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KYBERNETIKA — VOLUME 29 (1993), NUMBER 3, PAGES 270-283

SHAPE OPTIMIZATION OF A NONLINEAR
ELLIPTIC SYSTEM

ANDRZEJ MYSLINSKI

Shape optimization problem for a nonlinear elastic plate governed by von Kirman equa-
tion is considered. Using material derivative method, sensitivity analysis of the solution
to the von Kdrmdn system with respect to the variation of the domain is performed and a
necessary optimality condition is derived.

I. INTRODUCTION

The paper deals with a shape optimization problem for a nonlinear elastic plate. The
equilibrium state of this plate is described by a system of nonlinear, coupled elliptic
equations of the fourth order. These equations, called von Karmdn equations, were
investigated in 3, 6, 11]. The optimization problem considered in this paper consists
in minimizing the cost functional approximating the plate stiffness with respect to
the domain occupied by the plate.

In literature [2, 4, 14, 15, 22, 23, 24] shape design sensitivity analysis for linear
elliptic systems was developed by many authors. In recent years appeared papers
investigating shape optimization problems for nonlinear elliptic systems, i.e. for
shallow shells [9], buckled arches [10}, plasma equation [13], contact problems in solid
mechanics [15, 20, 24, 25]. The optimization problem for von Kédrman system was
considered in [5] only where the right hand side of von Kirméan equations depends
on a functional variable subject to optimization. The shape optimization problem
for von Karman system where the domain occupied by the system is the variable
subject to optimization was not investigated in the literature except [21] where the
author considered this problem in different formulation than in this paper and with
the nonsmooth cost functional.

The aim of this paper is to determine the directional derivative of the cost func-
tional of this shape optimization problem with respect to the variation of the domain
occupied by the plate. In order to do it , we shall employ developed by Zolesio [14, 24]
the material derivative method. We shall investigate the sensitivity of the solution
to the nonlinear state system with respect to the variation of the domain. We shall
formulate first order necessary optimality condition for this problem. The present
work can be considered as a natural extension of results in [22] to nonlinear elliptic
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systems.

Throughout the paper we shall use the notation: H™(Q), H*(2), m =0,1,2,3,4
will denote the Sobolev spaces of order m with norm |- || rm(q) [1], n=(n1,ns) is the
unit outward versor to the boundary I', s=(—ng, n1) is the unit tangent versor to the
boundary T, g,—': is the outward normal derivative of a function v on the boundary T’
of domain Q, v;; = F":};}, v = 3%"—' for i, j = 1,2, Av = v11 + va2, Vv Is a gradient
of a function v with respect to a variable x.

2. NONLINEAR PLATE MODEL

Consider an elastic nonlinear plate occupying in the plane Oz 2, domain Q C R2.
The domain Q is bounded and simply connected. The boundary I' of the domain
Q is Lipschitz continuous. We denote by w = w(z), z € Q the displacement of the
plate and by f = f(z) the Airy’s stress function [3, 11]. Let g be a perpendicular
force bending the plate. In an equlibrium state the functions w and f satisfy the
following system of von Karman equations [3, 5, 6, 11, 21]:

Aw = [f,w]4+ XDdw+g inQ (1)
A = —[w,w] inQ (2)

with the following boundary conditions:

o ow _of _
w_f#(),a—n-_gﬁgoonl‘ 3)

where
[f,w] = fiiwag + fazwny — 2fizwia,  A%w = (win) + (waz)e2 + 2(wi1)az

The condition (3) implies that the plate is clamped along the boundary I'. We shall
consider von Karmén equations (1)~(2) assuming that A € R is a sunitable small
parameter such that A < A;, and A; > 0 is a constant satisfying [11]:

1
0< [ Vovods < ol ¥4 € HAE) (4)

The condition (4) implies we shall consider small deflections of the nonlinear plate.
The parameter A indicates the intensity of compressive or tensile forces acting on
the body. For suitable small A € R the system (1) -(3) has a unique solution [3, 11].

We shall consider the weak solutions of problem (1)—(3). We denote by a(-,-) :
H*(Q) x H*(Q) — R, b(-,-) : H2(Q) x H*(Q) — R, b(-,-,-) : H*(Q) x H*(Q) x
H*(Q) — R as well as by I(-) : H2(Q) — R the forms defined by:

a(u,z) = /ﬂ(unzu + ugpz9 + 2uq3212) de (5)

E(u,z) = /n(“u1+uzzz)dr (6)
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b(u, z,7)

/[(Unzz ~ uga21)r1 + (U1221 ~ u11 22)7] da 7
o

I(z) = /ngzdz (8)

The bilinear forms (5) and (6) are symmetric, continuous as well as, respectively,
H2(Q) and HY(Q) elliptic [18]. The trilinear form (7) is symmetric and bounded
[3, 11]. g € L*(R?) is a given element.

In variational formulation problem (1)-(3) takes the form [3, 6, 11]: for given
element g € L*(R?) find functions w € HZ(Q) and f € HZ(Q) satisfying:

a(w, ¢) b(f,w,8) + Mo(w, §) + I(¢) Y ¢ € HI() ®
a(f,n) ~b(w,w,n) ¥ne HIQ) (10)

If X satisfies condition (31) for ¢ = 0 then the system (9) - (10) has a unique solution
3, 6, 11].

i

3. SHAPE OPTIMIZATION PROBLEM FORMULATION

Before we formulate the shape optimization problem we shall introduce a family of
domains Q; depending on a parameter t. The domain ©; will be considered as an
image of a mapping T of the reference domain 2. We shall employ the speed method
[14, 24] to describe the mapping T;. We shall formulate the shape optimization
problem for the variational system (9)—(10) in the perturbed domain Q.

Let t be a real parameter, such that ¢ € [0,0),0 > 0. We denote by V(-,-) :
[0,0) x R® — R? enough regular vector field:

V(t,) e CHR®, RHYVt€[0,0), V(,z)€C(0,0),R)VzeR? (11)

By T:(V) : R? 5 X — z(t,X) € R? we denote the family of mappings depending
on the parameter t € [0,0) where the vector function z(-, X) = z(-) satisfies the
ordinary differential equation:

d
EI(T’ X)=V(r,z(r,X)) r€l0,0), z(0,X)=X X eR? (12)
The family ©; of domains depending on the parameter ¢t € [0, o) is defined as follows:
Qo = Q and
Q= Ty(V)(Q) = {z € R? : 3X € R% such that = = z(t) where
the function z(-) satisfies equation (12) for 0<r <¢}  (13)
We shall assume that for a given value of the parameter t domain §; is bounded,
simple connected and has Lipschitz continuous boundary T's. The variational prob-
lem (9)~(10) in the domain ; takes the form: for given element g € L*(R?) and
parameler X\ € R find functions wy; € H3 () and fi € HH(Q:) satisfying:
a(wi, ¢1) = bi(fi,wr, 1) + Abe(wy, 61) + h(¢e) Ve € HY(Qy) (14)
at(ft;"]t) = —by(we,ws, ) Y € Hg(Qt) (15)
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The forms a;(+, ), b:(-,), b:(,-,-), &(-) are given, respectively, by (5), (6), (1) (8)
where the integrals are taken over domain Q; instead of 2. Moreover ¢, = ¢(t, z(t)).
For each { € [0,0),0 > 0 and X satisfying (31) the system (14)-(15) has a unique
solution (wy, fi) € HE(Q:) x HE(Q).

We shall consider the following shape optimization problem for system (14) - (15):
find domain Q; € U minimizing the cost functional:

J(Qt):/n w? dz (16)

where U is the set of admissible bounded domains.

The shape optimization problem (16) consists in finding such configuration of the
domain ; which minimizes the stiffness of the plate. For engineering motivation of
this optimization problem see [2, 14, 15].

3.1. Existence of optimal solutions

In order to assure the existence of an optimal solution to the problem (16) we have
to select the family U of the admissible domains compact in an appriopriate sense
[8]. Let D be a given bounded set in R? and moreover assume Qo C D, Q; C D for
allt € [0,0), ¢ > 0, Qo € U. We assume that a minimizing sequence of domains
{4} C U satisfies for k — co the condition [8]:

there exists a subsequence {4} C {Q,}, denoted further by

{4, } such that the sequence of characteristic functions xi of Q;, C U 17

converges in L2(D) to a characteristic function § of a subset & C U.
i.e., U is assumed to be compact for the strong L2(D) topology of the characteristic

functions of its elements. For details concerning the selection of the family U see
[8]. We can prove:

Lemma 1. There exists an optimal dotnain Q € U to the problem (16).
Proof. The proof follows from [17] and [8]. u}

Note that Lemma I does not assure the existence of a unique optimal domain.

Remark 1. In applications [14, 15, 19, 20, 21] the reference domain Qp is selected
as a rectangle and the vector field V is selected in the following way:

V:(Vl,Vz) Wi :Ilk(mg) Vo, =0 (18)

For (18) the set U of the admissible domains is equivalent to the following set U/ of
admissible functions describing the boundary of the optimized domain: {19, 20]:

U={keC%(0,1) : 0<ey < k(za) < 3,

1k 1
572| < s, /0 k(z2)dzy = ¢4} (19)
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where C%1(0,1) denotes the set of Lipschitz continuous functions on the segment
(0,1) and ¢1, c2,¢3, ¢4 are given positive constants. The set (19) is assumed to be
nonempty. The integral condition in (19) denotes that the mass of the optimized
plate is constant [2]. The existence of optimal solutions to the problem (16) with V
and U selected according to (18),(19), respectively, was shown in [19]. Note, that to
obtain the existence of optimal solutions to the problem (16) with V given by (18)
and U given by (19) but without the bound on the derivative of the function k, we
can also use the regularization technique. For details see [22, 24].

4. NECESSARY OPTIMALITY CONDITION

In this section we shall calculate the derivative of the cost functional (16). Let us
recall the definition of the Euler derivative [24]:

Definition 1. The Euler derivative dJ(§2, V) of the cost functional J(£2) at a point
Q in the direction of the vector field V is determined by:

4J(2,V) = limsuplJ (@) ~ J(@)/¢ v (20)

Before we calculate the derivative of the cost functional (16) we shall show the
Lipschitz continuity of the solutions to the system (14)—(15).

Lemma 2. Let the pair (ws, f;) € H3(Q) x H3(Q:), t € [0,0), ¢ > 0 be a solution
to the system (14)- (15). We denote by: w' = w,0T; € HE(Q), f' = fioT; € H(Q),
w=wy € HZQ), f = fo € HZ(Q). Then there exists constant e > 0, independent
on ¢ such that for ¢ > 0 small enough:

flo' ~ w2y < et [If" ~ fllaagay S et (21)

Proof. The proof consists of two parts. First we write the system (14)-(15)
transported to the reference domain Q in canonical form [3, 6, 11]. Next we show,
using the implicit function theorem [17] that the mapping:

[0,0) 3t —w' e HYQ) (22)

is Frechet differentiable at a point ¢ = 0. This implies that the condition (21) is
satisfied.

Let us consider the system (14)—(15) transported to the reference domain Q. Let
us introduce the operators Lt : HZ(Q) — HZ(Q) and B! : HX(Q)x H*(Q) — HE(Q)
defined for all ¢ € HZ(Q) by: .

B, é) = (L'w',¢)msa C(23)
Bt et ¢) = (B Y, )iz (29)

[

i
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where (-, -)g2(n) denotes scalar product in HE(Q) [1). Note, that the forms b*(-, -, )
and bt(-, ) are given by (52), (53). By C*(w?) : HZ(Q) x HZ(Q) x H}(Q) — HZ(Q)
we denote the operator:

C'(w') = BY(B'(v', w'), w') (25)

Let D' € H3(Q) be a solution of the equation:

a‘(D‘,¢)=/ Jigddz Vo € HX(S) (26)
aQ

where J; = det DT} and the form a'(-, ) is given by (51). It can be shown that for
all t € [0,0),0 > 0 the operators L!, B*, C* have the following properties:

L! is linear, compact and selfadjoint operator
B is bilinear, compact and symmetric operator
C' is compact operator such that

ICH(w) = C*(v)lla(ay < const [lw —vllyz(a) (27)
(C'(w), wnzcy = 1B (w, w)ll}agq) > 0 Ywe HZ(Q), w#0 (28)

Taking into account (23)—(26) we can write the system (14)—(15) transported to
domain § in the canonical form {3, 6, 11}:

Pw't) % (I-ALYw' + CH(w') - D' =0 (29)

f' = -B'(w',w) (30)

Using the same arguments as in [3, 5, 11] it can be shown that for ¢ € {0,0),0 > 0,
A € R satisfying:

A<M (1= (@ B ID e )*®) (31)

there exists a unique solution (w?, f!) € HZ(R) x HZ(Q) to the system (29)-(30).

At in (31) denotes the inverse of the largest eigenvalue of the operator L}, a € (0, 1)
is a real number, the norm of the operator B! is given by:

18]} = (32)
= swp{||B'(f*, w)lmzy | (f, ") € HE(Q) x HE(Q),IIf‘IIHg(n) = ||wl||Hg(n) =1}
Moreover we can evaluate:

A
el < 52510 ez (33)

Let us consider the equation (29) only. To show differentiability of the mapping
(22) at a point ¢t = 0 we shall use the implicit function theorem [17]. We verify
assumptions of this theorem. From (31) it follows that the equation (29) has a
unique solution w! € HZ(Q) for ¢t € [0,0),0 > 0. From continuity of operators
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Lt, B!, C* as well as from (11)-(12) it follows the existence of continuous partial
derivatives P, and P{ of the mapping (22) with respect to w' and ¢ respectively.
The derivative P/, in the direction ¢ has the form:
Pyié = (1= ALY +2B'(B'(v', ), w') + B'(B' (v', v'), ) (34)
From (28) and (34) it follows:
(Pued, $nzay = 18ll5zi0) — ML 6, B)mza) +
def
2B (', $)llz() + (B (w', "), BY (&, )y T R1 (35)
Using the boundedness of the operator L' as well as (28) we can evaluate (35) from

below:
def

A
Ri>[l- o 1B P10 Wz oyl 2y = R (36)
Taking into account (33) we obtain from (36):

A A : 2y 2 2 def
B> [l—x—(m) IBID Wy | Mg E Re D)

Using (31) we can evaluate (37):

Rz 1= 30 - o (2220 1ol 2

A
. A 2 2 def 2
ming 1,1 - N (I-a )“‘75”}13(9) = K||¢[|Hg(n) >0 (38)
From (35)~(38) we obtain:
(Pied, O)zay 2 Klllhay >0 Vo € H3(D) (39)

From (39) it follows the existence of the continuous inverse of the operator P,
Hence by the implicit function theorem [17] follows Frechet differentiability of the
mapping (22), i.e. Lipschitz continuity of w'. Moreover from (11)—(12), (30) follows
the condition (21). 0

Using Lemma 2 we are able to prove:

Lemma 3. The derivative dJ(, V) of the cost functional (16) at a point O in a
direction 'V, defined by (20) is given by:

dJ(, V)= 2/ wW dx (40)
a

where W = %’tﬁ is a shape derivative of the function w, defined by (42).
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Proof. From (16) and (20) it results:

dJ(Q, V) = limsup [/ w? dz ——/ w? dz] /t
t—0 2 [}

Using formulae for transport the integrals from domain Q; to the reference domain
Q (14, 24] we obtain:

dJ(Q,V) = limsup {/ [(wt 0 Ty)? — w?] det DT; dz +/ w?(det DTy — )d =z} /t
1—0 0 a

(41)
where DT; is the Jacobian of the mapping T, det DT is determinant of DT;. Passing
to the limit in (41) with ¢ — 0, using (3) as well as (21) we obtain (40). 0

4.1. Sensitivity analysis of solutions to the state system

In order to calculate the derivative (40) we have to calculate the shape derivative
W of the solution w; to the system (14)—(15). Let us recall the definition [24]:

Definition 2. The shape derivative W € H?(Q) of the function w, € HZ() is
determined by:

(Hw')lﬂ =w+tW + D(t) (42)
where [lo(t)||l2@)/t — 0 for t — 0, w = wo € H*(Q) and Nlw, € H*(R?) is an
extension of the function w; € HF() to an open neighbourhood of € C R? such
that the restriction (Ilw;)jq € H3(Q) for ¢ > 0, t small enough.

To calculate the shape derivative we need also the notion of a material derivative

[24]:

Definition 3. The material derivative v € H2(Q) of the function w, € H2(,) at
a point X € Q is defined by:
lim (11 0 T = wo)/¢ = ey = 0 (43)

where w = wo € H?(RQ), the function w! = w; 0o T, € H2(Q) is an image of the
function wy € H2(,) in the space HY(9).

Let us recall [24] that if the shape derivative W € H?(R) of the function w; €
H2() exists, then the following condition holds:

W = i — ywV(0) (44)

Using Lemma 2 as well as Definition 3 we can prove:
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Lemma 4. The material derivatives w € HZ(Q) and f € H3(Q) Cff the functions
we € HZ(Q) and f; € HE(Q) satisfying the system (14)’(15) are given by:

at, @) +d(w,$) = b(f 1) +b(f,w,¢)+ ([, w,6)+
Ab(1b, 6) + AB'(w, ¢) + (90 9) Vo€ HG(Q)  (45)

a(f,m) + ' (f, 1) = ~b(th, w, ) — b(w, w,n) — V'(w,w>m) Vo€ HH(Q)  (46)
where

(9.9)= /n div (gV(0))é dz (47)

The derivatives a'(-,-), ¥'(:,-,-), V'(.,.) of the forms ac(,-), bi(:,--), be(-, ) with
respect to t at ¢ = 0 are given by:

d(w,$) = /n[—divV(O)]AwAdex+

/ div [div V(0)7 — (DV(0) +'DV(0))[(AwVé + Vwlré) da (48)
o

V(f,w,¢) = /n VTw[V(Vf) div V(0)-DV(0)V(V f) ~
TDV(O)V(V ) = V(IDV(0)Vf) - V(V)TDV(0)]Vé da —
/ div [div V(0)] — (DV(0) +'DV(0))]Vf dz +
Q

/ AFVT(DV(0) +TDV(0))]VwV ¢ dz (49)

el

V(w,¢) = / [divV(0)! — (DV(0) +"DV(0))]VwVé dz (50)
1]

where V(0) = V(0,X), DV(0) denotes the Jacobian matrix of the matrix V(0),
TDV(0) denotes transpose matrix of the matrix DV(0), T is an identity matrix.

Proof. Using formulae for transport the gradient and the Laplacian of the
function into the fixed domain [24] we transform the forms a:(-,-), b:(-,-,-), &(,)
from the domain €; to the fixed domain Q:

a'(w', ¢') = (51)

= / J7 div (1 DT DT VW) div (1 DT VTDTT ' W6t de Yool ¢t € HE(Q)
aQ

V(' et) = (52)

= / VDT DT (DT ) TDTT V¢t de — / div (J, DT !
Q Q
DT V) (VI DI TDTT Ve de VY wt, ¢t € HE(Q)

T
Bt ¢t) = / DI V! DT V' de Vo', ¢t € HE(Q) (53)
JQ
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where J; = det DT;, DT; is the Jacobian matrix of the mapping T}, DT,’1 is the
inverse of DTy and TDT, is a transpose of DT;. Since the mapping T; and the inverse
mapping T,! have continuous second derivatives with respect to the spatial variables
[24] bence for all functions ¢, € H3(Q), ¢ € HZ(Q), (', f*) € HE(Q) x H3(Q) we

have:

Ht(wh¢t) = a‘(w‘yét) = ("(wty¢)
be(fi,wi,6) = b‘(f’,w’,¢'):b’(f',w‘,¢) (54)
bi(wr, b)) = H(w'¢) = 5(w',9)

Subtracting from the system (14)-(15) the system (9)~(10) and using (51)-(54)
we obtain

a(w' —w, ¢) + a'(w', ) — a(v', ¢) = (55)
= b(f',w' — w,aﬁ)—f—b(/' - f, 1ut,¢)+ b'(f‘,‘w',qS)—
— b(f*, 0!, @) + Ab(w' — w, ¢) + AbH(w', 8) — Ab(w', ¢) + (' — 9,¢) Y € HE(R)
a(f* = Ly +a'(f )~ a(ffm) = (56)
= —{b(w' —w, w,y) + b(x', W —w,n) + b (w',w', ) — b(w', vt )} ¥y e HEN)

Using (11)—(13), Lemma 2, dividing both sides of the system (55)—(56) by ¢ as
well as passing to the limit with ¢ — 0 in (55)-(56) we obtain that the limits
of the subsequences {(w' — w)/t} and {(f* — f)/t} satisfy (45)—(46). Since for
X € R satisfying condition {26) the system (45)—(46) has a unique solution (1, f) €
HE () x HE(£2) by Lemma 2 follows the existence of the limits of the whole sequences
{(w! —w)/t} and {(f* — f)/t} satislying (45)-(46). o

In [11} it was shown that the solution (w, f) to the system (9) - (10) has regularity
(w, f) € {HZ()NHYQ)} x {HZ(Q) N H*(Q)}. Hence as well as from (11) it follows

VwV(0) € H*(Q) VIV(0) e H(RQ) (57)

Integrating by parts the system (45) - (46) two times, eliminating the terms contain-
ing the derivatives of V(0) and taking into account (44) as well as (57) we obtain
the system of equations determining the shape derivative (W, F) € H3(Q) x H2(Q)
of the solution (wy, fr) € HE(Q) x HE(Q) of the system (14)-(15):

a(W, ) = b(F, w0, )+ b(f, W,¢) + Ab(W, ) + h (W, w,¢) Vo€ HHQ) (58)

a(F, ) = =26(W,w,n) + Li(F, f,) Yy € HY(Q) (59)
where
. [7] ow
LW(W,w,¢)= AWa(A(ﬁ)dF _/r (-a—"— + AwV(O)n) H¢dl (60)

Note that in (60), by Sobolev trace theorem {1], we have on T: W € H3/2(F),
L ¢ H'YT), &g € H-V2(T), £ A¢ € H-3/(T). Asuming ¢ more regular, i.e.,
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¢ € {H}Q) N HY(Q)} we have traces in Ap € H¥*(T), £A¢ € HY(T). For
definition of Sobolev trace spaces H*(T'), s real number, see [1].

Let us determine the boundary conditions for the derivatives W and F. Note
that from (3) it follows that on the boundary I':

ow Of

N = g =0 (61)
2 92 82 F)
Yuw _0T _o v _ 9 _, (62)
Js®  Os Jsdn  dson
where %’ and 8827“2’ denote, respectively, the first and second derivatives of the func-

tion w in the tangent direction s to the boun_dary I' From w; = f; = 0 on the
boundary I'; and from (3) it results that i = f = 0 on the boundary I'. Hence and
from (44), (61) it follows that ou the boundary I':

W=F=0 (63)

Using the same arguments as above for the gradients of the functions w; and f; as
well as taking into account (3),(44) and (62) we obtain on the boundary I':

ow _ dw oF _ 9*f
- VO, on - on?

Bn T 9n?
Note, that the boundary conditions (63),(64) imply vanishing of the integral (60).

V(0)n (64)

4.2. The form of the directional derivative of the cost functional

In order to eliminate W from (40) we introduce an adjoint state (p,q) € HZ(Q) x
HZ(Q) satisfying the following system of equations:

a(p, 8} = b(p, f, $)+Ab(p, ¢)—2b(q,w,¢)—2/w¢ dx+/apgfdr Y é e H(R) (65)
JQ r n
_ an
a(q,n) ~b(p;w,n)+/rAq—a;dr Y€ H(Q) (66)
where

HQ)={6€ H*(Q) : ¢=0 on I} (67)

and (w, f) € HE(R) x HZ(R) denotes the solution to the system (9)~(10). For
A suitably small, it follows from [11], the system (65),(66) has a unique solution
(p,q) € H3(Q) x HZ(Q). Moreover this solution has regularity (p,q) € {H3(2) N
HY(Q)} x {H3(Q) N H*(Q)}. Hence, by Sobolev trace theorem [1], we have on T
Ap € H32(I), Aq € H3(D).

Lemma 5. The directional derivative d.J(§2, V) of the cost functional (16) at a
point §2 in the direction V is given by:

dI(@Q, V) = — / (Awlp+ AfAQV(0)ndT (68)
r
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where (w, f) € HZ(Q) x HZ(Q) and (p,q) € HZ(Q) x HZ(Q) satisly, respectivly,
systems (9)—(10) and (65)—(66).

Proof. Setting ¢ = W in (65) and taking into account (40) we obtain:
2/:'.2 Wwdz =b(p, f,W)+/\5(p,W)—a(p, I/V)—?b(q,w,W)-/F AwApV(0)ndl' (69)
Using (64) and setting = F in (66) we obtain from (66):
a(g, F)=b(p,w,F) — /FAquV(O)n dr (70)

Setting ¢ = p in (58) and 7 = ¢ in (59) we obtain:

a(W,p) = b(F,w,p)+b(f, W,p) + Ab(W, p)
a(F,q) = -26(W,w,q) (71)

From (69) - (71) it results (68). a

The necessary optimality condition for the problem (16) has the standard form:

Lemma 6. For all vector fields V defined by (11)~(12) an optimal solution 2 € U
to the problem (16) satisfies the following condition:

dJ(,V)>0 (72)
where dJ(Q2, V) is given by (68).
Proof. The proof is standard [7]. =]

5. CONCLUDING REMARKS

In the paper the shape optimization problem for von Kdrman plate is considered.
The small deflections of the plate are assumed. The conditions of the existence of the
optimal domain are discussed. Using the material derivative method the directional
derivative of the cost functional with respect to the variation of the domain occupied
by the plate is calculated. This derivative depends only on the normal component
V(0)n of the vector fleld V(t,x) at t=0 to the boundary I of the domain 2. Necessary
optimality condition is derived.

Selecting the vector field V and the family of admissible domains U in the form
(18), (19), respectively, we can solve problem (16) numerically. Finite element ap-
proximation for this problem is proposed in [19]. The optimization algorithms for
solving such optimization problems are discussed in {2, 14, 15, 20, 22, 23]. The
calculated directional derivative (68) of the cost functional (16) can be used in the
optimization algorithms for calculating a descent direction [22]. To accelerate the
convergence of these algorithms we have to use second order derivatives of the cost
functional. The first attempts in this direction are reported in [12, 16].

(Received May 7, 1992.)
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