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KYBERNETIKA —VOLUME 73 (1977), NUMBER 6

Continuous Stochastic Approximation
Procedure for Evaluating the Point

at which the Regression Function
Stops to Be Non-Positive

EL SAYED SOROUR

A continuous version of the stochastic approximation algorithm proposed in [2] is considered.
A function r(x) is observed continuously with Gaussian white noise. We want to estimate the
point @ such that r(x) < 0 for x < @ while r(x) > 0 for x > 8. The proving methods developed
in the book by Nevelson and Hasminskij [4] are utilized to prove the convergence with probability
one and in the mean square and the asymptotic normality of the procedure.

1. INTRODUCTION

Consider the following stochastic differential equation
11 dX(1) = —a(e) ((X(1)) dt + o(r, X(1)) dC(1)), X(to) = x,

where L’(t) is the standard Wiener process.

Nevelson and Hasminskij [4] have proved the convergence of the procedure (1.1)
with probability one to the set of roots of r(x) under general conditions.

They have also proved that the procedure can converge to a narrower set. Namely,
let @ be the set of roots of r(x), define B = © such that 0 € Bif in some of its #-neigh-
bourhood U,(6) there exists a continuously differentiable function ¥(x) such that

V(#) =0, V(x)>0 for x=*0, r(wc)iid~Iﬁ <0 for xeU\(0).
b3

Then, they have proved that the procedure (1.1) cannot converge with positive pro-
bability to a point € B. Our goal is to estimate the point @ such that r(x) < 0 for
x £ @ while (x) > 0 for x > 0, when r(x) is observed continuously with Gaussian
white noise. If the procedure (1.1) is used, the only thing we can deduce is that the
procedure converges with probability one to the set of roots of r(x), which does not
help in our case (because B = § (empty set)).



The problem was attacked before in the discrete time case by Guttman [3] and
Friedman [2], to estimate the point € at which the regression function stops to be
a constant.

Using the continuous analogy of the procedure proposed in [2] and exploiting
the proving methods in [4], we obtain results concerning the convergence of the pro-
cedure with probability one, in the mean square and the asymptotic normality of the
procedure.

2. BASIC ASSUMPTIONS AND NOTATIONS

All random variables are supposed to be defined on a complete probability space
(2,8, P). Relations between random variables are meant with probability one. E de-
“notes the expectation. The real line is denoted by R and the indicator function of
aset Abyl,.

The following assumptions will be assumed to hold in the sequel.

(i) The function (x) is real-valued and continuous;

(21 Hx) <0 for x <0, whieif x>0 then r(x)>0, xeR.

(ii) The function a(z, x) is real-valued and continuous function of its arguments for
telty, o), xeR.

(iii) For each N, there exists Ly for which
(22 [r(x) = ()] + Jolt x) = o(t, y) < Lufx = ]

for Ix <N,

y €N, <1< N.

(iv) ¢(1) is independent (standard) Wiener process, consistent with a non-decreasing
family [, 1 2 o] of o-fields of events.

(v) X*¥(1) is the regular solution, which is continuous with probability one, of the
stochastic differential equation of the form

(2.3) dX(1) = b(t, X(1)) dt + o(1, X(1)) d{(1)

with X(s) = ¢, £ is §-measurable.

(vi) The differential operator

d o 1 02
— + b(t, x) — + = (1, x) —
at ( x)éx 2 ( )(,x2

of (2.3} is denoted by L.
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452 3. CONDITIONS AND PRELIMINARIES
The following conditions will be needed as referred to.

Conditions on the regression function r(x)
R1: For some K, > 0, r(x) 2 K,(x — 0) for x > 0.

R2: For some positive constants K, and K3, there exist positive constants ¢ and
h = ¢ such that

Hx) S Ky(x — 8) for xe[0— o, 0],
Hx) £ Ky(x — 8) for xe(—o0, —h +0).
R3: For some constant K, > 0, (x — 0) r(x) 2 K,(x — 0)%, xe R.
R4: There exists B > 0, such that
Hx)=B(x —0) + f(x.0), xeR,
where

[/(x, 0)[ = o(|x —0) as x—8.

Conditions on the functions a(t) and (1)

Al: f a(t) () dt = oo ; J a*(t)dt < o3 lima(t) = 0;

fo to

10

fwa(t) O*(t)dt < o and limo(t) = 0.

o

A2: a(t):ci; a>0;£<a<%; t2t
* 2 3
o o

A3: 5(t)=—y;5>0,5<}<1—zx, t=t
t

Conditions on o{t, x)

Cl: I:T(t,x)2 SK(1 +x*) forall 121, xeR.
C2: lim o(t, x) = 0 .

t— o

x—=0

‘We shall also need the following theorem due to M. B. Nevelson, R. Z. Hasminskij

[4]-




Theorem 3.1. Let us have a nonnegative real-valued function V(t, x), which is
-continuously differentiable with respect to ¢, and twice continuously differentiable
with respect to x, and a set A for which
(3.1 inf V(t, x) > o for M - 0 ;

t2to

let us assume that
(3:2) LV = —a(s) o(t, ) + o) (1 + V),
where

(3.3) a(t) > 0; Jwg(t) dt<o0; oft)>0; J‘wx(t) dt = o0 ;

>

fo to

(3.4) @(t,x) 20 forall t=t,; xeR
and foral M >0 >0
inf o(t,x) >0,

12 T(e) xeU,, m(A)
where U, p(A) = v,(4) ~ {x : |x| < M}, v,(4) is the complement of the g-neigh-
bourhood of the set A4; Lis the differential operator of (2.3). Further let the con-
ditions

(3:5) inf V(t,x) >0 for x¢d; V(,x)=0 for xed
tZto
and
(3.6) lim sup V(t,x) = 0
x=Ad 1=zt

be valid. Moreover let b(t, x) satisfy (2.2) (r(x) is replaced by b(t, x)). Then the solu-
tion of (2,3) converges with probability one to the set 4 for all x e R.

(This is one-dimensional version of the Theorem 3.8.1 of M. B. Nevelson and R.
Z. Hasminskij [4}.)

4. CONVERGENCE THEOREMS

Let a(t) and 5(f) be positive real-valued continuous functions. Let X*(f) be the
regular solution of the stochastic differential equation

(4.1) dX(1) = —a(r) [(r(X(2)) — 8(2)) dr + o(t, X(1)) d(1)]

with X(to) = x; xe R, t 2 to.
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It is evident that the differential operator Lof (4.1) is

02

ox?’

42) L (;7 — a(t) (r(x) — 3(5) ;x T % o(t, %) a(1)

Theorem 4.1. If R1, Al and C1 hold, then X"(t) — 0 for t — oo with probability
one.

Proof. Without loss of generality we can take 6 = 0. Defining
(4.3) Vi, x) = x*,

it is evident that ¥/, x) fulfils the conditions (3.1), (3.5) and (3.6) of Theorem 3.1 with
the set 4 = {0}.

From (4.1), (4.2) and (4.3) we have
(4.4) LV £ =2xa(t) (r(x) — () + K2a(1) (1 + V).
For x > (2/K,) 5(f), we have by using R1 r(x) > 2 5(f). Thus from (4.4) we get
(4.5) LVE =2a(f)é(tyx + K*a* (1)) (1 + V).
For 0 £ x £ (2/K,) 5(f) the inequality (4.4) can be written as
(46) LV'S =24 %10 + (- al) 80 + KX (1 + V).
For x < 0 the inequality (4.4) can be written as
LV £ =2a() x r(x) + 2a(1) 5(t) x + K2a*(1) (1 + V).
Using (2.1) we get
4.7) LV £ —=2a(t) §(t) |x| + K2 a?() (1 + V).
Defining
xr(x) for 05x< Kil&(r) ;

o(t, x) =
[xl otherwise ;

o(t) = 2 a(1) &1),
o) = — at) (1) + K2a(),
Kl
the inequalities (4.5), (4.6) and (4.7) can be Written as

(4.8) LV —o{t)o(t,x) + g() (1 + V), for t2T,.



From (2.1)and Alitis easy to see that ¢(1, x) satisfics (3.4) and from Al it is evident
that g(1) satisfies (3.3), thus by (4.8) the condition (3.2) is also satisfied completing
the proof of the theorem.

Remark 4.2. The condition R1 can be somehow weakened to extend the class of
the regression functions for which Theorem 4.1 is still valid. Let Al and Rl in
Theorem 4.1 be replaced by A1’ and R1".

Al: Jma(r) 3(f)dt = o0, J

fo o

a*(f)dt < oo, lim§(t)=0 and lima(t) =0.
1=

tow

Define 1(t) > 0, (r) - 0 for > co such that inf r(x) > 2 8(t) (this is possible by
virtue of A1’). x>1(t)

R1": Jwa(z) 3(t) (1) dt < 0.

Still we can conclude that Theorem 4.1 is valid.

The proof can be carried out in steps as in the proof of Theorem 4.1.
In fact for x > (1) the inequality (4.4) can be written as (4.5). For 0 £ x < 1(r)
we have

(4.6" LV £ =2a(t) x r(x) + 2 a(t) 8(t) 1(2) + K*a(1) (1 + V).

For x < 0 as in Theorem 4.1, we have (4.7).
Defining
. ¢ r <x<
ot x) = x l(x), 0 = x £ ‘c(t),
|x| otherwise ;

oft) =2a(t)8(r);

g'(1) = 2 a{) 5(1) (1) + K~a*(2)
then (4.5), (4.6"), (4.7) can be written as
(4.8") LVE —oty'(t,x) + g{t) for t2 T,

and the proof can be completed so as in Theorem 4.1.

To show that Remark 4.1 extends the class of the regression functions, the fol-
lowing example is used.

Example 4.1. Put

Il
o

-0 <x<20;
=x?, 0<x=<1;

=1, x>1.

r(x)
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Take a(f) = 1/t** and §(t) = 1/t*/*; then from the definition of (r), we deduce that

1
() = 0 <F/—6> .
It is evident that r(x) does not satisfy R1 while A1’ and R1’ are satisfied.

Theorem 4.2. If R1, R2, Al and C1 hold, then
lim E[X*(r) — 0> = 0.
)
Proof. As before we can take 8 = 0. Let V(I, x) be chosen as in proving Theorem
4.1. Then (4.4) can be written as
(4.9) LV £ =2a(t)x r(x) + 2 a(t) 8(t) x + K> a*() (1 + x?).
For x > 0 and by using the inequality M < 1 + x?, we can write (4,9) as
LV S —2a(t)x r(x) + 2 a(t) 5(1) + 2 a(r) 5(t) x* + K* a*(1) (1 + x?).
Using R1 we get

LV £ —2K, a(f) x* + 2 a(f) 5(1) + K* a*(t) + x*(2 a(r) 8(1) + K2 a*(1)) =
= —K, a(t) x* (2 - I—?—B(t) - § a(t)) + 2a(t) 6(1) + K* a*(1) .

From A1l it follows that there exists 7y such that
(4.10) LV £ =Ky a(t) x> + 2a(1) 6(f) + K? a*(t) =
= ~K, a(t) V + 2 a(t) 5(t) + K* a’(t)
for t = T).
For —g £ x < 0 the inequality (4.9), by using R2, can be written as

LV £ —2K, a(t) x* + 2 a(t) §() x + K2 a*(1) (1 + x?) £
£ 2K, a(t)x* + K2 a*(H) (1 + x?);
then as before there exists T, such that
(4.11) LV —K,a(t) V + K2 a¥(t), for t>Ty.
For —h < x £ —g the inequality (4.9) can be written as
(4.12) Lv<2a()s(f)x + K2a* () (1 + x*) S K*a*() (1 + x?) £
SKPAM1 + k).




Finally for x < —h the inequality (4.9) can be written as
LV £ =2a(f)xr(x) + K2 a*(1) (1 + x?).
Using R2 we get
LV £ —2Ksa(t)x* + K2 a*(1) (1 + x?),
and as before

(4.13) LVE ~Kya(t) V+ K> aX(f) for 1> Ty.
Defining
(4.14) B(t) = 2a(1) 3(1) + K* a*(1),

T

max (T, Tp, Ts)
Ks =min(K,, K, K;),
a'(t) = Ks a(1t),

rt

Wi, x) = V(t, x)exp (J W du> ,

then (4.10), (4.11), (4.12) and (4.13) can be written as

2 2 N < -
(4‘15) Lv< K a(l)(l+h), h.=x< 03
—a'(f) V + p(t) otherwise .
From (4.2) and (4.14) we get
i3
(4.16) LW = exp <J. a'(u) du) (LV 4+ a' () V).
T

From Lemma 3.5.1 in [4], Fatou lemma and the regularity of the procedure we get

(4.17) E(W(L, X(1)) — W(s. X(s)) < EJ'L W, X() du

Let us denote
A =[—g, ©)u (-, —h)
and

o) = P(K() € ).

Using (4.15) and (4.16), the inequality (4.17) can be written as

T

EW(t, X7(1)) — EW(s, X(5)) < E [IA j :[}(u) exp ( j 0 dv) du +

\
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L J :(Kz a2(u) (1 + h) + a'(u) h?) exp ( j ;a'(v) du) clu] -

- 2(0) J :ﬂ(u) exp (Ka'(v) du> du + q(t) JI(KZ () (1 + 1) +

s

+ a'(u) h?) exp (j a'v) dv> du, for t>s2Tzt.
T
Thus

(4.18)

EV(X(1) < EW(s, X°(s)) oxp (— ﬁa'(v) dv> () J“/}(u) exp (- f ;a’(u) du> du +

K

t

+ K? q(l)J

s

() (1 + K)exp (— Jta'(v) du> du+

u

a1 [ (- [aw o)

s u

Consider the right-hand side of (4.18). The first term tends to zero for ¢ — oo since
EW(s, X*(s)) is bounded. The second and the third terms tend to zero for t - o by
Problem 4.4.1 in [4].

Let us denote the last term by g(1), i.e.

o) = a(t) J a/(u) exp (— J’a'(v) dv) du .

K u

By integration we get

at) = ai) 12 (1 ~ exp <_ J‘:a'(v) du)).

Using Theorem 4.1, g(t) = 0 for t — oo, which implies with A1 that g(z) — 0, for
t = . Thus

t— o0

<lim EV(X*(1)) = lim E(X*(t))> = 0,

completing the proof of the theorem. d

5. THE ASYMPTOTIC NORMALITY OF THE PROCEDURE

To establish the asymptotic normality of the procedure, we give the following
lemma. Its proof can be carried out as that of Lemma 6.2.1 in [4].




Lemma 5.1. If R3, A2', A3 and C1 hold, then
E|XS'5(t) - 6]2 =0(t7%), for t—>a0.
Here X™%(¢) is the solution of the stochastic differential equation (4.1) and El{‘z < oo,

Proof. As before, we can take 6 = 0. Take V(t, x) as in proving Theorem 4.1.
By using R3, A2, A3 and Cl in (4.4) we get

a 2ad K?a? .
(5.1) Lv = ~2K4t—a vV + prehi s 1+7v).
Using the inequality
(5.2) |x| 07t gfx]?, n >0,

we get

(5.3) LV —2K,at™V + K*a®7 2V + 2adnt™*V + K*a’t™2* + 2adp~ 't
By chosing # sufficiently small, since A3 implies that —a — 2y < —2a, we get
(5.4 LV £ —Kqat™V + K?a*™?*, for t>T.

From Theorem 3.1, and (5.4), we can easily deduce that

% EV(X>¥(t)) = ELV(X® (1)) £ —K,at "EV(X* 1)) + K?a?t™ 2%
dt

its solution can be written as

. .
EV(X*4(1)) exp (%KJ— 11_“) = ." K?a*u"*"exp <—HK4 ul’“) du +

T 1 —«a

+ EV(X*(T)) exp (11&‘ T! _“‘) .
a

Then
"
EV(X>4(t)) £ m exp (—m,t* "’)j u”2%exp (myu' "% du + myexp (—myt' 7).
t

(Hcre, as well as in the sequel, m with subscript will denote positive constants, possibly
of different values in different formulas.)

EV(X*¥(1)) £ my exp (—m,t' %) [t" exp (myt' %) — T™%exp (m,T' ™) +

{4
+ mlJ- u” " L exp (myu' %) du] + myexp (—m,yt' %) =
T

=m ™" + myexp (—myt' %) + m, (1),
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where
I(r) = fu’““ exp (—my(t' 7% — u' %)) du.
T

Itis sufficient to prove that I(t) = O(t™%), for t — oo. Substituting z — st =% _ 1~
we obtain

[ ameie a1
(1) = J‘ s xp (—Mz) dz .

1—af, - % 1 -a)
tl’u

Then lim ¢ I(f) = 0, which completes the proof of the lemma.

10

Theorem 5.1. If R1, R4, A2, A3, C1 and C2 hold, then the asymptotic distribution
of 1*/*(X*(r) — 0) is normal with

(5.5 mean = 0
and
2
(5-6) varience = 220 .
2B

Proof. From R4, it follows that there exists # > 0 such that

(5.7) |/(x, 8)] §§|x—9| for |x— 6] <7n.

From C1 it follows that

(5.8) |a(t, x)l <K’ for Ix - 6[ <.

Let us define

(5.9) S*(x, 8) = f(x, 0) for |x — 6| <n,
=f<’7 + O(mx B 0), 0>!ﬁ[ for |x—0]>n

lx - GI n

and

(5.10) a*(t, x) = o(t, x) for lx - 0[ <,
= a(t, (n + 0)(1——9) for |x—0>n.

[x — 9]

Without loss of generality, we can take 6 = 0. Let us consider the following auxiliary
stochastic differential equation

(5.11)  dx*(r) = —ar™[(BX*(t) + fH(X*(1)) — 5t77) dt + o*(r, X*(1)) d¢(1)]

with X*(s) = ¢ where & is &,-measurable and E|]* < co.



From (5.9) it foliows that R3 holds; then from Lemma 5.1 ' ' 461
(5.12) EX*4n]* = 0(t™) for t— .

Denoting Y*(f) = /2 X*¥(1), from (5.11) we get

(513) dvx(n) = [(g = aBt“‘) Y*(t) — at™*2 fH(X(1)) + aét"“/l’yjl dt -

—at™? a*(s, X*(1)) d¢(n) .
Then

t a2 _
19 v = | () e (T2 ()
s \H# o

1 —

B (R p—

s \H
t /N2 " —aB f—a 1—x —af2 %

o () o (72 e ) e X+
s u 1_—“

+ 12 exp (——1_:111 (G s"“)) £.

Let us consider the right-hand side of (5.14). Denote the 2-nd integral by I,(r). From
(5.9) it follows that given # > 0, there exists ¢; > 0, such that

lf*(x)} =< nzlx[ for [x] < o.
From Theorem 4.1 it follows B
P[sup |[X()] < @] > 1 —1n; .
uzT
by this we can write
(5.15)
) A —aB
PILO| >nl <0 + P[U (—) exp (——— (- u“"))f*u’“‘/2 du
r \" 1 -«

sup [X¥(r)] > 91] <

" a2 _

<+ P“A (1)/ exp ( ab - u"’)) |/% w2 du > n] <
T \¥ 1—oa
t al2 s

<n+7 |;f 1) exp ( aB (- ul_”)) E[X*(u)| u=? du:].
r\u Il —a )

>’1:‘
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By using the inequality |X(f)] £ t7%% + /2| X(f)|* and (5.12), the right-hand side of
(5.15) is less than or equal to

r a/2 _aB

n+m| (L) ueexp (22 (7 = u'") ) du.
T \¥ 1 -«
" al2 _

G(t) =1 By exp ZaB (' —u'"%) ) du
T \4 1 —a

and wsing the substitution (5.3) z = ' ™% — u' ™%, we have

Denoting

ti-a—Tl-=

(5.16) G(1) = m'nj. 1

exp —aB z )dz
R (1 E )z/2(1~a) 1 —«

=
Thus

lim G(1) = nm'J exp (;aB

z)dz = nm",
1o 0 o

and then
lim P[|1,(f)] > n] = 0.
f2ad"5)

Considering the 3-rd integral and defining

() = —nf <i)m w2 ex;,<‘“‘i (17 — uw)> (0% — a0) dt(u).

s\ 1

nz(t) _ _aJ.t <£>~z/2 w2 exp (;ag (tl—-u _ ul*z)) oo dC(u)
s \# 1 —o

then
E(n(1)* = o* J‘t () u™"E|o* — a,[* exp <_2aB (1 - ul‘")) du..

t
u 1 —a
From Theorem 4.1, (5.8), (5.10) and C2

lim E|o*(t, X*(£)) — a0l = 0.
o
Thus given n > 0, there exists T(x), such that

2 2 o LA P S —2aB . i«
(5.17) E@m(0)* <a u™* E|o* — oo|* exp T ( u!™%) ) du +
u - o

s

* t\* ~2aB /', _ -
+ azﬂj (;) u % exp (1 aa (- ut ‘)) du.
T(m -




Using (5.8), the first integral in the right hand side of (5.17) tends to zero for t — oo, 463

while the 2-nd integral tends to 0 for ¢ — co.
Then E(n,(1))> - 0, for t — co which implies that

1,(t) > 0 in probability;
#12(1) is normal random variable with mean zero, and with

<1> u”“exp (—ZaB (= — u"“)) du .
Il -«

u

T
variance = lim a3 (
t- o0 Js

Using the substitution (5.3} z = ' ™* — ' 7% the

. 267 [ 24B -1
variance = — 220 | exp (- 22 z> dz, B =2 .
28§, 1 2

It

= aoy2B.
It is evident that the 4-th term tends to zero for ¢ — oo. Then Y*(z) is normal with
variance = acg[2B, and with
T aj2 /
. AN —aB |, o) —azes
mean = limad | {~) exp(—— (""" —u'")u"* "V du.
1o s \u 1 —a

From A3 it follows that —«/2 — y < —a; then u™*277 = g(u)u"% o(u) —» 0 as

u — o, thus
. . t /2 —aB
mean = lim aoj <L> u”"exp (1—0— ("= — u‘"“)) o(u) du .
—a

1w s \H#

This integral tends to 0 for £ — oo as (5.16). Thus > X*(1) is normal with
mean = 0,

. ac}

variance = —2 .

2B

The proof can be completed as in Theorem 6.5.1 in [4]

ACKNOWLEDGEMENT
The author is grateful to Dr. M. Driml and Dr. V. Dupag for helpful discussions during the

preparation of this paper.
(Received July 26, 1977.)




464

REFERENCES

[1] V. Dupaé: The continuous dynamic Robbins-Monro procedure. Kybernetika 12 (1976), 6,
414420,

[2] S. Friedman: On stochastic approximations. The Annals of Mathematical Statistics 34 (1963),
343-346.

[3] L. Guttman, R. Guttman: An illustration of the use of stochastic approximation. Biometrics
15 (1959), 551—559.

{4] M. B. Hesenscon, P. 3. Xacemunckuit: CToxacTudeckasi almipOKCHMALMs H PEKYPPEHTHOE
ouennpanne, Haykxa, Mocksa 1972,

[5] H. Robbins, S. Monro: A stochastic approximation method. The Annals of Mathematical
Statistics 22 (1951), 400—407.

[6] E. Sorour: Stochastic approximation methods. Candidate Dissertation Work. Institute of

Information Theory and Automation of the Czechoslovak Academy of Sciences. Prague
1977.

RNDr. Dipl. Eng. El Sayed Farag Sorour, CSc., Ebn-Marawan 8, Hammamat El Koppa, 16,
Cairo. Egypt. :



		webmaster@dml.cz
	2012-06-05T04:24:45+0200
	CZ
	DML-CZ attests to the accuracy and integrity of this document




