &(w))

The case of discrete random variables is discussed in [3] For discrete case, the
result has been obtained by simple generalization of the corresponding result in linear
case. The continuous case is complicated. We shall deal with special cases only.
However these cases are quite important from the practical point of view.

Let Y, < E,,, t = 1,2 be convex, compact sets for which int ¥, + 0; X, U be
convex sets; h(u, z) = [h;y(u, 2) ..., he (4, 2)], 1 = 1, 2 be vector functions defined
on E, x E,mappingU x Zintoint ¥, ¢t = 1, 2.

Let, further, the functions F(x, z, u), Fyx,z,u),i=1,2,...,1fulfil the conditions

F(x,z,u) = F(x, hy(u,2)) = F(x,y,),

F(x, z,u) = F(x, hy(u, z))

I

Fyx,y,), i=12..1,

where F(x, y,) or F{x,y,), i = 1,2,..., 1 are real valued functions defined on E, x
x E,, or E, x E, respectively.

If K(Yz), (ﬁ(Yh YZ)v Y1 € Yy, ¥y, € Y, are defined by

K(y,) ={xeX:Fx,y;)20, i=12..,1}, y,€E,,
‘ﬁ(Yn Yz) = sup {F(x, YI) tXe k-(Yz)} , Yi€E, ., Y:€E,,,
then
K(u, z) = K(h,(u, 2)),

o(u, z) = (hy(u, z), h,(u, z)) forevery ueE,, zek,.

Now we shall introduce the conditions of differentiability of the function

E o(u, &w)).

Theorem 7. Let U, X be convex scts and F(x,y,), Fi(x,y,) i =1,2,...,1 be
concave functions defined on X x Y,(g), X x Y,(g,) for an g, > O respectively.
Let, further, h,(u,2), t =1,2,j = 1,2, ..., m, be continuous functions on U x Z
such that for every z € Z they are differentiable on U. Then if the condition (8) is
fulfilled and if

1. [hu, &w)), t = 1,2] are for every ue U random vectors such that their pro-
bability measure are absolute continuous with respect to the Lebesque measure
in E,, X E,,;

2. the condition

On[hu, 2), b (', 2)] < 9(z) e(u, v)

is fulfilled for ¢t = 1, 2 and every u, u’ € U, z€ Z and, further, there exists finite

Eg(f(w)) fort=1,2;

il



3. F(x,y,)isa bounded function on X x Yi(&,), and K(y,) + 0 for every y; € Y,(e,),
then E (u, &(w)) is a differentiable function on int U. (Symbols Y;(z,), Y,(e,) are
defined in the same way as X(&,), Y(¢) in the previous part.)

The assumption 2 is rather simple in the case when the functions g(z), t = 1,2
do not depend on z. This happens, for example, if b (u, z), t = 1,2, i = 1,2,..,m,
are bounded and concave (or convex) function on U(g,) (cf. (10) of [5]).

Proof. It follows from Theorem 3 that (ﬁ(y,, ¥,) is a concave and Lipschitz
function on Y, x Y,.

Let, now, ugeint U be arbitrary. According to [7], there exists a set A" <
cint[Y; x Y,] of the Lebesque’s measure O such that @(yy. y,) is a differen-
tiable function on [int Y, x int Y, — A4]. If

Z(ug) = {ze E;: [hy(u, 2), hy(u, 2)] e N7},

then it is easy to see that
Pl : &(w)e Z(ug)} = 0.

Further, as h,,-(u, z),t=1,2i=1,2,...,m, are for every z € Z differentiable on U
it is easy to see that @(hy(u, z), hy(u, z)) is a differentiable function in the point u,
for every z ¢ Z(u,).

Since we have proved that @(y,, y,) is a Lipschitz function on Y; x Y,, we can
casily see from the assumption 2 that ¢(u, z) = @(h,(u, z), h,(u, z)) is for every
ze Z a Lipschitz function on U. If we denote the Lipschitz constant of ¢(u, z) by
H(z), it follows from the assumptions that there exists finite E H(¢(w)). Since,
further, it follows from the assumption 3 that &(y,, y,) is a bounded function we get
that there exists a finite E o(u, &(w)) for every ue U.

But this already verifies the Lebesque’s Theorem assumptions from which the
differentiability of E ¢(u, &(w)) in the point u, directly follows. As u, eint U has
been arbitrary the proof of Theorem is finished. Od

Corollary 1. Let U, X be a convex set and, for an g, > 0, F(x,y,), F{x,y,),
i=1,2,...,1 be concave functions on X x Y(g,), X x Yy(g,) respectively. Let,
further, h,(u, z), 1 = 1,2, j = 1,2, ..., m, be continuous functions on U x Z and
let there exist on U partial derivatives of the functions h,j(u, z),t=1,2,j=12,...
..., m, for every ze Z. If

a) hu-(u, z), t=1,2,j=12,...,m, are for every zeZ concave functions on
U(eo)s

b) hy(u,z), t=1,2,j=12,..,m, are on Ufe,) bounded functions by constant
not depending on z¢ Z;

and if the assumptions 1, 3 of Theorem 7 and the condition (8) are fulfilled, then

E o(u, &(w)) is a differentiable function on int U.
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Proof. Obviously to prove Corollary 1 it is enough to prove that the assumption 2
of Theorem 7 follows from the assumptions a), b). Further, to prove this it suffices
to prove h,(u,z),t =1,2,j = 1,2,..., m, are Lipschitz functions of u, ue U with
Lipschitz constant not depending on z, ze Z. But this statement has been proved
in [5] (relation (10)). O

If F(x, z,u), F{{x,z,u), i = 1,2, ..., ] are concave functions the following result
takes place.

Corollary 2. If the assumptions of Theorem 7 are fulfilled and if F(x, z, u),
F,.(x, z, u), i=1,2,...,1 are for every ze Z concave functions on X x U then
E ¢(u, &(w)) is a concave, differentiable function on int U.

Proof. According to Theorem 3 ¢(u, z) is for every ze Z a concave function
on U. From this it follows that E ¢(u, &(w)) is a concave function on U too. The
differentiability of E ¢(u, &(w)) on int U follows from Theorem 7. [m|

Now, we shall introduce another conditions for the differentiability of the function

E ¢(u, &(w)).

Theorem 8. Let Z € E; be a compact set and let for every ze Z, h,j(u, z), t=1,2,

j=1,2,...,m,be differentiable functions of u. If the relation (8) is fulfilled and if

1. hy(u, &w)), t = 1, 2 are for every u € U random vectors such that their probability
measures are absolute continuous with respect to the Lebesque’s measure in
E, x E,;

my my»

2. the condition
th[hr(ua z)~ hz(”’s ZJ] < g,(z) Qr("a ul)

is fulfilled for ¢t = 1, 2 and every u, u’ € U, z € Z, and further, there exists finite
E g(&(w)) for t = 1,2;
3. y,€Y, = K(yz) = 0 and the fulfilment at least one of two conditions

a) K(y,) is a compact set,

b) F(x, y,) is a bounded function on K(y,);
4. F(x,y,) is a Lipschitz function on E, x Y; with Lipschitz constant C;,
5. A[K(y,), K(y3)] £ C; 0,,(¥2, ¥3) for every y,, y3 € Y,, where C, is a constant,
then E ¢(u, &(w)) is a differentiable function on int U.
6. F(x,y,), Fi(x,y,), i = 1,2, ..., be concave functions on E, x Y, E, x Y,
respectively.

Proof. The assertion of Theorem 8 follows from Theorem 2 and Remark 4 of [3].

]
(Some conditions under which the assumption 5 of Theorem 8 is fulfilled are given

in [3] and {6].)




4. SOME SPECIAL CASES

Till now we have dealt with theoretical problems only. First we found conditions
under which the optimum in a parametric deterministic optimization problem is
a continuous, concave and Lipschitz function of the parameter. Further, we used
the results for deterministic parametric problems to gain the properties of the opti-
malized function in two-stage stochastic nonlinear programming problems.

In this last part we shall try to introduce special cases of functions F(x, z, u),
Fix, z,u),i = 1,2,..., lfulfilling the conditions under which ¢(u, z) and E ¢(u, &(w))
are continuous, concave and differentiable functions. At this place we can note that
these stochastic problems easily yield examples of stable deterministic problems.

In this part of the paper we shall assume that

(a) the condition (8) is fulfilled;
(b) the functions F(x, z, u), F(x, z, u), i = 1,2, ..., fulfil all conditions that have
been introduced in the beginning of Part 3.

Example 1. In this first case we shall assume
Fx,z,u) = hu,z) — g(x,z) forevery i=1,2..,1.

1t follows from Theorem 5 that if

a) X is a compact, convex set and U, Z are compact sets;
b) gix,z), hu,z), i=1,2,...,1 are continuous functions on X(g,) x U x Z
for an &, > 0, and further, g(x, z) is for every z e Z a convex function on X(z);
¢) {xeX:gx,z)< h{u,z),i=1,2,..,1} + 0 for every ze Z, ue U;
andif F(x, z, u)is a continuous functionon X x Z x U then ¢(u, z) and E ¢(u, &(w))
are continuous functions on U X Z too. (Conditiou c) is fulfilled if, for example,
there exists for every ze Z a point x = x(z) fulfilling the conditions g(x, z) < 0,
i=1,2,...,[andif at the same hu,z) > 0,i = 1,2,...,IforeveryueU, ze Z)
If we assume
b) g{x, z), hu,z), i =1,2,...,1 are continuous functions on X(e,) x Z x U
for an &, > 0 and if there exist on X(g,) continuous partial derivatives of the
functions g{x,z),i =1, 2,..., I for every ze Z and an g > 0, and the vectors
of partial derivatives of the functions gi(x, z), i=1,2,...,1 with respect to the
components of vector x are linearly independent at all points (x, y), xe X, ye Y,
) {xeE, 1 g{x,2) £ hfu,2z), i=12..,1} ={xeX:g(x2) < h(u,z), i=
=1,2,..,0} % Qforeveryze Z,ueU,
instead of b, ¢ then ¢(u, z) and E ¢(u, &(w)) are continuous functions too.
We have introduced examples of two-stage stochastic nonlinear programming
problem in which E ¢(u, &(w)) is a continuous function of u. Now we will find
conditions under which E o(u, &(w)) is a differentiable function.
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Example 2. Consider the following rather simple case of two-stage stochastic
nonlinear programming problem in which

Fx,z,u) = hfu,z) = f(x), i=12..,1
F(x,z,u) = f(x),

where h{u, z),i = 1,2, ..., I, f(x) are for every z € Z concave functions on X(g,) x

x Uleo) (for an gy > 0), fi(x), i = 1,2, ..., I are convex functions on X ().

If hyu, z), fi(x), i = 1,2, ..., I, f(x) are continuous functions on X(e,) x U(eo) x

x Zandif

a) X, Z, U are convex, compact and non-empty sets,

b) the probability measure of the random vector [h(u, &w)), ..., by, &w))] is
for every ueU absolute continuous with respect to the Lebesgue’s measure
in E, :

o) {xeX :f(x) £ hu,z),i=1,2,...1} 0 foreveryueU, zeZ;

d) hyu,z),i=1,2,...1are for every ze Z differentiable functions on U;

then E ¢(u, &(w)) is a continuous, concave and differentiable function on int U.

The statement of this example follows from Theorem 3, Theorem 7 and Corollary 1.

Certainly, there exist a possibility to find the other examples of two-stage stochastic
nonlinear programming problems in which E ¢(u, &(w))is a continuous and differenti-
able function. Now, we shall introduce the last example.

Example 3. Let A(u, z) be foreveryueE, ze E an (m X n) matrix with non-zero
columns, h(u, z) be for every ue E,, z€ E;an (m x 1) vector function.
Let, further, K(u, z) be defined by

(10) K(u,z) = {xeE,: A(u,z) x < h(u,z), x 20}
1If

a) U, Z are non-empty compact sets;
b) there exists g, > 0 such that the elements of A(u, z) and h(u, z) are a non-negative

and continuous function on U(g,) x Z. Further, the rank of matrix A(y, z)

is for every ue U, z € Z equal m;
¢) inf{h(u,z):uelU,zeZ} > 0;

d) F(x, z, u) is a continuous function on X x Z x U;
then E g(u, &(w)) is a continuous function on U.

The statement of this examples follows from Theorem 5. (The existence of a com-
pact, convex set X follows from the asumptions.)

The case A(u,z) = A for every ue U, ze Z (where A is a constant matrix) is
introduced in [3]. Under general conditions E g(u, &w)) is in this case a differenti-
able function on int U.

(Received September 22, 1979.)
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