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The presented paper deals with the problems of bargaining in coalition-games with side-pay-
ments. The autor’s aim is to bring a survey of situations which can be described by such games,
and to suggest a general game-model, including all modifications of the basic situation. In such
a general model, including, ¢.g., even the possibility of information about the intentions of anti-
players, the process of bargaining is investigated, and the expected behaviour of players is descri-
bed. This attitude, which enables us to explain and forecast, on the base of adequate general
model, the behaviour of players, is in [10] called the prediction of the bargaining. We keep this ’
term here as well.

The model of game proposed in this paper includes a wide scale of conflict situations. Not
only the process of coalitions forming, as well as the process of side-payments bargaining, is
considered here. The investigated type of game includes also the possibility of electing strategies
for all coalitions, and, moreover, according to this model each coalition is able to obtain some
information (incomplete, may be) on the designs of the anti-coaliton. The proposed mode! may
be applied, as shown in the conclusive part of this work, even in the case of non-cooperative
games. The results for two-player games are comparable with the classical ones.

The model suggested here is rather general for obtaining more than the fundamental results.
But, it can be specified for many special situations, for which, according to additional assump-
tions, some interesting results can be obtained. Some of these special types of games are briefly
investigated in this work, as well.

The paper is divided into four parts. The first of them introduces the general model of game
with its fundamental and obvious properties. The second part deals with the bargaining model
in such general game. For simplifying the explanation and the notation, the model is defined for
a special type of games with exactly one possible strategy of each admissible coalition. The third
part of the work is oriented to special type of games with no information about the intentions
of anti-players.

The bargaining model suggested in the second part, can be applied without changes even to the
general coalition-games with more than one strategy of any coalition. This fact is shown in the
fourth part of this paper. In such a case also the investigation of games with fixed coalitions, and
the prediction of strategies only, has its sense, and it is also investigated in the fourth part.
Finally, the application of the suggested model to the two-player games is presented.

The presented paper will be divided into a few volumes of the journal, and, consequently, it is
reasonable to introduce here some basic information, important for the simplier orientation in
the text, even if it ought to be traditionally located in the closing parts of the paper. First of all,
the list of parts and paragraphs is included.

PartI. A General Coalition-Game

0. Descriptive Introduction

1. Notations

2. Coalition-Game with Finite Identification
3. Further Notions and Properties.

4. Special Types of Games



Part II. Bargaining in a Game without Choosing Strategies

5. Auxiliary Relations-
6. The Bargaining Prediction

Part III. Bargaining without Identification

7. Special Propertics of Bargaining Model
8. Bargaining in Three-Player Games without Identification

Part IV. Strategies in Bargaining

9. Extended Bargaining Model

10. Strategies in Games without Identification
11. Games with a Fixed Cooperation

12. Two-Player Games

A few Remarks on Bargaining Models.

The notation used in this paper, is generally consistent in all parts. However, some generaliza-
tions and simplification of the basic model cause also some simplifications of used symbols,
applied in some parts of the work. For the better reading of all parts we introduce here also the
list of important symbols used in the text.

Introduced
Symbol in Comment
Part/Scction -

N 11
D;,D, Dy ’ 1,3 side payments
(M) 1
1«1, M| 1
S(M), s 1
. siml 1
I 12 set of players
K 2 class of all coalition structures
I A, LM, 2 coalition structures
LK LM, ... 2 coalitions
Ag, Sg, S 2 sets of strategies
s, sg 2 strategies
&, 8), (K, sg) 2 strategic structure
Ky 2 set of strategic structures
Ry, R 2 identification partition and
identification set
v; 2 pay-off function
r 2 game
. 13 :
h; 3
(K, sg, Dg) 3 agreement
C= C(X,s,D) 3 configuration
% 3 class of configurations
k 3
c=(C; k) 3 sub-configuration
x; 3 profit



xp(0) 3

C= C'(, D) 1
introduction
(K, D) introduction
€8 C mod ¢ Ims
Crat 5 (Definition 1)
Cdom C"'mod ¢ 5 (Definition 2)
CDom C’ mod ¢ 5 (Definition 4)
CPC,9F I 6 (Definition 6)
CpC, PF* 6 (Definition 7)
Pr 6 (Definition 8)
Crat 6 class of all configurations being
of rational character
w or 7
Qr 7
PEX), PEHB) v 9 (Definition 2A, 2B)
Sk v 10
C(s, D) 1v.11
H IvVi2
Sy 12 maximin vector
k; 12 (compare Part 1, sec. 3)

Finally, even if it is not usual, we introduce here also the list of references used in the work.
It ought to simplify the reader’s orientation in them without expecting the publication of the
last part of the work.
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PART I: GENERAL COALITION-GAME

0. Descriptive Introduction

In the following section some ideas are given, intuitive in their nature, on which
the investigated model of conflict situation, as well as the proposed prediction
method, is based.

The basic notion in this paper is that of game, defined in the section 2 as a quin-
tuple, containing the following parts: a set of players, a class of the admissible coali-
tion structures, a class of the sets of coalition strategies, a collection of coalition
identification-partitions and a class of pay-off functions of the players.

With the exception of the identification-partitions these notions are well-known
and used in the literature (as an admissible coalition structure a partition of the set
of players into disjoint admissible coalitions is meant).

The notion of an identification-partition of a given admissible coalition is based
on the intuitive imagination, that every coalition is able to obtain, during the pro-
cess of bargaining, some information, greater or smaller, about the anti-players’ action
and, in this way, also an information about the expected pay-oft, following from
the negotiated cooperation. This gives a possibility for the participants of the coali-
tion to react more sensitively on the arisen situations in the game and to obtain,
in such a way, a higher profit.

In its nature, the mechanism of the identification lies in the fact, that for every
admissible coalition a partition of the set of all game situations in which the coali-
tion can occur (i.e‘ the set of all coalition structures, containing this coalition, with
their vectors of strategies) into a finite number of subsets is defined, supposing that
the members of the coalition are able to decide, in every stage of the process of
bargaining, in which among these subsets the form of cooperation, negotiated in
this moment, can be found.

We suppose, in the presented paper, that the particular parts of a game satisfy
the following game postulates:

players:
— the set of players is non-empty and finite;

coalition structures:

— the class of admissible coalition structures is always
non-empty and finite,

— every coalition structure, composed from admissible
coalitions is admissible in the considered game;

strategies:
— every admissible coalition has a non-empty set of strategies to its disposal,
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— supposing a new coalition is formed by the union of a number of smaller coali-
tions, then this new coalition has to its disposal at least all the strategies, the
former coalitions had before their union;

identification-partitions:

— an admissible coalition does not change its information about the anti-players
action supposing it changes only its strategy,

— supposing a new coalition is formed by the union of a number of smaller coali-
tions, also the information of particular of the coalition about the anti-players
are united;

pay-off functions:

— supposing a new coalition is formed by the union of a number of smaller coali-
tions, the whole pay-off of its members is at least the same as the total of the
whole pay-offs of the members of the former coalitions.

As we suppose that the members of the coalitions are allowed to support the good-
will of their partners to cooperate with them by the side payments, the former
postulates can be enriched by the following side payments postulates:

— the side payments are negotiated during the process of bargaining, they are
supposed to be fixed amounts, independent from the actualy obtained final pay-
offs of the players;

— the side payments are given to members of a coalition by another members of the
same coalition from the private means of the later.

In its nature, the bargaining prediction is based on the idea that the game consists
of two stages. In the first stage the players are looking for suitable coalitions, negotiat-
ing the possible common strategies and offering side payments. It is possible that a
negotiated form of cooperation is changed supposing there occur some other, more
suitable, ones. In some stage the negotiation process is finished by the formation
of a negotiated form of cooperation and the second stage of the game occurs, in
which the definitively negotiated coalitions use their strategies having been negotiated
before. After the pay-offs are obtained, the members of the coalition pay to each
other the side payments having promissed before.

This serial deals with the first stage of the game, with the bargaining, supposing
that as the form of cooperation (obtained in every stage of the process of bargaining)
a triple is considered, containing a coalition structure, a vector of strategies of its
coalitions and a matrix, representing the negotiated side payments. Those triples
are called configurations.

There is the goal of the prediction to find such a relation, or system of relations,
on the class of all admissible configurations, which would enable to choose a non-
empty sub-class of possible and, from the point of view of the players, acceptable
results of bargaining. It is useful, moreover, to clasify the elements of the sub-class
obtained in such a way, at least roughly, into several groups, according to their
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stability, i.e. according to the measure, in which they reflect the interests and possi-
bilities of the players.

Such a procedure is proposed in sections 5 and 6, and generalized in section 9.

The basic quantity, which gives the motivation for the action of the players during
the bargaining and which must be investigated during the bargaining prediction is
the guaranted profit of the players. It is defined, for every player, as a function on
the class of all admissible configurations and represents the sum of the expected
payment of the player, under the given form of cooperation in the coalition and
under the given information about the action of the anti-players, with the negotiated
side payments.

In order we were able to predict effectively the process and result of the bargaining
in a given game, some degree of rationality must be ascribed to the players, rationa-
lity, which gives motivation to the players’ action during the whole process of bar-
gaining. These requests can be formulated, following the paper [10], in the postulates
on rationality and motivation:

— the given game is known correctly to every player, i.e. he knows the quintuple
defining it,

~— a player accepts an offer to cooperate with a coalition, supposing this cooperation
guarantees to him at least such guaranteed profit he had before this offer,

— a player prefers the result of bargaining, guaranteeing him the highest profit with
no respect to the other players,

— a coalition prefers one result to another supposing that at least some members
of this coalition prefer this result and that there are no members prefering the
other result to the first.

1. Notations

A great deal of notions and symbols used in this paper are those usually used in the
elementary set theory and theory of functions. Only the following notations need for
special remark.

The symbol N denotes the set of all natural numbers.

For n e N, the n-dimensional Euclidian space is caaled, for the sake of shortness,
n-space.

The symbol {m : m has the property P} denotes the set of all the elements having
the property P; {m} denotes the one-element set containing exactly thé element m;

{mymap . om} ={m},_y .

is the finite set the only elements of which are m(, m,, ..., m,.

If M # 0 is a set and .# is a disjoint class of its non-empty subsets such that

U L= M, then # is called a partition of the set M. If ", & are two partitions
Lett
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of the same set M = 0 such that for every set Le & there is a set K € 4 so that
L < K, then & is called a subpartition of .

(1.1) Let .# be a partition of a finite non-empty set M, let a square matrix D, =
= (d{¥)icr,jer. Of Teal numbers be defined for every subset Le .#. Then the
square matrix D = (d;;).p jene Such that

dy=d® forall Leust,ieL, jeL, and
dy=0 for icK,jeL,Ked, Led, K + L,
is denoted by D = (D), 4
For every finite set M, n{M) € N denotes the cardinal number of the set M.

(1.2) For every non-empty class .# of sets the symbol [|.#] denotes the set U M.
Me.tt

In similar way, for every collection M of classes of sets the symbol ”Mi] denotes
the class U 7.
MM
(1.3} For every finite non-empty set M the symbol S(M) denotes the set of all trans-
formations s of the set M into the set of all real numbers such that for all
meMis 0L s(m)<1and Y s(m)=1
meM

(14) If M, i=1,...,r are finite non-emty sets, if M = X M, is a Cartesian
i=1
product, if se S(M), sVeS(M,), i=1,...,r, then we write s =s" x
x $® x ... x s, supposing that for every m = (my, m,,...,m)eM

s(m) = []s9(m,).
i=1
(1.5) By s, m e M, the transformation from S(M) is denoted, which satisfies the
conditions:

s (m) =1, s"™(m)=0, meM, m' +m.

2. Coalition-Game with Finite Identification

Let I be a finite non-empty set. Let K be a non-empty collection of the partitions
of the set I, satisfying the condition:

(2.1) If A, ..., ek, if A is a partition of I, and if for every set Ke A is Ke
el) A, then X e K.
r=1



Let K € |K]|, let a finite non-empty set A be given such that

(22) For JO, ., J®e|K|, J"nJP =9forr=+1t, r=1,..,n t=1..,n,

09 =Ke|K|
the inclusion !
x> X Ay
holds. -

Let be ascribed, to every set Ax, K € |[K
satisfying (1.3).

If & e K then we denote by S, the Cartesian product

, the class of transformations Sy = S(4x),

X Sx; if s = (sg)gex € S »

Kext'
then the set of pairs

{K,s) : Ke A, s = (S)xex}
is denoted by the symbol (', s). By Ks we denote the class of sets
{(#,5): # eK, se8,}.

ToeverysetK € [IKH, a partition Zy of the class Kg into finite number of subclasses
is ascribed, satisfying the following conditions: ’

(2'3) If (‘7{’ s) e K, (%, s’) eKg s = (‘YL)Le.x’: s = (s;,)Lex» if Ked',and s‘L =5
for Le &', L+ K, then (&, s) and (o, s’) belong to the same set R € Zy.

(24) If JO, ., Je|K|, JOnJP =0 for r1, r=1,..,n t=1,..,n
n
V] J(r)=K6”K”,
r=1
if (,8)eKg, (H',s)eKe K, JPeAH , r=1,..,n 5= (5)pex> 5 =

= (Dreas

(YA =)~ (Ks),
if sets R € g, R,y € Ry, ¥ = 1, ..., n are given, so that (A, s) eR, (2", s)e
€Ry r=1,..,n, then
n
R = ﬂl{("["’ s//) . (fn’ sv) € KS’ §" = (S’,: e K € ", (((.7{", su) _
—

~ (&) © (U0 i) e R s
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if it is the case, we write, abbreviately:
R =Comp{R,; r=1,..,n}.

Finally, let be ascribed, to every i eI, a bounded realvalued function v; defined
on the set of all triples

(K, s Ry), ieKel|K

, sx€8¢, Rxey,
satisfying the conditions:
(2:5) 1f

>

JO,_ L gme K|, UJ0=Kelk
r=1

JVAJD =9 for r+=t,r=1,..,nt=1,..,n,

sk €Sk, $Sn€Sm, T=1..,n,

Sk =831y X ... X S
(c.f. (1,4), and if

Rye Ry, Rpye Ry, r=1,..,n, Rg=Comp{R,;r=1,..n},

then the inequality

Z U:(Ka Sk, Rx) = Zl Z ”i(»’m, Sty R(z))
t=1 ie.

ie 7

holds.
Then the ordered quintuple

r= (1: K, {SK}KeHKH’ {'@K}Ken:(us {vi}iel)

is called a coalition-game with finite identification. According to the usual inter-
pretation, the following terms are used for its particular components.

The set I is the set of players, its partitions are called coalition structures and the
collection K is called a collection of admissible coalition structures. The sets K < I
belonging to HK” are called coalitions (or admissible coalitions) and the trans-
formations sk € Sk are called strategies (or mixed strategies) of the coalition K. The
partition %y is called identification partition of the coalition K and the ascribed
sets Ry € Ry are called identification sets of the coalition K. The sets (&, s) € K
are called strategic structures and the functions v;, i € I, are called pay-off functions
of the players.
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3. Further Notions and Properties

It can be useful to concern our attention to several elementary properties of the
particular components of a strategic coalition-game with finite identification and to
introduce several other notions serving to the description of the development and
result of the process of bargaining in a game. In whole the rest of this section, we shall
consider a given game

r= (I’ K, {Sx}Ks”Kuv {%K}KEHK“! {vi}iel)'

Remark 3.1. If K e |K||, #" € K, then the sets S and S are closed convex poly-
hedra in the n(Ay)-space and in the (). n(4))-space.

Lext

Remark 3.2. It can be easily seen, that a transformation ¢; can be ascribed to every
player i€, such that to every strategic structure (&, s) e Kg the triple (K, s, Ry),
where K e [[K|, sqce Sk, Rce %y, satisfying ieK, (K, sg)e(H,s), (#.,s)eRy,
is ascribed. Then the composed transformation »,(p;) of the class Ky to the set of all
real numbers can be defined for every i € in such a way that

v (A, 5)) = v{(K, sg, Ry),

oA, s) = (K, s, Ry).

As there is no danger, in the following of misunderstanding between the strategic
structure (7, s) and the triple (K, sx, Rx) = ¢,(, s), we shall write

v (A, s) = vy(K, sg, Ry)

for v@ A, s)), iff (K, s, Rg) = @A, s). This symbolization makes some pro-
cedures, used below, more simple.

Remark 3.3. In literature, such games are often investigated, in which the pay-off
functions of players are considered to be real-valued functions h;, iel, defined
on the set

U Sy

HeK i

and satisfying:

(Y Ifs= (5x)kex € Sx» then for all iel

hs) = ) I1 (se(ax) - B(s*Y).,

a=(ag) ey -axeAg . KeX Kedk
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where
s = ke » SEF](‘JK) =1,
sifag) =0, agedg, ax+ay, KedA
(c.f. (1.5)).

In such a case the formerly introduced functions v;, i € I may be interpreted as the
expected value of the pay-oflf under the given vector of strategies s and under the
given information of the players about their anti-players action; e.g. v; may be derived
from h; by the relation:

(3.2) ¥ (A, s)e K, (K, 5¢) (A, s), (A, s) € Ry, i €K, then
vi(K, Sk» RK) = v,»(f, s) =
= inf {h(s") : 8" € Sy, (H, s') & Ry, S§ = S} .
In such a case the condition (2.5) is satisfied (being a consequence of (2.6)), even the
more strong form holds:
v(K, sg. Rg) = v(J9, 50, R,y) forall ieJP cK,1<t<n.

In the case of necessity the function v; can be chosen even in a less pesimistic way
than that described in (3.2), according to an actual interpretation. The condition
(2‘5), however, should be satisfied in every case.

In order to obtain a complete description of the bargaining, the introduction of
another notions may be useful, in the first order the notion of side payments, des-
cribed, in heuristic way, in Section 0.

If K e |K|. then a matrix Dy = (d¥),c jex of real numbers, satisfying

d = —diP,ieK,jek,
is called side payments matrix in K. Analogously, if # € K, and if for every K € 2
the side payments matrix Dy is given, then the matrix

D= (Dx)xex

(c.f. (1.1)) is called side payments matrix in . The symbols @y and %, denote
the sets of all side payments matrices in K and in ",

If K € |K|, sg € S and Dy € Fy, then the triple

(K, Sk» DK)
is called an agreement.

If # €K, s = (Sk)kex € Sy, D = (Di)xexr € Doy, then the set

€ ={(K, 55 D) :Ke )
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is called a configuration; also the symbol
C=((A,s D)

will be used. By % the class of all configurations, admissible in the considered game,
will be denoted.

A eKifkc A, k+ 4,ifC=CA,s,D)e?,
then the set
¢ ={(K, s, D) : (K, s, D) e C, K ek} = (C; k)

will be called a sub-configuration of the configuration C.

For every player i €I, a real-valued function £ "; can be defined on the class € by
the relation "

(3.3) Q) = oA, 5) + X dyy =
Jel
= v(K, sg, R) + Y. d;;
JjekK
where
C=C(A,s,D), ieKedA, (A,s)eRxe Ay,
D= (DL)Lsx = (dij)iel,jel €2y,
s = (S.)re € S -
This function x; will be called the profit of the player i.

(3.4) For every M =1, Ce %, C' € % the symbol

xu(€) > x,,(C)
denotes that

x(C) 2 x{(C)forall je M, and,
x{C) > x,(C’) for some ie M.
Remark 3.4. If (', s) e K, (47, s) e K, Ke " ~ A7, and if the equality

e, s) =3 ofx7,§)
ik ik

holds, then there exists, for every configuration C = C(.}t” , S, D) €%, such a C' =
= C(x",s',D')e @, that
x(C) = x(C)

14



for all ie K. It is sufficient, for this purpose, to choose D' = (d}))ics jer € D in
such a way that

diy = (@(K))™" - (x(C) — v (A7,8) + oA, 5) — x,(C)),
ieK,jeK.
Lemma3.1.IfC' = C'(x7", s, D) e %, (A, s) € K, then there exist D € Dy and C =
= (A, s, D) e % such that

x{(C) > x,(C)
if and only if

(3.5) Yoo, s) > Y x(C).

ieK ieK

Proof. Supposing the inequality (3.5) holds for K € 2, then it will be sufficient,
for our purposes, to choose

D= (DL)Lssr €Dy, Dyx= (‘]Ef))isl\',ie}( B
a0 = (WK (x(C) — w08, 5) + (. 9) ~ 1(C)).
iekK,jekK.
Then df = —d{P, ieK, jekK, and

x{(C) = oA, s) + Z dP = v(A,s) + o(K) . (=(K))~" . x({C) -

= (et + () (S8 9) - T(C) =
= 5(€) + ()" (5,009 = 3 (C) > x(C)

for i e K. Therefore
5(€) > 1(C).

The reverse implication follows immediately from (3.4) [m]

4. Special Types of Games

A coalition-game may take various special forms, the investigation of which may
be interesting in the following.

Supposing the collection K contains exactly one admissible coalition structure,
the game is called a game with fixed cooperation.

Supposing for every pair " € K, & e K, 4 is a subpartition of & or & is a sub-
partition of &, the game is called a game with strictly bounded cooperation.

Supposing K contains all the a priori possible partitions of the set I, the game is
called a game with free cooperation.
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Supposing for every coalition K € ||K| the set Sy contains exactly one strategy
(i.e. supposing all the sets A4, K ¢ |K| contain exactly one element), the game is
called coalition game with no choice of strategies, or, abbreviately, coalition-game.

Supposing for every coalition K e HK]] the identification partition %y contains
exactly one identification set

Ry ={(#,s5):(A,s)eKs,Ke A}, Rx={Rg},
the game is called a game without identification.

In Section 2, the investigated model of game was defined to be a game with finite
identification, i.e. to be a game in which all the identification partitions %, K € | K|
are finite. This definition includes all the cases of games with no choice of strategies.
In case such games are investigated, that their sets of strategies contain more elements,
even games ‘with infinite identification partitions can be considered, and the pre-
sumption of a finite identification seems to be a limitation. We can see, however,
considering the limited possibilities of recognizing of real players, that the games
with finite identification contain a substantial part of all real coalition-games. More-
over, the apparatus developed in the case of the coalition-games can be applied in
the case of the games with finite identification, what would not be possible in the case
of the coalition games with generally infinite identification. Further discussion of
this subject c.f. in Conclusive remarks.

PART II. BARGAINING IN A GAME WITHOUT CHOOSING
STRATEGIES

This part, the most important of the presented paper, introduces the idea of bar-
gaining solution in the investigated type of game. For the simplification of notations
and for easier reading of proofs, the bargaining model is introduced here for a special
case of games with exactly one strategy in each coalition. It will be shown in the
fourth part of this paper, that the restriction is not essential, and that it does not
influence the generality of obtained results.

The simplification of the investigated game model enables us to simplify the nota-

_ tions introduced above. In this part

= (17 K, ISK}KeHK[[a {'@K}KEHKII’ {”i}iel)

is considered to be a coalition-game and we shall use the notation (K, Dy) (resp.
C(o", D)) for agreements (resp. configurations) instead of (K, sg, D) resp. C(", s, D).
Every strategic structure (", s) € K is unambiguously defined by the relevant coali-
tion structure £ € K, and the identification partitions of the coalitions then can be
understood as partitions of the collection K of all the admissible coalition structures.
The condition (2.3) is satisfied automatically, in this case, and the condition (2.4)
can be formulated in the form:
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IO, .., J™ e K],
n

UJ” =Kel|K|,
1

JNVANJO =@ for r+t,r=1,...n t=1,..,.n XK X eK, Kex,

JOeH forr=1,..,nandif Re &g and R,y € Ayr, r = 1, ..., n then

n n

R=n{x":4"eK, Kex', (£ —{K)u(U{IM)eR,}.
r=1 =1

Every game without choosing strategies is automatically a game with finite indenti-

fication.

In a similar way, the pay-of functions v;, i € I, are functions of only two variables.
K and Ry, ie K € |K|, Rx € #4. According to Remark 3-3, the pay-off functions
v;, i €1, can be defined also on the collection K when the relation v(#") = v(A, s),
A eK, (A, s)e Ky is used.

5. Auxiliary relations

The purpose of the following section is to introduce several notions which can be
useful when a bargaining model is introduced. The most important among them is
that of rationality and the strong domination relation (definitions 1 and 4). The
other relations, introduced in this section, have purely preliminary character, and
serve to a preliminary analysis of agreements and configurations.

Let us introduce, at the first time, the following symbol:

(5‘1) If Ce¥, Ce%, if c « Cn C is their sub-configuration, if there exists an
agreement (K, Dy)e C — ¢ satisfying the relation x,(C) > x4(C’), then we
shall write

C3 Cmodc.

Remark 5.1. 1t follows from Lemma 3.1 that for no configurations C = C(f", D),

C' = C'(a, D') with the same coalition structure 4, and for no their sub-configura-
tion ¢ = € C' the relation €8 €’ mod ¢ holds.

Definition 1. Let us consider a C = C(, D)€ %. An agreement (K, Dy)e C is
called rational in C supposing there does not exist C’' € &, such that

C'8 Cmod ¢(C; 4 — {K}).

17



By the symbol
C

rat

the set of all agreements rational in C will be denoted.
Remark 5.2. It follows from (5.1) and from Definition 1 that if C = C(#", D)€ &,
(K, D) e C — C,, then thre exist C'e % and (L, D;) € Cy,, satisfying the rclations

€8 Cmod (C; A — {K}), x(C) > x,(€), and L K.

Remark 5.3. If C = C(", D) e %, if there exists no % € K, & being a subpartition
of &, then if follows, from Definition 1, that C = C,,,.

Lemma 5.1. Let 4" € K, K € ', Let us denote by K(K) the collection
KK)={%: 2K Lt oA~ {K}}.

Let there exists a matrix D = (D). and a configuration C = C(#", D)€ ¥ such
that (K, Dg) € C,,,. Then the inequality

(52) aKEK)Y v(H)z Y Y max{Yv(#): Le g, #eK(K)},
ieK YeK(K) LeZ ,L.<K ieL
holds.

Proof. Let (K, Dg)e C = (A, D). Then (K, Dg)e C,, if and only if for no
% € K(K) and for no matrix D' € &, the relation C' 5 € mod ¢(C; # — {K}) holds
for C' = C'(&, D'). This condition is satisfied if and only if for all & e K(K) and
for all Le ¥, L < K the inequality

2 x(0)z ;‘”i(g)

ieL
~ holds, which is equivalent to the condition
(53) Yx(O)zmax{Y x(C):C" = C(g,D)e%, #eckKK) Le #} =
ieL teL
= max { gvi(j) 17 + K(K), Le #}

for all coalitions Le %, L < K, and for all coalition structures & € K(K).

Summarizing the inequalities (5.3) for all Le K, Le % and % e K(K) gives the
inequality (5.2). O
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Corollary. If £ € K, K € A, then the last Lemma gives the following:

(a) IfK = {i}, iel, then D is an one-clement set, containing the zero matrix and
the agreement (K, 0) is rational in C(#", D) for every D € .

(b) IfK ={i,j},iel,jel, i+ j, then there always exists a matrix D = (D). €
€ Dy such that (K, Dy) is rational in C(#", D).

(¢) If n(K) = k, and if every coalition J = K is admissible, i.e. J € |K|, and if
there exists D = (D,).x € @5 and C = C(#,D)e ¥ such that (K, Dg)e
C,, then

rat

(Z)genz 3 me(ge):

n— 1/ick JeK,mJ)=n
FeK Fot =H —{K}, Je g}
foralleN, 1 <n<k

Definition 2. If C, C’ are admissible configurations, if ¢ =« Cn C' is one of their
sub-configurations, then we shall say that C weakly dominates C' modulo c and write

Cdom C’' mod ¢
if:
(2) there exists an agreement (K, Dg)e C,, — ¢ such that x,(C) > x,(C’), and

(b) there exists no C” e % such that the conditions

(bl) . ccC,
(b2) Cy—coCpy —¢.
C”mt —cF Cm —c.
(b3) if
(K, Dg)e C,y — ¢, x4(C€) > x,(C)
then

x(C") > x¢(C")
would hold simultaneously.
An agreement (K, Dg) e C,,, — <, satisfying the condition (a), is called to be active
in the relation Cdom C' mod c.

The weak domination relation, just defined, enables us to choose such a configura-
tions among all the configurations belonging to % and satisfying the condition
C & C' mod ¢ for given C'€¥, ¢ = C, which can be seen, from the point of view
of the participating players, as the most rational.
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Lemma 5.2. Supposing C is an admissible configuration, ¢ = C one of its sub-
configurations, then there exists C' e % satisfying C'§ Cmod ¢, iff there exist
C”" e & satisfying C" dom C mod c.

Proof. Supposing Ce ¥, c < C, C'e %, C’' 8 Cmod c, let us denote by (K, Dy) e
€ C' — cthe agreement satisfying xx(C") > x4(C). If (K, Dg) ¢ Ci,,, C" = C"(o4™", D)
as well as an agreement (L, D7) € C/;,, can be constructed (as a consequence of Re-
mark 5.2) such that x#(C") > x,(C’) and C"n C' = C' — {(K, Dy)}, which
implies x,(C") > x,(C) and C" & Cmod c. It means that the set

{(‘]’ D.’I,) : (J’ D;) € C;;t - C, xJ(C”) > xJ(C)}

is non-empty and C” e % can be chosen in such a way that the conditions of the

latter part of Definition 2 were satisfied, so C" dom C mod c. The contrary implica-

tion in the assertion of this Lemma is an immediate consequence of Definition 2.

O

Remark 5.4. If C, C'e %, if ¢ = ¢ « Cn C are two of their sub-configurations,
and if the inclusion ¢ — ¢’ = C_,; holds. then, according to the Definition 2,

Cdom C' mod ¢ implies Cdom C'mod ¢’ .

In the following steps, let us go to the strong domination relation, which is, as
said in the beginning of this section, the basic relation of the proposed prediction
method. The significance of the strong domination relation consists in the fact, that it
enables us to pass from the analysis of agreements or sub-configurations to considera-
tions involving the configurations as a whole. Therefore, it forms also the basis for
the proper prediction relations defined on the class %. .

A question can arise, namely, whether it is or is not possible to make the used
procedure easier in the sense that the weak domination relation should be used only
modulo the empty sub-configuration @. It will be shown in the following example
that such a simplification, applied to games not being the games without identifica-
tion, would lead to results, which could be hardly accepted.

Example 1. A three-players game is considered, where

U U ), = {{i U K}
v () = 0,(H ) = v ) = 0,

v (o) = v () = (H)=1.

I={ij,k}, K={oHy A}, A,

If 0 denotes the zero side-payments matrix then the relations
(oA o, 0) dom C(o;, 6) mod 0,
C(oA, 0) dom C(A o, 0) mod §
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hold simultaneously, nevertheless in the first relation the agreement ({i}, 0) is active only because
of the fact that the players j and k have chosen a proceeding, which is extremally disadvantagecus
from their point of view, and contradicts the postulates on rationalism.

Therefore, the introduction of the domination relations modulo a non-empty
sub-configuration aims, at least, to limit such cases.

Definition 3. If.
{C(r)}rzl.m,"
is a finite sequence of admissible configurations, if
n
cenCcn
r=1
is one of their sub-configurations and if the relation
CYdom C"" Ymodc, r=2,3,..,n

holds, then we say that {C"},_,  isaweak domination sequence modulo ¢ from

C 1o C,

Remark 3.5. It follows from Definition 3 that in case C, C', C"e %, if c = C" n
n C' n C, and if there exist weak domination scquences modulo ¢ from C to C
and from C' to C”, then also a weak domination sequence modulo ¢ from C to C”
exists.

Definition 4. If C, C' are admissible configurations, if ¢ = Cn C' is one of
their sub-configurations, then we shall say that C strongly dominates C' modulo ¢
and write

CDom C'modc,
if
(a) there exists a weak domination sequence modulo ¢ from C' to C, and
(b) there exists no weak domination sequence modulo ¢ from Cto C'.

Remark 5.6. It follows from Remark 5.5 and from Definition 3 that the strong
domination relation modulo ¢ is a partial ordering relation on the class

{C:Ce%, c= C}

and that this relation is anti-reflexive, anti-symetric and transitive.

Lemma 53. If C= C(#,D)e%, (K,Dy)eC c= c(C; A — {K}), then the
following assertions hold:
(1) If (K, D) e C,,, then there exists no C' € % such that

rat?

¢’ Dom Cmod ¢,
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and if for some C" €@ the relation

C8 C"modc
holds, then also
CDom C" mod ¢
holds.
(2) I (K, Dg)e C — C,, then there exists no C" € % such that
- CDom C"mod ¢, ‘
and always such a C' € ¢ exists that

C’' Dom Cmod c.

Proof. If (K, Dx)e C..1» then, according to Definition 1, there exists no C’ such
that C’' 8 Cmod c. According to Lemma 5.2 and Definitions 2, 3, 4, there exists no
C’ € % such that

C’'Dom Cmod ¢.

On the other hand, if for some C” € € the relation

Cd C"modc
holds, then
Cdom C"mod ¢

according to Definition 2. According to the foregoing step of the proof, there exists
no C' € € such that C' dom C mod ¢, which implies, according to Definitions 3 and 4,
that

CDom C"mod c.

If (K, Dg)e C — C,,, then, according to Definition 1 and Lemma 2, there exists
C’' € % such that

C’dom Cmod c.
As, at the same time, according to Definition 2, the relation
Cdom C" mod ¢
holds for no C” e ¥, this implies that

C' Dom Cmod ¢
and that for no C"e ¥

CDom C" mod ¢ )
holds. ' ’ O,
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Even in the case of strong domination relation an analogy of Definition 3 can be
formulated.

Definition 5. If
{C% o1, m

is a finite sequence of admissible configurations, if

1) N

is a finite sequence of their sub-configurations such that

¢ < CW A clrtD
and
Cr*U Dom CPW mod ¢ for r=1,1,...,n~1,

then we say that the pair

{C(r)}'; Lo {cm},= Town—1

forms a strong domination sequence from C*) to C™,

Remark 5.7. If C, C', C" €%, if there exist strong domination sequences from C
to C' and from C' to C”, then also a strong domination sequence from Cto C” exists.

6. The Bargaining Prediction

In the following section, the introduced relations will be used in order to construct
a prediction method for searching for the possible bargaining results in a given game.
As said above, we shall limit ourselves to a game I' without strategies choosing,

I = (LK, {Sc}xeyks (Zxtreyep (0i}ier) s

where all the sets S, K € [|K| are one-element ones. The simplified notation, intro-
duced at the beginning of this part, will be used even in the following proceedings.
There is the goal of this section to find a subclass, non-empty if possible, of the
class %, containing the acceptable bargaining results and, eventually, at least some
rough distribution of the elements of this sub-class with respect to the measure of their
acceptibility.
The following procedure, analogous to Definition 4, seems to be the most natural.

Definition 6. Supposing C, C’ are two admissible configurations, we say that C
strongly predictionally avoids C' and write

cpC,
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if:
(a) there exists a strong domination sequence from C’ to C,
(b) there exists no strong domination sequence from C o C".

If there exists, for an admissible configuration C, no C’ € % such that C' P C, we shall
say that C is strongly predictionally stable. By By, the set of all strongly predic-
tionally stable configurations of the game I" will be denoted.

Remark 6.1. The relation P is a partial ordering relation on the class € it is
anti-reflexive, anti-symetric and transitive.

The strong avoiding relation, defined in this way, and the strong predictional

stability property is not, and cannot be, in the same measure appropriate for all

- types of games. In some cases, especially if games with a larger number of the admis-

sible coalitions, and with more complicated identification partitions are considered,

the requests of Definition 6 for the predictional stability checking and for the validity

of the strong predictional avoiding relation are too high. Therefore, it seems to be
useful to consider the following modification of this relation.

Definition 7. Supposing C = C(o, D), C' = C'(#”', D) are two admissible configu-
rations, we say that C weakly predictionally avoids C" and write
cpC,
if:
(a) there exists a strong domination sequence from C’ to C,

{b) there exist no side-payments matrices
Dt = (DI)LQ# €Dy » Dﬁ(D}l{)lex' EDy
and no adequate configurations
Ct=Cl(, DYew, C'M=CM(x, DMew

satisfying the four following conditions:

(bl) there exists a strong domination sequence from C to C™,
(b2) there exists a strong domination sequence from C'f to €7,
(b3) (L, Di)e Couy<= (L, DY) eCly,

b4 (J,D)) e C, < (J, DI e Clt
T, J

rat rat >

If there exists, for a configuration C € €, no C’ € ¥ such that C' P C, we say that C is
weakly predictionally stable. By Br*, the class of all weakly predictionally stable
configurations of the game I" will be denoted.
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The weak avoiding relation enables to neglect, when the prediction stability is
checked, the various highs of the side-payments in a coalition structure, supposing
it does not influence the bargaining rationality and the existence of the strong domina-
tion relations for configurations. It means that actually the forming of the coalition
structures is investigated, and differences among the side-payments matrices are
considered only from the point of view of bargaining rationality. The weak predictional
stability requests less, in such a way, for the properties of configurations and for its
own checking.

Even in this case a question can arise, whether it is or is not possible to make
the prediction method more simple, namely in the way we did not introduce the
strong domination relation modulo a given configuration in the procedure, and
we used instead it directly the weak domination relation modulo the same configura-
tion as before.

Example 2. Let us consider the game described in Example 1, Section 1, let us denote
C=C(#.0), Co=CoHo0).
Then there exists a weak domination sequence

modulo ¢(C; {{i}}) from C,to C

" and, at the same time, there exists a weak domination sequence

modulo 0 from Cto C, .

The same holds, if

C
replaced by any other configuration
¢ = C(x, D)
with
({j: k}. D:j,k)) €Chy.
If

{j! k}, D{j}(}) el — Cla
then it follows, from Definition 2, that for no

C'e¢ and cc C
he relation .
C"dom C” mod ¢
holds.

It is clear, from Example 2, that the proposed simplification would make the con-
figuration C, to be weakly as well as strongly predictionally stable, what in no way
corresponds with the image of an acceptable bargaining result among rational
players.
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Example 3. Supposing the method described by Definitions 6 and 7 is used in order to predict
the bargaining, in Example 2 we obtain

Pr* = Pr = {C: C = (A, D), B =(0, D). ({i- &}, D) & Cuad) =
={C:C= (o, D), x{C)= 0, x,(C) = 0}.

The obtained result is consistent with the intuitive image on a rational bargaining and with the
postulates on rationalism.

‘We have shown that it was useful, when complicated games considered, to moderate
our requests for predictional stability. On the other hand, when games with small
number of players and with simple identification partitions are considered, it may
be useful to strict the stability criterion in the following way.

Definition 8. Supposing C is an admissible configuration we shall say that C is
predictionally balanced if there exists no configuration C’ € ¥ and no sub-configura-
tion ¢ < C such that

C' Dom Cmod ¢,

The class of all predictionally balanced configurations in a given game I will be denoted
by Br.

Lemma 6.1. The classes of weakly and strongly predictionally stable configura-
tions as well as the class of predictionally balanced configurations satisfy the in-
clusions:

Pr* > Br > B

Proof. If CP C’ then also C P C’ (by Definitions 6, 7). The inclusion P} = Br

follows from Definitions 6, 8. |

Lemma 6.2. Every weakly predictionally stable configuration contains at least one
agreement which is rational in this configuration.

Proof. If Ce @ and C,, = 0, then there exists, according to Lemma 5.3, C' € %,
¢ < C such that C’' dom C mod c. On the other hand, for no configuration Cfe @
with Cl, = 0 there exist C" €%, ¢ = C', such that C'dom C" mod c (it follows

from Definition 2). Therefore, neither the relation C' Dom €’ mod ¢ can hold.
It follows, using Definition 7, that C'P C, hence C¢ PF*. O

Remark 6.2. It follows from Lemma 5.3 and from Definition 8, that if C e By,
then C = C,,.

The proposed prediction method cannot guarantee, when games with a general
finite identification considered, that the weakly or strongly predictionally stable
configurations will contain only agreements, rational in this configurations. The
same occurs in the following example.
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Example 4. Let us consider a six-players game
r=(LK, {SK}KeHK]l > {'%K}KGHKIP {”i}iel)
which is a game without strategies choosing. Let
= {1, 2,3,4,5, 6} s
and let

K={3{1,%1,%3,9{4,fs»t%6,f7,v%s>f9},

where the admissible coalition structures and the corresponding values of pay-off functions
are described by Table 1. The identification partitions of all admissible coalitions are such, that
every identification set contains exactly one admissible coalition structure.

Table 1.
T v v vy v, vs v6
# = {{1,2,3}, {4,5,6}} 1 0 TR 2 1
#, = {{1,2}, {3}, {4,5,6}} 1 1 0 S 1 0 1
#y= {1}, {23}, {4,5,6}} 0 1 1| 0 | 1
o= {123h {4 (56 | 1 2 1o o | o
A= {{1,2,3}, {4, 5}, {6}} 1 1 2 1 ; 0 o | o

H

fi

{1}, {2, 3}, (4}, {5, 6}} 1 0 0o 1 o | o
a7 ={{1,2}, {3}, {4}, {s. 6}} 0 0 1 ‘ i 0 0
oy = {{1},{2.3}, {4.5}. {6}} 1 0 o | o 0 i 1

Ao = {{1,2}, {3}, {4, 5}, {6}} 0 0 Lo 0 ‘ 1

6

The class € of the admissible configurations can be divided into four disjoint sub-classes:
%, ={C:C=x,,D)e%},
Gy ={C:C=CA,D) €6, A = Ay, A3},
%, ={C:C=CAH,D) €b, A = Ay X5},
G ={C:C=CA,D) €b, H = H'g, Xy, Hg, Hg}-

Under the given pay-off functions, the bargaining process will proceed in such a way which can
be considered to be in some measure cyklic; sooner or latter, the configurations belonging to the
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classes
Cs, Gy Co» B> €55 ..
will be bargained.
The class of strongly or weakly predictionally stable configurations will contain configurations
from all the four sub-classes (the configurations
C(%,,O), r=12,..9,
for example). At the same tims, the sub-classes
€ €5

contain no configuration consisting only of agreements rational in this configuration.

The example just given shows to us, on the other hand, that this fact does not
contradict the common idea of the bargaining. Not only the proposed prediction
method but nor any other detailed analysis of the described game, insisting only
in the quantitative values expressed by guaranteed pay-offs, is not able to decide
to which among the four sub-classes the finally bargained configuration will belong.
In order to be able to decide this question, we should have to suppose that the attitude
of the players is motivated by something else than by the high of their profit, but
this would contradict the postulates.

It is possible, nevertheles, to impose on the weakly or strongly predictionally stable
configurations some request for a rationality, originating from the presumption
that in a configuration, which is a result of a bargaining process long enough, no
agreement can occur, which would not be rational at least in some among of possible
configurations. Just given Example 4 illustrates this consideration. After several steps
of the bargaining process, any agreement, which occurs and is not rational in the
bargained configuration, may be regarded as a “rest” of the previous steps of the
bargaining. This fact justifies the introduction of the following definition.

Definition 9. We shall say that an admissible configuration C = C(f, D) is of
rational character, if it is possible to find, for every agreement (K, D) € C, some
configuration C’' e % such that (K, Dy)e C,,,. The class of all configurations with
rational character will be denoted by %,,,.

Now, we have introduced all the notions necessary to the description of the bat-
gaining result in a given game.

Supposing I' is a strategic coalition-game with finite identification and with side
payments, without strategies choosing, then the triple !

(BN Gy PEN G, B

is called a bargaining prediction characteristic in I'. Its components are considered
to be the classes .of the possible bargaining results among rational players, shaded
by degrees according to their stability in the considered game. ‘
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The prediction characteristic, introduced in such a way, is rather adequate to an
intuitive idea about the behaviour of rational players in an actual game of the in-
vestigated type.

Theorem 1. There exists, in every coalition-game I', at least one weakly predicton-
ally stable configuration being of a rational character, i.c.

BN G 0.

Proof. Let us consider a coalition structure ,# € K to which there exists no # € K
such that & is a sub-partition of #. Then C(#, D) € %,,, for every matrix De @,
hence €., *= 0.

Let us part the class ¢ into a finite number of disjoint sub-classes

(#)={C:C=C(x,D)eb), FeK.

Every of these sub-classes is parted again into 2" parts (), w = 1,2, ..., 270

such that for every pair (C, C') of configurations from the same sub-class ("),
15w < 2", # €K, and for every pair of agreements (K, Dg)e C, (K, D) e C')
the relation

(K. D)€ Cooy <> (K, D) € Cla,
holds.

Now, let us choose a configuration C, € %, If C; ¢ PF*, then there exists Ce €
such that Cp C,. If Ce¥,,,, then we set C; = C. If C¢ %,,,, then C; €%, and a
strong domination sequence from C to C, may be constructed, hence, there exists
also a strong domination sequence from C, to C,. If C, ¢ PB1*, then we can follow
the same way. After a finite number of such steps cither some C, € €y, t = 2, will
be found, such that C, € PB5*, or a sequence {C,},~,, ., will be constructed such that:

Cle(gral’ t=1,..,n;
there exists a strong domination sequence from C,_; to C, t =2,...,n;
n < 32"P 7(K);

there exists an index #0) < n, such that C,q, and C, belong to the same sub-class
FNH), #eK, 1< w<2; and for every configuration Ce %, for which
a strong domination sequence from C, to C exists, there exists also a configuration
C’ in the strong dominantion sequence from C,q, to C,, C, % C' * C,, such that
C’ and C belong to the same sub-class (), # € K, 1 £ @ < 2™, It means that
for no C e ¥ the relation Cp C, holds. ]

Before closing this part, some properties of the configurations with only one
admissible agreement of all players will be mentioned. Supposing this agreement
is rational, the prediction procedure will be substantially simplified.
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Lemma 6.3. Supposing the coalition structure 'y = {I} is admissible, o, € K,
and C = C(A';, D) e % then the two following assertions hold:

(1) The following assertions are equivalent:
(a) there exists no Le | K|l and no R, & %, such that

;-;. v(L, R,) > .; x{C),

®) C=Cup
(c) Ce %>
(@) Ce P,
© . Ce B
) Ce BI*.
(2) If C = C,,,, if the relation €& C’' mod @ holds for some C’' € %, then C'¢ PF*.

Proof. The both parts of the Lemma can be derived from the foregoing assertions
ad definitions in the following way.

The equivalence of the assertions (a) and (b) follows immediately from Definition 1
and Lemma 3.1. The assertion (c) is equivalent to (b), according to Definition 9. If
C = C,,,, then it follows from Lemma 5.3 that there exists no C'e % such that
C’ Dom C mod §. Hence (d) follows from (b). According to Lemma 6.1, (¢) follows
from (d) and (f) follows from (e). If the agreement (I, Dy) € C is not rational in C,
then, according to Lemma 6.2, C ¢ P}*, hence (b) follows from (). Therefore the

relations
@=0b) =), b)=(d)=(E)=F=([")

hold, and the first part of the Lemma is proved.

If C=C,, and C8 C mod® for some C’'e ¥, then, according to Lemma 5.3,
C Dom C’' mod 9. On the other hand, according to the same Lemma, there exists no
C” € € such that C" Dom C mod . Hence C p C’, according to Definitions S and 7. [J

PART III. BARGAINING WITHOUT IDENTIFICATION

In the previous part of this paper, some general results concerning the proposed bargaining
model were presented. It is possible to obtain some more detailed results, especially if we abstain
from assumption of the identification possibility. This part is subjected to the modei of bargaining
in such coalition-games, in which no identification is possible.

It means that we suppose, in all this part, the investigated game being a game without identifica-
tion as defined in section 4. The notations, introduced in the previous part of this paper, are
generally kept even in this one, The slight modification of it, based on the simplification of the
investigated game model, is introduced in the following section 7.
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7. Special Properties of Bargaining Model

Games without identification and without strategies choosing represent one
possible special example of the coalition-games. They may be interpreted as such
games, in which the players have no information about the bargained behaviour
of their anti-players. According to their character, these games are in the most
close connection with the games investigated in literature (e.g. [1; 2; 6]).

Clearly, the impossibility of an identification simplifies, in a rather significant
measure, the bargaining prediction in such games and enables, moreover, to simplify
the used notation. If

I= (K {Sehreyey s (Bdeiny s (vibier)

is a coalition-game without identification and without strategies choosing, then for
every coalition K € || K|| the set Sy and the class %y are one-element sets. The pay-off
functions v;, i €I, can be seen as if they were functions of only one variable K defined
on the class {K :K e |K|,ieK}. Instead of v,(K,sx, Rx) or v(K,Ry), we can
write simply v(K), i € K, and o(K) = v/('),if ieKe A

Let us denote, for every coalition K € || K],

1) W(K) = (k).

This function w has sore properties of the coalition characteristic function, known
from the literature (e.g. [1; 5; 7; 10] e.t.c.).

Remark 7.1 If Ce @, (K, Dg) € C, Dy = (d;;)icx,jex if @ game without an identifi-
cation is considered, then (K, Dg) € C,,, iff (K, Dy) is rational in every configuration
containing (K, D). This holds iff there exists no L e || K| such that

w(L) > Y x(C) = Y v(K) + ). >dijs
ieL ieL icl jek
where

LeK,K—-L=UJ.,J,nJ =0, Je|K]|,
1

r=1,..,n, t=1...n, r#+t, neN.
1t follows that
Fa={C:Ce¥, C=C,}.
Instead of the phrase “an agreement (K, D) is rational in a configuration C”

we can use the abbreviate form “an agreement (K, Dy) is rational”.

Remark 7.2. It follows from Remark 7.1 that when the games without an identifi-
cation are considered, Definition 2 may be written in the following, simple, form:
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If
Ceé, Ce¥, caCnC
then
Cdom C'mod ¢
it\’ and only if
C8Cmodc and C—cc (.

Remark 7.3. It follows from Remark 7.2 and from Lemma 5.3, that when the games
without an identification are considered, then every weakly predictionally stable
(hence, also every strongly predictionally stable) configuration C contains only
rational agreements, i.e.

ko *
(grat»D %[‘ = “]31‘

(compare with Remark 6.2). The bargaining prediction characteristic is then repre-
sented by the triple

(Br, Br, Br) -

There are, besides the general assertion introduced in the foregoing sections, also
some other assertions which are valid when the games without an identification and
without strategies choosing are considered, and which simplify the prediction pro-
cedure.

Lemma 7.1. Supposing the relation

C Dom C' mod 0

holds for admissible configurations C, C’' e % then also the relations CP C' and
C’ ¢ PBF hold.

Proof. The relation C Dom C’'mod @ implies, according to Remark 7.2, the
identity C = C,,,. Suppose the relation CP C’ does not hold. If it is the case, there
exists a strong domination sequence from C to C’, denoted, for example,

(
{C 'nr:1,....n > {C(')}ml ..... -1
such that
CW=C, C"=C, CDPom Cr-Dmodc* P, r=23,..,n.

Then there exists, for every r = 1,...,n — 1 a weak domination sequence modulo
¢® from € to C*1 which will be denoted by

(A

CHM = ¢ ) = clr+1) , r=12..,n-1.
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Remarks 7.1 and 7.2 imply that
Cn = D forall r=1,..,n, t=1...,m{r)),
because C = C,,,. It follows, according to Remark 5.4, that the sequence
{CaD | @b mmmLD @ =Dt
Clmtn~1n—1) _ clm c}

is a weak domination sequence modulo  from C = C'¥ to ' = C™, This result
contradicts the assumption

CDom C' ' mod 0.
Hence, the relations CP C’ and C’ ¢ By hold. O

Supposing I' is a game without identification and with a strictly bounded coopera-
tion, then the relation between the predictional avoiding relation and the strong
~domination relation modulo  is closer.

Lemma7.2.If Cand C' are two admissible configurations in a coalition-game without
identification and with strictly bounded cooperation, if C = C, and if Cp C',
then the relation C Dom C’" mod § holds.

raty

Proof. Supposing there exists a strong domination sequence from C’ to C, and
if C = C,, then, according to Remark 7.2 and Remark 5.4, even a weak domina-
tion relation modulo @ from C’' to C may be counstructed. On the other hand, if
C’' % (.., no weak domination relation modulo @ from C to C’ can exist.

Let us suppose that C' = C,,, and denote C = C(", D), C" = C'(«", D). As
a game without an identification and with strictly bounded cooperation is considered,
and as there exists a strong domination sequence from C’ to C, necessarily A is
a sub-partition of the coalition structure 2, and #” = #. As C= C_,, no C" =
= C"(A, D") e % can exist such that 2" was a sub-partition of # and C" § C mod 0.
It means that

CDom C'mod @. ’ [}

Remark 7.4. In the following the symbol Q, may be useful for the following class
of configurations

72) Qp={C:Ce¥%, thereexists no C'e% such that C Dom Cmod 0} .
r

It follows, according to Lemmas 7.1 and 7.2, that when a coalition-game without
identification is considered, then ‘B;’i < Qy. If the considered game, is moreover,
a game with strictly bounded cooperation, then

’B;“*DQFD§BF~
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Lemma 7.3. If Cis a coalition-game without an identification, if C = (£, D)€ &,
C = C(%,D)e%,if £ is a sub-partition of &, if ¢ = ¢(C; k), ¢’ = '(C", k') so
that ||| = |&’], if the equality x,(C) = x,(C’) holds for all i €1, then the assertions

1) if ChceCy then Cnd (),
(2) supposing there exists C; € % such that C dom C; mod c then there exists €, € ¥

such that C’dom C, mod ¢’ and x,(C,) = x,(C,) for all iel,

(3) supposing there exists C, €% such that C, dom C'mod ¢/, then there exists
C, € % such that C; dom Cmod ¢, and x,(C,) = x,(C,) forall i e 1,
hold.

Proof. The first assertion is an immediate consequence of Definition 1 and the
assumptions.of this Lemma. The second one follows immediately from the first one,
from Definition 2 (Remark 7.2), and from the assumptions, if we choose, for a given
C,e¥,sucha C,e®, that C, n C' > c"and C; n C, o C; — c. The third assertion
is an immediate consequence of the assumptions of this Lemma, of the relation
(5.1), and of Lemma 5.2, if we choose, for a given C, € %, such a C; € %, that C; n
nCocand (;nC, o C, — (. ]

Theorem 2. Let us consider a coalition game I" without an identification and with
a strictly bounded cooperation. Denote by £ € K the coalition structure, for which
any A e K is a sub-partition of %. Then every configuration C e % is weakly pre-
dictionally stable if and only if it is predictionally balanced, and the bargaining
prediction characteristic is defined by the relation

;*Z‘B;":mr:Qr:-@U—@’y
where Qp is defined by (7.2),

[

2 ={C:C =%, D)e¥, C=Cy},
2 ={C:C =C(A,D)e¥, A& + &, and there exists
Ce 2 such that x(C) = x(C') for all iel} .

Proof.1f C = C(%, D), C = C,,, then there exists no C"e ¥ andnoc = Cn C”
so that :
C"§Cmodc.

Therefore Ce By and 2 = Py If C’' € 2’ then there exists C e 2 such that
x{C) = x{C") forall iel.
If there exist C, € 4, ¢, = C’ such that

C,6Cmodc,,
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then there exist, according to Lemmas 7.3 and 5.2, C; € ¢ and ¢; = C such that
C,;3Cmodc, .

This relation contradicts the assumption Ce 2. Hence, if C'e€2', then C'c P,
and 2" < B;. So we have proved that

Pro202.
It is necessary to prove, moreover, that
2092 o> Pr*.

If C=C(#,D)e%, C¢2, then C =+ C,, and it follows, according to Remarks
7.1 and 7.3, that C¢Pr* If C' = C(#, D)e ¥, A + £, C'¢2 then either
C' % C,, and C' ¢ PBF¥, or C' = C/,, and in such a case there always exists C =
= C(,‘;?, @) € ¢ such that

x(C) = x(C") forall iel.

If for some i€l the inequality
x(C) > x,(C)

holds, then C & C’' mod @ and there exists, according to Lemma 5.2, C" = C"(#", D")e
€ % such that C" dom C’ mod 0. As C' = C,,,, X is a sub-partition of 4", A + A,
According to Remark 7.2, also C" = C},,, therefore no weak domination sequence
modulo @ from C” to C can exist. It means that

C"Dom C'mod 0.

1t is possible to find, among all the configurations C” € %, satisfying C" Dom .
. C'mod @, at least one configuration C = C(«", D) e € such that if C" = C"(%”,
D"ye %, C"Dom C' mod @), then " is a sub-partition of 4. At the same time
C =T, and there exist no C, €% and no ¢, = Cn C; such that C, 5 Cmod c;.
It means that not only
€ Dom C’ mod

but also Cp C’ holds. Hence, C’ ¢ Pr*.
Supposing the equality
x(C) = x(C)
holds for every player i eI, and C' ¢ 2, then C ¢ 2 and there exists C, € ¢ such that
C, 8 Cmod §. According to Lemma 5.2, there exists C" €% such that C" dom C.
. mod @. According to Lemma 7.3, C” dom C’ mod @ and the relation C’' ¢ P;* can
be derived in the same way as in the foregoing case.

In such a way the inclusion
Prcr2uvy
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has been proved. According to the foregoing steps of this proof, to Lemma 6.1 and
to Remark 7.4 the following chain of inclusions follows:

202 S5 PF 5 Qo P P20

which proves according to Theorem 1, the assertion of this Theorem. O
The following theorem deals with the prediction in another special type of coaliton-
games without identification.

Theorem 3. Supposing every admissible coalition structure in a coalition-game
without identification contains at most two coalitions, then every admissible configura-
tion is strongly predictionally stable if and only if it is predictionally balanced and
this holds if and only if it is not strongly dominated modulo 0; i.e.

Br = Pr=2r.
Proof. Lemma 6.1 and Remark 7.4 imply that

Qr o Br o Pr.

Only the inclusion
Qr < PBr
remains to be proved. If C = C(, D) € @, then either #* = {I} or & = {K,I-K},
O+ K % LIf A = {I} then
CeQreCePreC=C,,

according to Lemmas 5.3 and 6.1. If #' = {K,I-K}, K = I, § % K =+ I, if there
exists C' €%, ¢ = C n C’ such that C' Dom C mod c, then necessarily ¢ = . Hence,
we obtain again

CeQr«=CePr.

It means that
PBr=Qr > ‘Br*:’ Br,

which proves the assertion of the theorem. a

8. Bargaining in Three-Players Games without Identification

Three-players games represent the most simple case of the coalition-games (i..
coalition-games without strategies choosing) to which the proposed prediction
procedure can be applied. The notation introduced in Section 7 is preserved during
whole this section. Moreover, the players will be denoted by the indices 1, 2, 3, i.e.
I ={1,2, 3}, the particular coalition structures will be denoted by

Ho={01L (23, A ={h1-{1}, i=123, A ={1}.
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Instead of v,({i}), w({i}), v{{i.1}), w({i,j}), iel, jeI, i + j, we shall write simply
v(i), w(i), vi(i, j), w(i, j), respectively.

Remark 8.1. When a three-players game without an identification and with a free
cooperation is considered, then Lemmas 5.1 and 6.3, Remark 7.1 and relations (2.3)
and (7.1) imply the following assertions:

(a) For any two-element coalition {i,j} = I, a side payments matrix Dy; ;; can be
found such that the agreement ({i, j}. Dy, ;,) was rational.

(b) If a side-payments matrix D; € 9;, for which the agreement (I, D;) is rational,
exists then

2.z Y w(i,j).

{Ljter

Besides the general theorems, introduced in the foregoing sections, even the
following statements hold.

Lemma 8.1. If I' is a three-players coalition-game without identification, then
Q < B

Proof. Let Ce %, and let C¢ PF*. If C & C_,, then there exists C'e &, €' = C!

rat?
such that
C’ dom C mod @

and, according to Definition 2, or Remark 7.2, there exists no C” € € such that

Cdom C"mod 0.
Hence,
C’ Dom C mod ¢

as well. If C = C,,,, C = C(", D), and C ¢ B*, then is, in accordance with Lemma
6.3, A + A, and there exist C' = C'(#”,D)e¥, C'=C,, and cc Cn C
so that

C’'Dom Cmod c.

If & & A, then the only c, satisfying these conditions, is ¢ = 0. If #" = A, and
¢ # @, then there exists a weak domination sequence modulo ¢ from C to C’ and,
consequently, there exists C" = C),,, C" € %, such that

C”dom Cmod ¢c.
The equation C” = C,, implies, according to Remark 5.4, the relation

C"dom Cmod 0.

37



On the other hand, there is no weak domination sequence modulo § from C” to C,
for C" = C},, and A" = A4 ,. Hence,

C” Dom C mod 0
and the proof is finished. O

Theorem 4. When a three-players coalition-game I’ without identification is con-
sidered, then every admissible configuration is weakly predictionally stable if and
only if it is predictionally balanced, and this holds if and only if it is not strongly
dominated modulo 0. The bargaining prediction characteristic in I" satisfies, in such
a case, the identities

SB;* = ’B?= PBr = Qr.

Proof. At first, the identity By = P, = Qr will be proved. If 47, ¢ K, then this
identity holds, according to Theorem 3. If £, € K, if there exists o~ + # g, A € K,
and K € " such that :

w(K) > 3 (i),

ek
then there exists C = C(#, ) € % such that C = C,, and C Dom C, mod @, where
Co = Co(#p, 0) €%, 0 is the zero side-payments matrix. It implies that
Cod Q> By = Pr.
Suppose that C & C,, Ce%. If C % C,,, then therc exists C'e % such that
C’' Dom C mod @, and
C¢Qro ;'B;E > Pr.
If C = C,,, then the relation C, 8 C mod @ cannot hold. If for some C'e ¥, c = C,
the relation €' § C mod ¢ holds, then ¢ = 0, hence
CePr CeQy
and the identity holds. If

() = 3 )
for all coalitions K € || K|

, then
PBr =9y =Pr ={C:Ce%, x(C) = w(i)} = Ca.

Now, the identity Pr* = Q, remains to be proved. Lemma 8.1 implies that
** > Q. Supposing I' is a game with a strictly bounded cooperation, then the
desired identity follows immediately from Theorem 2. If it is not the case, then the
class K contains at least two from the three coalition structures %47, i = 1,2, 3.

Let us suppose that Pr* — Q. + 0, and try to describe the configurations which:
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may belong to the class PB;* — Q. No configuration of the type C = C(', D)

may belong to this class. If C¢ Qp, then necessary C # C,, and, according to

Lemma 6.3, C ¢ P;*. Analogously, no configuration C = C(#,, 0) belongs to the

class P* — Q. As C is the only possible configuration including the coalition

structure o, C e Bi* < Ce P} and, because of Pf = Q;, € cannot belong to
-~ Qr.

Now, the configurations of the type C = (4", D)e%, i = 1,2,3, remain.
Let us consider, step by step, such particular cases of games, in which the class K
contains at least two from the coalition structures 2, i = 1, 2, 3. We limit ourselves
to introducting the principal steps of the procedure, as they are sufficient in order
to explain the method of this proof and because of the length of the whole detailed
proof.

At first, the case, in which K contains exactly two from the coalition structures
Ay, i€l is considered; let us denote these two structures by 47;, A'. By €, the
class

Cp={C:C=CA,D)e%,i=jk}

is denoted. It.follows, from the foregoing, that:
T Qe = (B0 ) ~ (R0 %)

If BF* N € = 0, then PF* — Q= 0.
If PF* A 6, + 0, and if

w(i,j) — w(j) > w(i, k) — w(k), iel, j+i+k,

then
P NGy =9 nby={C:C= (A, D),
Ce%y, x{C) 2 w(j), x{C) = w(i, k) — wk)} ;
if
w(i,j) — w(j) = w(i, k) — w(k), iel, j+i%k,
then

P G =0 nC, ={C:Ce¥%, x(C) = w(j), x(C) =
= w(k), x,(C) = w(i, j) — w(j)} .
Hence, in every case B1* — Q, = 0.

Finally we shall consider the case the class K contains all the coalition structures
Ay, A5, H 5. Let us denote

%3 ={C:C=C(4,D)e%, i=1,23).

If P5* N %125 = 0, the identity P3* — Qp = 0 holds like in the foregomg case.
If P7* N %135 + 0, then the following possibilities occur:
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(a) = There exists a coalition {j, k} € | K| satisfying:
8.1) w(ji, k) > w(i, j) + wli, k) — 2w(i), iel, j+i*k,

then Pp* N 1oy = Q0 G123 = {C: C = (4, D)e &, x,(C) = w(i, ) -

— (i), x(C) = w(i, k) - w(D)} >
(82) w(j, k) = w(i,j) + w(i, k) — 2w(i), iel, j+i+k,

and then P N Gy,5 = Qr 0 G pp5 = {C: Ce €yp3, x{C) = w(i), x,(C) =

= w(i, j) — w(i), x(C) = w(i, k) — w(i)}.

(b)  Supposing neither (8.1) nor (8.2) holds for any two-element coalition from
| K| and if there exists a coalition {i, j} e | K| satisfying

83)  w(i, k) — wlk) > w(i,j) — w(i), w(j, k) — w(k) > w(i, j) ~ w(i),

then we can proceed at the same way as if &, ¢ K, and in the same way as
in the foregoing part of the proof we can derive that

P NGy =Qrn €123 -
(¢)  Supposing no of the foregoing possibilities (a) and (b) occurs, then:
5N G0 =Qr NGy ={C:Ce¥ a5 x{C) = w(i), i =1.2,3}.

It means that even in this case P;* — Q, = 0. Hence, this identity holds in every
case. So, we have proved the identities

‘,]3;’.‘: r = Qp and “B;E* =Qr,
which prove the assertion of Theorem. O
Remark 8.2. The foregoing results enable us to determine, if necessary, the actual

form of the bargaining prediction characteristic for particular types of the three-
players game without identification. In every case

P NG =P =Pr =B =0
and the class Q; is of the following form:
(o) If I' is a game with fixed cooperation, then Q; = €.

®) ¥ K={x,x) i=1223ifjel —{i}, kel — {i}, j * k, then Q; =
= Q;, where

(Bl) 9, = {C = C(o, D) : x,(C) 2 w(j), x(C) = w(k)}, if w(j, k) > w(j) + w(k);
(B2) ©p = {C:Ce%, x,(C) = wim), m = 1,2,3},if w(j, k) = w(j} + w(k).
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If K= {%,, o}, then Qr = Q,, where
Q, ={C= oy, D): x{C) = w(i), i eI}, if w(I) > Y w(i);
Wt

Q, ={C:Ce¥, x(C) = w(i),icl}, if wl)=7Y w(i).
fer

K= {a, A}, i=1,273ifjel —{i}, kel —{i},j + k, then Q; = s,
where

Q; = {C = (A, D) : x/(C) Z wli), x,(C) + x(C) = w(j, 1)}, if w(l)>
> w(i) + w(j, k);

Q; = {C: Ce ¥, x{C) = w(i)},if wl) = w(i) + w(j. k).

EK={H 0, ), i=1,23jel —{i}, kel = {i},j+ Lk, then Q, =
= Q,, where

R, = {C = (o}, D)1 x,(C) 2 w(m), m = 1,2,3, x,(C) + x(C) 2

= w(j, k)}, if w(I) > w(j, k) + w(i);

Q,=9u{C=A}, D): CeQ,nQy,ifw(l) = w(j, k) + wi).
HK={x, ), iel,jel,i%jifkel — {i,j}, then Q- = Q, where
Q= {C = C(x;, D) : x{C) z w(i. k) — w(i), x,(C) Zw(j), *{C) = w(i)},
it w(jk) — w(j) > w(i, k) — w(i);

Q= {C= A, D):m =i j, x,(C) = w(i), x;(C) = w(j), x(C) =

=i K) — ()} i€ w5 )~ i) = wli ) — G

K= {Ao A} iel,jel, i=*j kel —{ij}, then @ = Q,, where
Q, = Q, if w(j, k) + wli, k) > w(i) + w(j) + 2w(k);

Q= Q u{(H,0} ={C=C(H,D): & e K x,(C)=w(m),m =1,2,3},
it w(j, k) + w(i, k) = w(i) + w(j) + 2w(k).

If K={A, A, A, iel, jel, i+ j, kel —{i,j} then Qp = Q,, where
Q. = {C = C(#,, D) :x{C) = w(i), x{C) = w(j), x(C)+ x(C) = w(i, k),
xk(C) +x(Ozw(i o {C =CA, D)y A eK & A, (e

Z ACY = w(D)}, i 2w(I) 2 w(i, k) + w(j, k) + w(i) + w(j);

m=

Q= Q, if 2w(l) < w(i, k) + w(j, k) + w(i) + w()).

U K= {A Ay KKy, icljel, i+ j, kel — {i,j}, then Qr =Q,,
where

Q, = {C = (oA}, D): x,(C) g (m) m=1,2,3, x(C) + x(C) = w(i, k),
x/C) + x,(C) = w(/, )}u{ C,D): A eK 4 +Hn Ceq,
3
)z

Y x,(€) = w(D)} it 20(1) 2 w(i, k) + w(j, k) + w(i) + w(i)

m=1
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A2 @, =9, if 20(1) < w(i, k) + w(j, k) + w(i) + w(j).
W U K={Xo &y, oA, A} (the case K = {4y, 45, 43} is eliminated by
condition (2.1)), then Q, = Q,, where

(u1)  if there exist coalition {7, j} = I,and keI — {i, j} such that w(i, j) > w(i, k) +
+ w(j, k) — 2w(k), then Q, = {C = C(',, D) : x(C) = w(i, k) — w(k),
x,(€) 2 w(j, k) = w(ic)};

(n2) ifthereexist {i,j} = Iand kel — {i, j} such that w(i, j) = w(i, k) + w(j, k) —
—2w(k), then Q, = {C:Ce¥, x{(C) = w(i, k) — w(k), x,(C) = w(j, k) —
— w(k), x,(C) = w(k)};

(u3) if there exist {i,j} = I'and kel — {i, j} such that w(i, k) — w(k) > w(i,j) —
— w(j), w(j, k) — w(k) > w(i, j) — w(i), then Q, = Q;

(u4) if none of the conditions, contained in (1), (12) and (3), holds for any two-
elements coalition {i,j} < I, and if there exists some coalition {i,j} = I
such that w(i, /) > w(i) + w(j), then Q, ={C=C(#,.D):m=1,2,3,
x{(C) z w(r), r =1,2,3};

(u5) if there is no coalition {i, j} = I satisfying some of the conditions (u1), (u2),
(13), (u4), then Q, = {C: Ce ¥, x(C) = w(i), i = 1,2,3}.

() I K= (o 'y, H gy Ky, K1} (the possibility K = {oy, A3, H 5, Hy} is
eliminated by (2.1)), then Q = Q,, where

(v1) 9, ={C=C(x,, D):x{C) = w(i), x(C) + x;,(C) = w(i,j), for all iel,
jel, i%jlu{C:CeQ, and Y x{C)=wl)}, if 2w(l) = w(1,2) +
+ w(1,3) + w(2,3); iel .

(v2) 9, =9, if 20(1) < w(1,2) + w(1, 3) + (2, 3).

Remark 8.3. The three-players games with a general identification may differ
from the investigated type of games without an identification only when the identifica-
tion partitions of the one-element coalitions are considered; these partitions cannot
contain more than two identification sets. It means that the considerations, used
in this section, may be modified for the general three-players games. Even if we
cannot insist in the general results of Section 7 in such a case, the obtained results
will probably not differ too much from those included in Remark 8.2. Only the
number of all possible cases which we shall have to consider will increase rather
substantially, as the necessity will occur to distinguish the particular types of games
" not only with respect to the form of the class K and functions v; (resp. w), but even
with respect to the identification partitions of the one-element coalitions. An analysis
of all such cases would request, of course, for too great space, which is also the
principal reason for the limiting our investigation to the games without identification.
Without any further investigation we can easily verify, that the three-players coalition-
games without strategies choosing, which were described in Remark 8.2 in paragraphs -
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(), (v), (8), () and (x) are always games without an identification. The previous
consideration concerns, consequently, to the games described in paragraphs (B) (s)
(). (A), (1) and (v) only.

PART IV. STRATEGIES IN BARGAINING.

The bargaining model suggested in the second part of this paper was defined and investigated
for games without strategies choosing only. It is shown in the following sections that this bar-
gaining model may be used also for general games defined in Section 2. The results, obtained
above, remain to be true even after such modification.

Moreover, the possibility of strategies choosing enables us to study even the games with fixed
cooperation in which the activity of players is realized in the strategics only.

In this part we return to the general model of a coalition-game in such a form as
introduced in Section 2. Hence, we shall suppose that the players have a possibility
to choose not only the coalitions to which they would like to belong, but that every
coalition has to its disposal a finite set of pure strategies among which it may choose
the one considered for the best from its own point of view. At the same time, accord-
ing to (2.2), the set of pure strategies of a given coalition need not be only the union
of the strategies sets of its members, but it may contain even some qualitatively
new possibilities of behaviour, different from the possibilities of the particular players.

The possibility of choosing among the strategies necessarily influences the bar-
gaining process and the bargaining result. From point of view of the proposed
prediction method, the choosing of strategies influences, at the first time, the ratio-
nality of the agreements, depending, in this case, even on the optimality of the chosen
coalition strategy.

As the prediction method, proposed in Section 5 and 6 may be modified even for
the general coalition-games with a finite identification without considerable troubles,
we limit ourselves, in the following, only to those steps of the proposed procedure,
which bring some qualitatively new points of view or which differ from the results
mentioned above. It is why the two following sections are written only on an informa-
tive and survey level, the modified forms of definitions and assertions are 'written
in all the details only in case they differ, from those mentioned in previous parts
not only by the used notations.

The last sections give then an illustration, how the choosing of strategies influences
the process of bargaining when an extreme case of the strategic coalition-games is
considered, namely the case of the strategic coaliton-games with a fixed cooperation
(i.e‘ games, in which the bargaining process is limited only to a searching for appro-
priate strategies and to a choosing of the side-payments).

In all following part the notations introduced in sections 2 and 3 are used.
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9. Extended Bargainig Model

We limit ourselves in this section only to proclaiming of the existing analogies,
and to mentioning only those steps which differ when the both types of games — the
coalition-games with a finite identification and the coalition-games with a finite
identification and without strategies choosing — are considered.

The definitions of the auxiliary relations — the weak and strong domination
relations and the definition of rationality — are the same as those introduced in the
first part of this work (c.f. Definitions 1—5). They differ only as for as the formal
shape of configurations is considered, because it is necessary to consider and write
configurations as triples, mentioning explicitely the corresponding strategies. For
example, the rationality definition will have the following form:

Definition 1.A. Let C = C(A, s, D) e 4. We shall say that the agreement (K, s,
D;) e C is rational in C, if there exists no C' € % satisfying C' 8 C mod c(C; #) —
- rK}). The symbol C,,, will denote the set of all the agreements rational in C.

Also the assertions using these definitions hold mostly in analogous forms. The
only exception is represented by Remark 5.3, which does not hold, as in case the
games with a possibility of choosing strategies are considered, the rationality of
agreements depends also on the advantage of the chosen coalition strategy. For the
same reason, Lemma 5.1 does not hold; it must be modified for the general coalition-
games in the following way:

Lemma 9.1. Let (A, s) € K, (K, s¢) € (A, s). Let us denote

Ks(K) = {(£.5) :(Z.5) e Ks, (£,8) 0 (A, 5) = (H5) - {(K. s}
and
KK)={%: %K Z2nx >x - {K}}.

Let there exists a matrix D = (D)., € Z, and a configuration C = C(#, s, D)e ¢
such that (K, sg, Dy) € Cy,, then for all coalition structures & € K(K) the inequality
Yo(a,s)z Y max{y o(%,s): (L s)e K(K)}

34 ieL

iel Lck,Le.
holds.

The proof of Lemma 9.1 is analogous to that one for Lemma 5.1, supposing
we included into our considerations beside the possibility of a partition of a coalition
K even the possibility of choosing their common strategy.

Neither the Corollary of Lemma 5.1 holds, if we consider the games with a possi-
bility of strategies choosing; it is necessary to subtitute the following one for it.

Corollary. If (', 5) € Ky, (K, 55) € (', 5), § = (5)1x then the foregoing Lemma
9.1 implies: '
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(a) if K = {i}, i e, then the agreement (K, s, 0) is rational in C(¢", s, D), where
D = (Dy)icx € Zy, Dy is the zero matrix, iff

v (A, s) = max {v (A, s): ' = (5_)pex € Sy, 5z =5, for Le X, L+ K}

(b) if K ={i,j},iel,jel, i+ j, then there exists a matrix D = (DL)LEQ(’ €Dy
and a configuration C = (", s, D) € € such that (K, sg, Dy) € Cpay iff

v (A, 8) + (A, s) = max {v(H, ) + v(A,5) 18 =
= ()1ex € Sy 5 = 5 for L+ K, Le A},
v, 8) + v (A, s) = max (v, 5) 5 € Se(K)} +
+ max {v,(#,s) 15" € So(K)},
where £ e K, & n ot = — {K},{i}e &, {j}e Land
SAK) ={(&,5):8 =(S\)eg 5. = 51 for Le#, LK =0} .

The other lemmas and remarks, given in Section 5, are true even for the case
of coalition-games with the possibility of strategies choosing.

Also the notions of strong predictional stability and predictional balance, introdu-
ced in Section 6 (Definitions 6 and 8), will not change when the games with a strate-
gies choosing are considered.

It is necessary to stop for a while when the definition of the weak predictionalavoiding
relation and the definition of the weak predictional stability, corresponding to the
former one, are considered. Principally, Definition 7 may be generalized in two ways:

Definition 7A. Supposing C = C(#', s, D)e %, C' = C'(#",s', D')e %, then the
relation C p C’ holds, if
(a) there exists a strong domination sequence from C’ to C,
(b) there exist no configurations C' = C'(#, s, DN e ¢, C'T = C'(x", s, DM e @
satisfying the four following conditions:
(b1) there exists a strong domination sequence from C to 'Y,
(b2) there exists a strong domination sequence from C'' to C¥,
(b3) (L’ S, DL) € Crat had (L’ S D{) € CIal E)
(b4) (J, 83, D) € Clp==(J, 53, DI e Cl1, .
If there exists, for a configuration C e %, no €' € % such that C' p C, we say that C
is weakly predictionally stable. The class of all weakly predictionally stable configura-
tions in a given game I' will be denoted by R}* (or PF*(4)).

Definition 7B. Supposing C = (A, s,D)e %, C' = C'(#",s', D)€ %, then the
relation C p C' holds, if '
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(a) there exists a strong domination sequence from C' to C,
(b) there exist no configurations C" = CY(#", s", DY) e %, C'* = CH(x”, s', D) e
€ %, satisfying the four following conditions:
(bl) there exists a strong domination sequence from € to C',
(b2) there exists a strong domination sequence from C'f to CT,
(b3) (L, s, D)e Co = (L, s}, DY) e CL,,

(b4) (J. 85, Dy) e Cp = (4, s, DYy e ClT, .

If there exists, for a configuration C € %, no C' € ¥ such that C' p C, we say that C
is weakly predictionally stable. The class of all weakly predictionally stable configura-
tions will be denoted by B (or BF*(B)).

Both the definitions may be used, in order to introduce the notion of weak pre-
dictional stability. If we denote the classes of the weakly predictionally stable con-
figurations by B7*(4) and BF*(B), then the relation Pr*(B) N G, + 0 can be
derived analogically as in the proof of Theorem 1 and relation SBF*(B) > PF*(4)
can be also easily checked.

In the following we limit ourselves to the first modification of Definition 7 and set

P = s'{j‘.*(A).

It means that we have decided to impose more exacting requirements to the weakly
predictionally stable configurations. Such an election is logical, as this part of this
paper deals not only with the investigation of the. process of the coalitions forming,
but even with the investigation of the process of choosing their strategies. Definition
7B abstracts from the problem of strategies choosing as well as from the problem
of side payments choosing, and deals with the chosen strategies only under the
condition they do not affect the rationality of the agreements.
For the class 5% = $}*(A) the following analogy of Theorem 1 holds.

Theorem 1A. Supposing I' is a coalition-game with a finite identification then there
exists at least one weakly predictionally stable configuration having rational charac-
ter, i.e.

NG 0.

Proof. It is necessary to realize, firstly, that 4, + 0. If #" e K is such a configura-
tion that for no # € K # is a subpartition of 2", if we choose s = (Sg)xex € Sy
in such a way that for every K e " the identification set Ry € % existed, satisfying
Y oK, s Re) 2 Y v (K, sk, Ry)

ieK iek

for all sg € Sk (it is possible, according to Remark 3.1), then C(f', s, D)€ %,,, for
every matrix D e @ . ’
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We construct, for every coalition K € ”K
the set
Sk(Ry) = {sx:sce Sk, Y oK, sg, Re) 2 Y v(K, sk, Ry) forall sy eSg).
ieK

ieK

and for every identification set Ry € %,

Remark 3.1 implies that S(Ry) + 0.
Let us denote by Ky the class

Ke={t:AHeKKex}.

Then there exists a finite set ¥y of indices and a partition of the set Sk into subsets
Sx(), ¥ € P, such that for every pair s, si of strategies, belonging to the same set
Sk(i), the following holds:

It Z e Ky, (,f[’, s)e K, (€, s)eKs s = (sl,)Le:fa s = (SL)1ee S = 51

for Le ¥, L + K, then for all coalitions Le .# the strategic structures (5,”, s’) belong
to the same identification ser R, € #,. This means that the pay-offs v; of players
ie] — K will not change, if the coalition K changes its strategy inside the set S(y/).

1If
Ke ”K

, sceSc— U S(Rg),

RreAx
then for no matrix Dy € Py and for no configuartion Ce % is (K, sy, Dy)e ..
Hence, if (K, s¢, Di) € C, then Ce € — %y,

The class Kg may be divided into a finite number of disjoint subsets

Hos Hys Has veos e s

(K ( > (A ( D, (),

Ke| K]l Ke| K]}

where
T

A

so that
o = {(A,8) : (A, 5) e K, s = (5)rex» and there exists K € A such that
sgeSy — U SK(RK))} s
Redtx
and the sets n,, | <t < 1, satisfy:
If (#,s)en, (X',s)en, then & = A", s = (sg)gen> 5’ = (Sk)kex and for all
K e 4 the strategies s¢ and sx belong to the same set
Sk(Rg) N S‘K(dz) , RxeRy, We¥g.

We know, from the foregoing, that if (}{”, s) € g, then for every matrix D e P,
the configuration C(", s, D)€ € — @, If (A7, s) and (A, §') belong to the same set
f:, 1 < t £ 1, then for all coalitions K € 4~

Y oK, s, Ry) = ;(vi(K, s> Ry,

ieK
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where (A, 5) € Ry, (#',8') € Rx € . Hence, there exists, for every matrix D € Dy,
such a D' e 9, that for C= C(A,5,9)e ¥, C' = C(A,s',D')e¥ the relation
x(C) = x,(C’) bolds for every iel. It follows that (K, sg, Dx)e€ Cp iff (K, %,
Dy)e C,,.

The following procedure is analogous to the procedure, by which Theorem 1
was proved. We choose C” € %,,, and a strong domination sequence

f
1cm}rn1 ..... " {C(r)}I':«] peeeti=1

from C) = C to a configuration C™ € & such that for r = 2,3, ...,n — | either

Cr+O p
holds (if € e 4,,,), or

Cr* D Dom € mod ¢ and C* pCUTH

hold (if Ce® — €,,,). After a finite number of steps such a C™ e %,,, may be
constructed that C* = C™(", s, D) and there exist anindex w, | £ w < nand a con-
figuration C™ = (o, s, D) such that (A, s) and (", s*) belong to the
same set 7,, 1 £t £ 7; to every configuration ¢’ = C'(#7, s, D’) for which there
exists a strong domination sequence from C® to C’ such an index v, w < v < n
and such a configuration C® = C¥(#, s*), D) may be found that (", s*)
and (A7, s’) belong to the same set n,, if 1 < ¢ < 7, or they both belong to the set

Mo N (A, 8") 18" = (sk)xer Sk € Sk(Wk) for all Ke "}

for some vector of indices
(‘//K)Ke%f‘ e X Yy,
Kex'’

if (A", s') € 5. It means that no C’ e % exists such that €' p C®, hence C™ e PF¥. ]
The other assertions, introduced in section 6, hold, when the coalition-games

with a finite identification are considered, in the form analogous to that in the
case of the games without strategies choosing.

10. Strategies in Games without Identification

The games without identification are the limit case of the games with a finite
identification and everything mentioned in the foregoing section holds even in this
case.

Some special properties of the games without identification imply that the process
of bargaining is influenced by strategies, in such a case, less then in the case of more
general games with a finite identification. '
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We denote, similarly as in relation (7.1),

(10.1) w(K) = max { Y v/(K, s, Ry) : sy € S} = max { Y v(A,s):s€ Sy},
ieK it

ieK

where Ke A e K, Ry € Z#y.

It can be easily checked that all the assertions of sections 7 and 8 hold in analogous
form even in the case of the general coalition-games without identification. For every
admissible coalition K e | K| is #, = {R,} and there exists a non-empty set S, < Sg
of strategies,

(10.2) Sy = {sx:5xe Sk Y v/K, sg, Rg) = w(K)} .
ieK

If sy e Sy — Sk then there exists neither a matrix Dy € @y, nor a configuration
Ce % such that (K, sk, Dg) € C,,. On the other hand, if s € 8k, sk € Sy, then the
relation

Zkv[-(K, s, Re) =3 oK, s'x, Ry) = w(K)
ie. ieK

holds as well as the assertion of Remark 3.4.
At the same time, an analogy of Remark 7.1 is satisfied when the rationality of
agreements considered; two agreements (K, s, Dy) and (K, sk, Dy) such that

sg € Sy, sge Sy, Dy = (dij)is)(,jel(’ Dy = (d'ij)isk,jsl{ ,
and
v(K, sg, Ry) + Y. dy; = v(K, s, Ry) + ). d;
JjekK JjekK

for all i el, have the property that both of them are rational or none of them is
rational.

1t follows from the foregoing, that when a coalition-game without identification
is considered, the strategies s; of the coalitions. satisfying sx € Sx — Sk, do not
occur in the configurations, belonging to the bargaining prediction characteristic.
On the other hand, the strategies of the coalitions, belonging to the same set Sk
are equivalent from the point of view of their influence to the bargaining process
and from the point of view of their occurrence in the result.

The foregoing consideration can be formulated in the following theorem.

Theorem 5. Let (4, s)e K, (#,s') € Kg be two admissible strategic structures
differing only in the vector of strategies. Let for all coalitions K € " the relation

i;(v,-(f, s) =Y v(A,s)

ieK
holds, Then the following holds:
If there exists a coalition K € " satisfying

i;( v, s) < w(K),
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then for any side payments matrices D, D’ € @, the configutations C = C(A", s, D),
C' = C'(A, s, D) neither are weakly predictionally stable nor have rational character.
On the other hand, if the equality

2 (A, s) = w(K)

ik
holds for all coalitions K € ¢ then there exists, for every matrix D € 2, and every
configuration C = C(Jf, s, D)e %, a matrix D'eZ, and a configuration C' =
= C(A,s,D')e € such that

x{C) = x(C)

for all iel, and

CebmsCebn, CePrreCePr™,
CePr <+ CePy, CePr < CePy,

CeQr < CelQr,
where

Q; = {C: Ce ¥ and there exists no C'€ ¢ such that C' Dom C mod 0}.

Proof. Definition 1 and Lemma 3.1 imply that if s € Sx — S, then the agreement
(K, sk, Dx) is not rational for any matrix Dy € Zy. According to the fact that Re-
marks 7.1 and 7.3 hold even in the case of the general coalition-games, the first
assertion of Theorem 3 holds as well. The second assertion follows from Remark 3.4
and from the definitions. . [m]

Theorem 5 means that every coalition-game " without identification may be con-
sidered, from the point of view of the proposed prediction method, as if it was
a coalition game I’ without choosing strategies, in which every coalition K has
prescribed a fixed strategy from the set S, The procedures and results of sections 7
and 9 may be applied to the game I' and the classes of configurations @,,(I"), B3%,
7, By and Qp may be obtained. The analogous sets for the game I' follow from

them according to the schema:

3r=3rU{C:C =C(#,5,D)e¥, and there exists C = C(A, s, D) e 3
such that x{C') = x(C) for all iel},

where we substitute for 3y and 3, the pairs (€D, CeudD)), (BFF, BE¥), (B},
BY). (Br. Br) and (Qr, Qy) step by step.

In the case of the general three-players games Remark 8.3 does not hold. According
to the possibility of choosing strategies the complexity of the identification partitions
of the one-element and two-element coalitions can considerably increase and the
bargaining prediction becomes, in such a case, incomparably more complicated |,
than for the three-players games without identification.
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11. Games with a Fixed Cooperation

As for as we did not consider the possibility of strategies choosing, the bargaining
prediction in the games with a fixed cooperation had no actual raison. Such a case
was a degenerated one, when the players were not given any possibility of an active
intervention into the game, and all the admissible configurations were at the same
measure possible.

The situation rather changes in case we consider a possibility of choosing strate-
gies. Then the game with a fixed cooperation represents a model of conflict situation
in which the influence of the process of coalition forming is avoided and the bargain-
ing prediction is concentrated to the prediction of the chosen strategies.

As it will be shown later, even in this case the weak and strong predictional stability,
as well as the predictional balance of the configurations, does not depend on the
value of side payments, what follows from the fact that the members of a coalition
are not given a possibility to force a change of the side payments through threats.

In this way, from the point of view of strategies choosing, every coalition may be
considered for a particular player, only except the fact that, when applying our
proposed prediction method, we must respect the information about the value of the
guaranteed profit particulary for every single member of coalition.

The necessity to respect, when particular steps of the prediction applied, every
particular player will not influence, however, the prediction result.

As a game with a fixed cooperation is considered, where K = {'}, we shall
simplify the used notation in such a way that instead of (&, s), C(#, s, D) and
v{A’, s) we shall write abbreviately s, C(s, D), v,(s).. In whole the following section
we consider a given coalition-game

T = (LK ASchkepr » {Zx}weixn > {vi}ier) s
where K = {1}.

Firstly, we show that the bargaining result is independent on the level of the side
payments. As the results are quite objective and their proofs are mostly descriptive
ones (but, when all the steps written in all details, rather lenghty) we limit ourselves,
for the sake of lucidity, to mentioning of the substantial steps of the particular
proofs.

Remark 11.1. Supposing C = (s, D)e %, Ke X', (&, s)e Ry, Rye Ry, then
(K, sg, Dy)e Cpyy iff

z;(vi(s) = max {g‘( v(s):s €Sy (A, 8)eR}.

i€,

Lemma 11.1. Supposing C'V = CY(s, DM)e @, C? = Cs, D e @, k = 1,
k #+ ', then the following holds:
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There exist ¢ = ¢(CW; k) and C' = C'(s', D')e % satisfying at least one
among the relations
(1a) €' dom C™ mod c!™, or
(2a) €™ dom C'mod ¢V, or
(3a) C'Dom CVmod ™, or
(4a) C% Dom C' mod c™®,
if and only if there exist ¢® = ¢®(C?; k) and C" = C'(s', D") € %, satisfying the
corresponding relation among the following ones
(1b) C"dom C® mod ¢®, or
(2b) C® dom C"mod ¢, . or
(3b) €’ Dom C® mod c®, or
(4b) C® Dom C" mod c®, respectively.
The side payments matrices D' € D, D" € 9, can be chosen in such a way that the
equality

x{C) — x(C") = x{CV) — x,(C?)

holds for all iel.

Proof. If

€W = (s, DV, €@ = @5, DP), ¢ = (¢, D),
D = (d(i;))iel,jsl » D® = (dgjz'))iel,jel , D= (dlij)iel,jel

we construct
. D'e2z,, C = C”(s’, D”) e¥
in such a way that

(11.1) D" = (d})er o diy = dyy™ dP —dY, ieljel,
then
(112) x(C7) = x{C?) = x(C') — x{CW)

and, according to Definition 2 and Remark 11.1 the relation (1a) holds.iff (1b) holds,
(2a) holds iff (2b) holds. Supposing there exist weak domination sequences modulo ¢’
from CV to C’ or from C’'to €V, even the corresponding weak domination sequences
modulo ¢® from C® to C” or from C” to C® can be constructed in such a way that
we construct the corresponding side payments matrices sequences, satisfying equali-
ties of the type (11.1). Between the configurations from the both sequences, then
some relations, analogous to (11.2), hold. This implies that the relations (3a) and
(4a) hold iff (3b) and (4b) hold, respectively. o’
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Lemma 112, If C = ((s,D)e ¥, C' = C(s,D')eC, c =(Ck), cc Cn C, il
there exists a weak domination sequence modulo ¢ from C to C', then there exists
also a weak domination sequence modulo ¢ from C' to C.

Proof. Let us denote by {C"},_, . a weak domination sequence modulo ¢
from Cto C,

€O = O, D) e, DY = (D) — ([ Durers 7 = 1t
(11.3) W=C, ("=, c=cCk),
(11.4) Cdom C"" VY modc, r=2,...,u.
Now, we construct a new sequence {*C™}, - ., where

Ler) o L) ol 1 ") 1 Y (1 Y {1 g(ry _
C = 1 D) DD = (D) = (A )it jers r= LU,

so that
(11.5) Dy =Dy ofor Jek, r=1,..,u,
(llf)) Ipt) - pw D’,

(1L7) ) = ()" (e (€)= 0(s”) = ('€ 7) + o(s™))
for ieK, jeK, KeA —k, r=23,..,u—1.
It means that 'C" dom 1€ Y mod ¢ for r =2, ..., u — 1.
(11.8) If Ke# — k, and if the agreement (K, 5%, D) e C™ s not active {c.f.
Definition 2) in the relation " dom C“ Y mod ¢, then we choose
W _
DY = DY = p,.

(11.9) If the agreement (K, sy, D) e C is active in the relation
C dom C“~ 1 mod ¢, then we construct the matrix ' D in the following

way:
For every player i e K we define numbers
2D = xf1CeY) = o(s®)
B = ma [0, £(C) 50 CH Y

1 (1 1)
7 =B B,

where
R e - )
B = Ay,
l

is a real number,
~1<Bi 0,
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and BY) = 0 iff x(CV) = x,(1C%“" V) for all i e K. Then we sct
P = R (D 4 S = 0 = B =), TeKgek.

In such a case
Y ‘d(,-’}’ = x{1C D) — p(s™) + g (r+ Bﬂ(") s

Jel
hence,
B (1CW) = x (FCHV) 4 (1 B,
so that
11.1 x(1CW) = x(*C 1) (h =9,
0) llc( )) ‘1c( 1) f (11)
(e 2(CD) = x((CW) > x(1CUY), if @) <o

Relations (11.10) and (L1.11), along with Remark IL.1, follow that the sequence
{1C},., ..., is a weak domination sequence modulo ¢ from C™ to 'C*, and that
the agreement (K, s§°, *D§") is active in the relation

1C®@ dom 'C¥~ Y mod ¢,
lt the agreement (K, si’, DY) is active in the relation -
C® dom C*" Y mod ¢,
Relation (11.11) and the properties of B imply, that if for all players i € K is
x(CW) 2 x(1CwV),
then

x{(1C") = x(CM) forall ieK.

It means: if for all agreements (K, s§”, D{”), being active in the relation
C™ dom C* Y mod ¢, is BY) =0, then 'C® = CV = C, and the wanted weak

domination sequence modulo ¢ from C’' to C is found.
If the last condition is not valid, it means, if for some K € 4" and some i € K the

inequality
£(C¥) > 5 (1) = x(1CHV) > x(C)

holds, then a new sequence {*C®’},_,  , can be constructed in the similar way,
which is a weak domination sequence modulo ¢ from {C® = 2CM) to 2C® 5o that:

200 = 2CO(®,2DW), p = { L, u;

ifforailie.l,Jef,is
x(1C®) = x,(CW) = x(C),
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then 2DY) = 1D for r = 2, ..., u; if for some K e A, je K is
x,(1CW) > x(CV),
then we set for all i e K:
P = x,-(ZC(“")) _ vi(s(")) ,
BP = max {0, x,(CV) — x,(2C“"V)},

(2 (2) 2
Vi) = By -ﬁ(:);

where
(@) — p(s@=D) _ g
L B = o) - )
K = 02) s
5

= (R G+ B 4 = o = B = 5P,
so that, like in the previous case,
() = 2 (PCUTD) 4 4P 4 B = X PCT) 4+ BP (1 + BYY).
Then for such a coliation K the following relations hold.
(11.12) if x2C V) £ x(CD) for all ie K, then
x{(*C¥) = x{CV) = x/(C)
foralliek,

(11.13) if for some i € K is x,(?C“~ D) > x(CV), then

X(CW) = x(PCU) = x (1) = (n(K) 7" (X (0,(5) -
jek
= 3(s“7)) < x(*C¥),
and for all the players j € K, for which is

£(Ce) £ (),
the inequality

X (1CU0) £ x,(2C¥) < x,(CY)
holds.

These relations imply that after some finite number of such steps, which number
is limited by m(K),

ma {x(C¥) — x(C)} n(K)
m(K) = | e [+ 1

T (0s®) — (s 1))

iek
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a new sequence of configurations, {C' = C® = 'CW, 1C®W =2¢ | 2¢® =
=3CW, w1 ~KICWY p(K) < m(K), which is a weak domination sequence
modulo ¢ from C* to "¥C®_ will be constructed, so that B{X) = 0 and, con-
sequently, :

(K, s, "ODY) = (K, s, DY) = (K, sx, Dy).

Hence, if the described procedure will be repeated n-times, where n can be chosen
such that

n s max {m(K):Ked —k, and the agreement (K, s¢°, DY) is active in the

relation C* dom C*“~" mod ¢},

then "C* = C) = C, and the weak domination sequence modulo ¢ from C' =
= CW = 1CW 1o "C™ = € = C is definitively found. 0

Lemma 11.3.If C = ((s, D) e ¢ and C’ = C'(s, D’) € % are admissible configurations,
and if there exists a strong domination sequence from C to C’, then there exists also
a strong domination sequence from C’ to C.

Proof. Lemmas 11.1 and 11.2 imply, that if C = C(s, D), C' = C'(s, D), ¢V =
= CW(sh, D) and CMD = CTW(s, DID)) are admissible configurations, if
c=c(Ck)c CnCD and " = cN(C k) = CTn CTD are their sub-configura-
tions, if the relation C Dom C™® mod ¢ holds, and if there exists a weak domination
sequence modulo ¢! from C'V to C, then also €t Dom € mod ¢'. If it was not
true, then there exists a weak domination sequence modulo cf from Cf to €' and,
hence, according to Lemma 11.1, there exists a configuration C' = C'(s, D) e @
and a weak domination sequence modulo ¢ from C™ to C’. Then, according to
Lemma 11.2, there must exist a weak domination sequence modulo ¢ from C' to C.
This is, according to Remark 5.5, a contradiction with the supposed relation
CDom C™ mod c, and, consequently, the stated auxiliary assertion is true.

The aim of the following steps of the proof is to form a strong domination se-
quence from C’ to C. For the idea of this proof is the same as the idea of the proof
of Lemma 11.2, we introduce only the main steps of the described procedure, with
the reference to the analogous steps of the previous proof.

Let

be the existing strong domination sequence from C to C’,
c” = C(r)(s(r), D(r)) s M = C(')(C('); k(r)) s

CW =C, ™ =C.
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There exists a weak domination sequence modulo ¢ from C® to Cr*D, for
every index r = I, ..., u — 1. Let us denote this sequence

{C(t")}til,-n,m(r) > !
c) - ¢ c, cin C("), Cmeyn — Cr+D - for
or=1,u—1, Cmu=—1)u=1) _ cw) = ¢’ ,

CertDdom C*Pmod ¢, for t=1,..,mr)—1, r=1,..,u—1
Let CY¥7 = C(slo0 D) and let the side payments matrices are

DM = (D(r))Le.x’ = (ds';))iel,jel €Dy
D" = (D{)pew = (d(i;'r))ier,jel €Dy,
for
t=1,..., m(r), r=1,..,u, (t, r) 3+ (t, u), t=1,.., m(r).

Now, we can introduce new sequences of configurations and their sub-configura-
tions,

{1C% R I L r=1..,u=1,

such that
et — 1C(’)(s(”, 1D(r)) , 1oy o 1citn (s(t,r) lD(z,r)) s
B
1) = lc(')(lc‘”; k‘”), t=1,..., m(r), r=1,...,u;
LCmn) — 1CTD - =1,

1c(1,1) — lc(l) — C(u]'

The side payments matrices

DO = ("D)pew = (4 )it jer €Dors =100,
, ) e
1D = (DY Ny = (*d)ier,ser € Dor »

t=1...mr), r=1..,u—1,

are defined in the following way:

It
u—1
Kenk®
r=1
then
'DYY = DY" = Dy = Dy.
If

u=-1
Ked — (K

r=1
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then we find out the highest value of the index r, 1 £ r £ u — 1, for whichK e " —
— k™ and denote it by ¢(K). For all the pairs of indices (t, r)such that 1 £ r < ¢(K),
1<t m{r),t+ meK)), Ke# — KV, we set

G = () (1 CO71) = s
—x (1IN (s ), ieK, jeK.
If r = g(K), and if the agreement
(K, s, DOy = (K, s+, pEriv) =
= (K, s{*D, DY) = (K, s, DY)
is not active in the relation

C(m(r).r) dom C(m(r)—l.r) mod c(r) R
then we set ‘
1pEnn _ pi

If r = o(K), and if the agreement (K, """, D{""") is active in the relation
Cm™n Jom CMD=11 mod s
then we construct the matrix
, 141 -
IDEON < 1D 1D g =14,

in the following way:
For every player i € K we define the numbers

as_l) = xi(l C(m(r)—l.r)) _ vi(s(m(r),r)) ,
ﬁ(il) = max {0’ vi(s('"(')")) + Z d(ii_) — x‘_(l C(M(r)—l,r))} s
Jjek
WO = BB,
where

2 (0(s7) = o710 — pY)

B;:) = JeK

R

JekK

s

and then we set
ldg(l(r).r) - 1d(i},r+1) _ (n(K))" .(“(El) + BV 4y a;‘) _
1 1 .
— BV ) =20 =10 =W p=1,..,mg), ¢g=1,...u—1

The auxiliary assertion; introduced in the first part of this proof, implies that the,
in such a way constructed, sequence

{lc(r)}r=1,._,,u > {ic(r)}"zl"""_l ’

is a strong domination sequence from 1C(") = C™ to 1C®),
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The following advance of the proof is similar to the analogous steps of the proof
of Lemma 11.2. After a finite and limited number of repetitions of the described
procedure, we construct the configuration "C™*~D#~1 = nCt ¢ ¢ and a strong
domination sequence from !C:1 = €' to "Cem#= D=1 gych that "C- Ve~ =
= CW = C., Consequently, the desired sequence is constructed. [}

Theorem 6. Provided I' is a coalition-game with fixed cooperation and with finite
identification, any admissible configuration in I' is weakly predictionally stable, if
and only if it is strongly predictionally stable; i.e.

BT = PF.

Proof. According to Lemma 6.1, P;* o Pf. Let C' = C'(s', D) e Pf*, C =
= ((s, D)e‘g and let there exists a strong domination sequence from C' to C.
Because C' e P}, there must exist some C” = C’(s’, D)€ € and a strong domina-
tion sequence from C to C". According to Lemma 4 and Remark 5.7, there exists
" also a strong domination sequence from C to C' and, consequently, the relation
Cp C' does not hold. It means that

quEE *
3 < Br,

and the equality is proved. [}

Corollary. Theorems 1 and 6 imply that P} 0 €., + 0, whenever I' is a game
with fixed cooperation.

Remark 11.1, Lemmas 11.2 and 11.3, and Theorem 6 imply that if C = (s, D)e ¥
and C' = C’(s, D’) € ¢ are admissible configurations with the same vector of strate-
gies, and if I' is 2 game with fixed cooperation, then the following equivalences
hold:

Cebu<>Ceb

rat rat »
CeBr™ = Pro C e Pr* =BT,
CePr«CePp,
Remark 11.2. If I is a coalition-game with fixed cooperation and without identifi-

cation, then the statements of Theorems 2 and 5 may be applied, and the following
equations:

I

P =Pr =P, ={C:C=((s,D)e%,
s = (Sx)gens ZI‘%vi(s) max § %v,—(s‘) 1s'e Sy},

forall KeX} =%,

N

hold.

59



12. Two-Players Games

The task of this section is to illustrate the proposed prediction method and its
results on the most simple (and in the game theory best investigated) type of conflict
situations.

It is advantageous, for the purposes of this section, to usc the notations of the
previous section 11, with some further simplifications.

In the whole section we suppose, that
I = (L K {Sc}xenny {Zicdxencie {v:dier)

is a coalition-game with finite identification and with fixed cooperation, and that
I={1,2}; K={x}, & ={{1},{2}}. Instead of S, we write simply S, instead
of Sy, Sy> Ry and Ry, we write Sy, 55, &, R, respectively. If s = (s, 5,) € S, then
we write, instead of (o, 5), 0, 5), C(, s, D) and ({i}, s(;j, D) (where the side
payments matrices D and Dy; are necessarily the zero-metrices), also briefly s or
(51, 5,), v{s) or vy(sy, 5,), C(s) or C(s,, 5,), and (i, s;, 0), respectively.

In order to confront, reliably enough, the results of the proposed prediction
method with the classical ones, we introduce some notions, usual in the two-players
game theory, and show their coherence with the notions, introduced in this paper.

Let us suppose that, for any player i = 1,2 a real-valued bounded function h;,
defined on the set .S, is given, and that:

(12.1) if A,, A, are finite, non-empty sets such that S; = §(4,), i = 1, 2, (c.f. (1.3)),
then for s = (s,, 5,) € S the equation

1(S) = Ta=oravear carsi{ar) - 2a2) - (™),
where
sl = (1, s5Ne s, sa) =1, siNa) =0, ajed,, al*a,
(cf. (3.1), (1.5)), holds.

Functions A; will be called, in the following section, classical pay-off functions. We
suppose, that the following relation between classical pay-off functions A; and our
pay-off functions v; holds:

(12.2) if s = (sy,5,) € S, and if for iel is (A, s)e R, e %, then
b (s) 2 vs) = inf {h(s') : 8" = (s}, 53), s; =5, (A, s)eR},
(compare with Remark-3.3 and with (3.2)).

If H is a real number, then I' is said to be a constant-sum game, if for all vectors
se S the equation k(s) + h,(s) = H holds.
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If I' is a constant-sum game then the vector of strategies s, = (s, s53) € § is said
to be a maximin-vector, if

hy(s,) = max min k(s s,) ,
51681 52682

and

- hy(s,) = max min hy(s, s,).
s2682  s1€8)

Lemma 12.1. If s, € § is a maximin-vector of strategies, then

(12.3) vy(sy) = max min ks, s,),
5168y s2e82

(12.4) v,(s,) = max min A(s,, 5,)
s2eS;  sieSy

(12.5) vs,) = hfsy), i=1,2.

Proof. According to Remark 10.3 there exists (o any s, € §; such a strategy
s3(s;) € S, that

hy(s;, s5(s,)) = min {&,(s,, 5,) : s, € S} .
Hence, according to (12.2),

Fy(sy, 53(51)) Z vi(s1, 83(s,)) Z min {v,(s;, 8,) 15, € S} =

= min {A(51, 5,) 15, € 85} = Iy(s,, 53(s1)) -
This implies that
(12.6) vy(s1, 53(51)) = min {v,(s,, 5,) 15, €S2} = hy(s,, 53(5,)) .
Now, we choose the strategy s € S, for which
(12.7) (ST, 3(5%)) = max {ky(s;, 53(s,)) 15, € S,} =

= max {min {&,(s,, 5,) 15, € 8,} : 5, € 5,} .
Relation (12.6) holds even for 5%, so that, consequently,
(129) (st s36D) = (b $567) -

If there exists s” € §; such that

053, 83(s1) > 04T, 53657) »

then

b8, 83(s7)) > (s, 53(s7); -
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This inequality is a contradiction with (12.7). It means, that
v,(s7, s3(s7)) = max {min {v,(s,,5,) : 5, € S,} :5, € 5} .

This proves the equation (12.3) and one of the equations (12.5); equation (12.4)
and the latter of equations (12.5) can be proved analogously.

In the following statements, the results of the proposed bargaining prediction
method (in this case it is a prediction of the strategies choosing) is confronted with
the results of the classical game theory. We shall verify, how the proposed prediction
method corresponds with the deep-rooted idea of a two-players rational behaviour
in a non-cooperative game.

Theorem 7. If I' is a constant-sum coalition-game with two players and with
fixed cooperation o = {{1}, {2}}, then:

(1) The class of all predictionally balanced configurations B, is non-empty and it
contains exactly all the configurations with the maximin-vector of strategies; i.e.

Pr = {C: C = C(s4), s, is a maximin-vector} + 9.

(2) Any weakly predictionally stable configuration is strongly predictionally stable;
i.e. . '

P = BE.

(3) If s, =(s7,53)e S is a maximin-vector, and if the strategies vectors s’ =
= (s, s;) e Sand s” = (s,, s3) € S are not maximin-vectors, then the admissible
configurations C' = C’(s") e ¥ and C" = C’(s”) € % are not weakly predictionally
stable. :

(4) If the game I is, moreover, the game without an identification, the any con-
figuration is weakly predictionally stable if and only if it is predictionally
balanced; i.e.

ﬂS;*:‘B* =“Br-

Proof. If s, = (s7,s3) €S is a maximin-vector, and if C* = C*(s,)e ¥, then,
according to Lemma 12.1, is C* = C_,,. Hence, there is no Ce % and i € I such that

Cdom €* mod ¢(C*; {{i}}).
~ If there exists Ce % and a weak domination sequence modulo @ from C* to C,
then:
either for some i e[ is
xi(c*) * xi(C) s
and then
C* dom Cmod 0,
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as follows from Lemma-12.1, or
¥(C*) =x(C), i=12,

and then the same scquence of configurations is a weak domination sequence
modulo @ from C to C*. It means, that the relation

C Dom C* mod §

is not true for any C e %, and, consequently, C* € P,.

According to the well-known classical results (introduced, for example, in [5],
[7], and [ 10]) there exists at least one maximin-vector of strategies in any two-players
constant-sum game. It means that B, + 0.

If C = ((s) e %, where s = (s,, 5,) is not a maximin-vector, and if s, = (s,53)e §
is a maximin-vector, then there exists a player in I — without loss of generality we
may assume that it is the player 1 — for which '

hy(s) < hy(s*) £ b,(5%, ;)
and, according to Lemma 12.1,
v,(s) < vy(s,) = hy(s:) < v,(sT, 55) .

It means that C # C,,, according to Lemma L1.1, and, consequently, C¢ B,
according to Remark 6.2. The first part of this Theorem is proved.
The second statement of Theorem 7 is an immediate consequence ol Theorem 6.
Preserving the notations of the third statement of Theorem 7, the relations

C* Dom €' mod ¢(C’, {{1}}) and C* Dom C" mod ¢(C", {{2}})

hold.

Because C* € ¥, there is no strong domination sequence from C* to any Ce %,
and, consequently, C¥ p C" and C* p C".

The last statement of the theorem is an immedite consequence of Theorem 2 and
Remark 11.2. 0o

Even for the more general two-players games with non-constant sum, some as-
sertions may be stated.

Remark 12.1. If C ¢ ¥ is an admissible configuration in a two-players game I" with
fixed cooperation " = {{1}, {2}}, if C = C(s), C = C,,, and if

vy(s) + 0,(5) = v,(s) + v,(s)
for all s’ € S, then C is a predictionally balanced configuration; i.e. Ce ;.
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Theorem 8. If I' is a two-players strategic coalition-game with finite identification
and with fixed cooperation 2 = {{1}, {2}}, then:

(1) Any admissible configuration is weakly predictionally stable if and only if it is
strongly predictionally stable, and there exists at least one strongly predictionally
stable configuration, being of the rational character.

(2) Ifs, =(sT,s3)eS, s =(s7,5,)€ S, 5" = (s;,53) € S are vectors of strategies,
if C*=C¥s,)e®%, C=C()e¥, C =C(s")e% are admissible con-
figurations, and if C* = C%, (1,5,,0)e C" — Cl,, (2,55, 0)e C' — C,,, then
the configurations €' and C” are not (cither strongly or weakly) predictionally
stable; i.e.

CEPE* = P, CTEPE =PI

(3) If I' is, moreover, a game wilhout identification, then any admissible con-
figuration is predictionally balanced if and only if it is of rational character;
the class of all configurations with rational character is given by the equations

(mcLT’ 2”‘*=‘Br=
={C:C=C((s)e®, vs) Z vfs’) forall 'S, i =1,2}.

Proof. The first and the third assertions of Theorem are immediate consequences
of Theorems 2 and 6 and Remark 11.2.

We prove tue second assertion of Theorem for the configuration C’' only. The
proof for C” is quite similar. First of all, we construct, for every player i = 1,2,
and for cvery identification set R; € #;, the non- emply set of strategies S( ) < S
using the formulas .

S|(R)) = {s, 15,5y, v,(s1,8,) 2 v,(s

for all strategic structures (A, (s}, s3))e R}, R, e,
Sz(Rz) = {sz 15,68, "z(su Sz) Z py(sh 53)

for all strategic structures (A, (s}, s3)) € Ry}, Rye ;.

If the strategic structures (X, s) and (#,s") belong into the same intersection
R NRy, RieR,RyeR,, and if s and s’ belong into the same Cartesian product

S\(R,) x S,(R,),
then necessarily
v(s) = vfs), i=12,
and for the configurations C; = C(s) and C, = C,(s') the equations
x(C) =x{C), i=12, '
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hold. Hence, the relation

C, Dom C, mod ¢

is not true.

Let us return to the configurations C* and C', described in the second statement of
Theorem. According to Lemma 5.3, the relations

(12.9) C* dom C mod ¢(C*; {{1}}), C*dom C'mod®, and
C* Dom Cmod ¢(C*, {{1}}),

hold. Let us assume, now, that C' e PF. Then there exists a strong domination
sequence from C* to C’, which will be denoted

{C(r)}r=l,..-,n 3 {c(r)}r=l,...,n—1 )
Y = C*, C™ = C'. The assumption C* = C,,, implies that
(12.10) ¢ =0, and C?® dom C*mod 0,

so that there exists a weak domination sequence modulo 9 from C* to C%.
Let a weak domination sequence modulo @ from C* to C®, foranr, 1 <r < n,
is constructed. Relations (12.9) and (12.10), together with the assumption C' e 7,
imply that there exists an index u, 1 < u £ n, such that ¢ =0 for all r < u,
and ¢® =+ §. It means that a weak domination sequence modulo ¢® from C® to
C¥*1 consists of exactly two elements, i.e.
C*1 dom C™ mod ™ .
As the relation
C#*D dom C™ mod 0
does not hold, then C+D & CU*D and there must exist such a W’C*e %, for
which
1) +1) _ + _
C* ~ Cw ) — C(u 1) __ c("’, (I)C* = (l)c;l‘at
and
MC* dom C™ mod 0,
in accordance with Definition 2.

Let us consider, now, the properties of ()C*. There exists a weak domination
sequence modulo @ from C® to ‘VC* and, according to (12.10), there exists a weak
domination sequence modulo 9 from C* to (U C*, The relation

C) Dom C* mod ¢
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implies
MC* Dom C* mod 0 .

It means that there exists a strong domination sequence from C’ to (C*, it is the
sequence

(€ De, {dCs (155,09}
The assumption C’ € PF implies that there must exist a strong domination sequence

from VC* to C’. In the case of this sequence we can advance in the same way as in
the case of the foregoing one, and we can construct, gradually, the configurations

OCk = Cr, (NCx, ACx | ™k

which satisfy the following conditions:

(1211) OC* = OCE,, t=0,1,..,m,

(12.12) ®C* Dom @C*mod ®, r=0,..,t— 1, t=1 ... m,

(12.13) if we denote (VC* = OCHs{)), t = 0,1, ..., m, then (12.12) and the proper-
ties of the sets S,-(R,.), introduced in the first steps of the proof, imply that no
pair of strategies vectors s¢, s, t = 0,1, ..., m,r =0,1,...,m, 1 % t, can
belong to the same set S\(R,) x S,(R,), Ry e &, R, € &,.

(12.14) The assumption C' e PBF means that we suppose that a strong domination
sequence from (VC* to C' (and, consequently, to (VC*), for t = 1,...,m,
exists.

The sequence PC*, ..., ™C* can be, by repetition of the described procedure,
constructed so that for every configuration ™ * D C* = (m*DCx(s(P* D) e ¢, (M DCE =
= (m+D*  for which there exists a weak domination sequence modulo § from

(M C* to MTUC* anindex t, 0 < t < m, exists, such that s{"* " and s{ belong to
the same set

Si(R)) x S,(R) =S, Re®,, Ryea,.

But, this is a contradiction with (12.12), and, consequently, there exists no
m+DCx e, MIDCx = m*DCE and no weak domination sequence modulo @
from ™C* to ™*1C* It means, together with the equation ™C* = ™C* | that
there exists no C” € € and no ¢ < ™m*1C* guch that

C” dom™C* mod c .
Hence, the requirement (12.14) cannot be satisfied for ™C*. This implies that
mC*P C' and C' ¢ PBr. O

Remark 12.2. If we leave the assumption, stated in the introductory paragraphs
of this section, that I" is a game with the fixed cooperation " = {{1}, {2}}, and if
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we suppose, now, that I" is a game with free cooperation, with the classical pay -off
functions h;, i €I, defined on the set
U Sy
. HeK
‘according to Remark 3.3 and (3.1), and with functions v;, i €1, given by (3.2), then
we may use Lemma 6.3 and, sometimes, even Theorems 2 and 3 (if I is a game

without identification). In such a case, the following statement holds:
If o = {{1}, {2}}, o = {I}, and if

2 2
(12.15) max { Y v(A ), 8) 15 Sy} = ) max {v (A, 5) € Sy},
i=1 i=1
then
“1‘73* = ‘/DT" = Br ={C:C = C(‘[hs’ D), C= Crat}u

2 2
V{0 C =C(A0os0), Y x(C)=max{Y oA}, s:) 506 Se,}}-
i=1 =1

3
If, instead of (12.15), the opposite, strong, inequality holds, then the bargaining
prediction characteristic in I' is the same as if I’ were a game with fixed cooperation
K = {4}, with the same values of pay-off functions &; and v, for all vectors s € S,

and with the same identification partitions of one-element coalitions.

Remark 12.3. Provided a game I' with fixed cooperation K = {1}, #'; = {I},
is considered, then the bargaining prediction characteristic is obvious. Such a game
may be regarded as a game without identification, and, according to Theorems 2
and 3 and Remark 11.2, is

Gt = PP =PF =P, ={C: C = (A}, 5, D)e’g,zl v (A1 s) 2
z Zlvi(.}if,, s') for all strategies s' € Sy} -

It is unmistakable, according to Theorems 7 and 8 and to the previous Remarks,
that the bargaining results, obtained by the proposed prediction method, are in the
considered case of two-players games comparable with the well-known results of the
classical game theory, as well as with the general idea of the rational behaviour of
participants of such a game.

A FEW REMARKS ON BARGAINING MODELS
The following, conclusive, section of the presented paper contains some remarks,
concerning the connections between this work and the well-known literature on the

same subject.
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(1) Many of the works, dealing with the bargaining prediction in coalition-games,
are engaged in games without side payments, which games need a qualitatively dif-
ferent approach to the investigated situation.

(2) Among those works, which investigate the games with side payments, the
most interesting one (from the our point of view) is the Auman’s and Maschler’s
work [1]. This work deals with a game model, which is comparable with the game
without identification and without strategies choosing, introduced in the presented
paper. The notion of the rationality is, in [1], analogous to the our concept of ratio-
nality. The bargaining prediction, as such, is, owing to the simple type of investigated
games, quite easy to survey, its results, however, do not quite correspond, in some
cases, with the common concept of the players’ rationality. The method, described
in [1], does not eliminate the bargaining results, which we could name ,,improfitably
small cooperation”, i.e. the configurations, which contain a major number of
agreements, with the possibility to increase significantly the guaranted profit of their
players, if these agreements were united.

The method of work [1] is, on the other hand, very objective, and it is, to a certain
extent, based on similar idea as the presented work.

Work [1] deals, among others, with the actual bargaining prediction in three-
players games. The comparison with section 7 of the presented paper illustrates the
similarity and the dissimilarity, of the both approaches to the investigated situation.

(3) Aratherdifferent approach to the described questions is presented in Harshanyi’s
work [2] Its author considers games, similar to games with a free cooperation and
without identification, introduced in the presented paper.

Work {2] predicts the resultant imputations (i.e. the resultant distribution of the
proﬁt), however, it does not solve the problem of coalitions forming, at all. 1t means,
that work [2] deals with quite another problems than the presented paper, and,
consequently, even the used methods are quite dissimilar.

(4) The further connection concerns the function w, on the class ”K , defined in
section 7. This function has the properties of characteristic function of the coalition-
-game, which is introduced, for example, in von Neumann’s and Morgenstern’s
fundamental work [7] This is an immediate consequence of the fact, that the coali-
tion-game without identification is close to the games, investigated usually in the
literature, for which the characteristic function was originally defined, and for
which it has a real sense. More general games, with more complex, identification
partitions, require even more complicated pay-off functions. Tt would be possible
to define, even for such games, some function on the set of all pairs (K, Ry), K € K],
Ry € Ay (or of all triples (K, sg, Ry), K € | K]}, s € Sk, Ry € Zy), as a total of pay-off
functions »; for i € K. But, such a function would not dispose some useful properties
of the characteristic function, and, consequently, its introduction would not result
in any substantial advantage.
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(5) There are, in [7] (in paragraphs 14 and 51), introduced the notions of the
solution and kernel of a game, for games with characteristic functions. The classes
of predictionally stable (strongly or weakly) and predictionally balanced confi-
gurations have some (generally not all) properties of the solution and kernel of the
game, respectively. There may occur, consequently, the apprehensions, if the intro-
duction of the class B, of all balanced configurations, gives some new information
on the game, if the class B is not always either empty, or identical with the class P}
of all strongly predictionally stable configurations. It is possible, still, to construct
an example of five-players general coalition-game, or seven-players coalition-game
without strategies choosing, in which BF + B, + 0.

(6) It was already stated in Section 4 that it is possible to introduce even games
with an infinite identification, i.e. with infinitely many identification sets in identifica-
tion partitions. The assumption of the finite identification is necessary in the proofs
of Theorems 1 and 8, and in the proofs of some their consequences (some statements
of Theorem 2. Corollary of Theorem 6, e.t.c‘)‘ Nevertheless, many assertions can be,
without any remarkable difficulties, extended even for the games with infinite iden-
tification.

If we consider a two-players game with the fixed cooperation 2 = {{1}, {2}}
and with all the identification sets R; € #;, i = 1, 2, given by the formula

R, ={(AH,s):s =(s,5,), 5,8, s;is fixed} ,

i.e. every player fully identifies the behaviour and intention of his anti-player, then
the works [3], [4], [8] imply, that there exists at least one configuration C = C,.
It is significant, as soon as we want to state an analogy of Remark 12.1, or, an analogy
of the seccond part of Theorem 8. In the last case, we may replace the assumption
of the finite identification (and, consequently, the existence of only finite number of
the sets S(R,)) in the proof by the fact that, according to [4], the set of vectors

{x:x = (x;)i=1,2, there exists Ce %, C=C,,,
such that x; = x(C) for i = 1,2

is finite.
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