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KYBERNETIKA — VOLUME //(1975), NUMBER 4

LQG Problem of Estimation and Control
in the Tensor Space

Evolution in the Discrete Finite Time

ANTONIN VANECEK

LQG problem of estimation and control with linear dynamics, quadratic criterion, and gaussian
environment leads during its application for identification naturally to the tensor formulation.
Quasikalmanean tensor model and associated LQG problems are introduced. Theorems on pre-
diction, filtering, control, stochastic control, and stochastic control/filtering are presented. The
cases of filtering and stochastic control for the naturally introduced tensor models are given as the
applications.

INTRODUCTION

LQG problem, see [2] for a survey, was stated and solved mainly as the problem
of estimation and control of the state vector. Through the formulation of the three
constraints — linear dynamics, quadratic criterion, and white gaussian environment —
LQG problem covered an inportant part of questions solvable by the finite methods.
In [12] we have tried to show the usefulness of the mentioned problem for identifica-
tion. Nevertheless there are mainly identified the linear maps of the vectors, conse-
quently the tensors. In the following we shall state and solve the LQG problems for
the tensors. Through the intrinsic duality we shall double our relations: from the
motivation point of view we take the relations for the control as the by-products.

Let us refer to one area at which the introduction of richer structures has proved
useful. The Maxwell theory of electromagnetic field in vacuum can be desribed either
by 24 scalar equations or by 8 vector equations or by, 3 tensor equations or by 1
spinor equation. (It is to be understood this is not just through trivial direct sum.)
The mentioned reduction at the same time contributed to the knowledge and the
deepening of the Maxwell theory.
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PRELIMINARIES

Tensor symbolism.

a, e, m,u, v, W, X, y, z 1st order tensors,
ABC,D,EH I, MS U, V,W,X,Y,Z 2nd order tensors,
A B,CD,FHINL,P,2RL, YV, W, X, ¥, & 4th order tensors.

Definition 1. Let x, y, Z be the elements of the linear finite — dimensional spaces
R, R° R°® x R® over the field of real numbers R. The map ®: R® x R* - R® x
XR: ()P Z=y@x: (x, V) > Zyyg=yxs (0 =1,..,a,8=1,...,b) we
shall the tensor product, [4; 9], and the result of that product, Z = y ® x, we shall
call the 2nd order tensor. Further let X, Y, & be the elements of the linear spaces
R° x R* R* x R R* x R* x R° x R%over R. The map ®: R° x R¥ x R* x R? >
SR XRXR XxR: (X,Y) > Z =Y®X: Xy Yop) > Zapys = YopXy5 (=
=1..,a.506=1,.. d) we shall again call the tensor product, and the result
of that product, Z = Y ® X, we shall call the 4th order tensor. Finally we shall
call x, y the Ist order tensors.

Convention (Einstein summation rule). With the use of the component tensor
symbolism, we suppose the compatible dimensions and add over the indexes occuring
twice. E.g. #,5,5X ;5 denotes Y 56X 550 Yagpe denotes Y, %05, We use the
component tensor symbolism only in Preliminaries.

Definition 2. The map Y: R* > R®ix oz = Yx x> 2, = VX, (e = 1, ..., a,
g=1.., b) we shall call the linear map between the 1Ist order tensors. Such
a map Y that Vx: ¥x = x we shall call unit 2nd order tensor and denote 1p..
The map: R® X R° x R* x R® > R* x R (X, V) > Z = YX : (Xp,, Yp) > Z,p =
= Y, Xy, (a =1,.,a..5y=1,.., c) we shall call the product of the 2nd order
tensors. The map # :R® x RT > R* X R*: X |- Z = WX : Xps > Zoy = WoprsXps
(a =1,...,a;...;6 = 1,..., d) we shall call the linear map between the 2nd order
tensors. Such a map % that VX : #X = X, we shall call the unit 4th order tensor
and denote 1gv,pe. The map: RP x R® x R? x R/ x R* x R® x R® x RY—
SR XR XR xR AZ, WV > Z =YX (X peser Yaprs) ' Zaveo = YapysZ pesp
(@=1,..,a;...;9 = 1,..., f) we shall call the product of the 4th order tensors.

Definition 3. The maptr : R* X R* > R: Y|>trY: Y, b> Y (0, B =1, ..., a) we
shall call the trace of the 2nd order tensor. The map tr: R* x R x R° x R —
SRV UV Yyl Yeppe (.6 =1,...,a; B,y =1,..., b) we shall call the
trace of the 4th order tensor.

Definition 4. Let x € R%, Y: R® - R?, z € R Such a linear map Y*: R® - R? that
Vx, Y,z :tr[z @ (Yx)] = tr[(Y*z) @ x] we shall call adjoint to the map Y.



Further let X e R® x R%, & : R® x R - R® x R‘,Z € R* x R". Such a linear map
@*:R*x R°— R® x R* that VX, %, Z:tr[Z® (¥X)] = r [(#*2) ® X] we
shall call adjoint to the map #. Finally let X e R* x R5, % : R“ x R° - R® x R",
ker # = 0. Such a linear map# ™' :R® x R° — R® x R°that VX, % : ¥~ '&X = X
we shall call inverse to the map % (ker denotes kernel, i. e. null space).

Note 1. Having at our disposal matrix algebra numerical algorithms, the matrix
realization of tensor algebra may be useful. Let x € R%, Ye R® x R}, X e R° x RY,
% eR* x R® x R° x R, £ € R® x R® x R? x R’. Then from Definitions 1, 2, 4
follow the isomorfisms (= 4 stands for “‘denotes”):

X1
x=|...|eR x R;
Xp
Y, Y, 'Y
Y|l...f.. | . ||=al'Y...0Y]=| ... |eR® x R;
Yo Yo Y

XY . XyY

Y®Xx|... ... ... € R* x R¥™
Y Y XY
‘ﬂ/” . gld
Y=|... ... ... € R* x RY;
Y - ¥
Yy o Y,
YE=| ... L e R x R*;
Y., X @mJ
Yy WX
HX = ... ... . ...|eR* x R;
Yo ... Y| |X
Yy oo Y| [T - Ty
HE =|... ... ... P € R x R
VR | - SR

where Y@ X eR® x R® x R x R, %*eR? x R* x R? x R°, %X e R* x R,
YE e R* x R° x R® x R’. Further let ker @ =0, b = a, d = c. Then

@y .. @]
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Note 2. We shall show how the tensor product and the 4th order tensors naturally
arise. Let &/ 1R x R* 5 R*X R°: X |»>Y=uaX = AXB + CX + XD. Then
from Definitions 1, 2, 4 or from Note 1 follows: &/ = A ® B* + C ® 1z +
+ 1z ® D*,

Definition 5. Let X € R® x R, # € R®* x R* x R° x RS, & € R* x R® x R° x R,
Then ||X |]|3 will denote tr [X @ (#X)*] = tr [X¥(#X)], tr [2*(w'%)],
respectively. Esp. for % = lgaxge. | X%, [|2]? will denote tr (X ® X*) = tr (X *X),
tr (2*Z), respectively. Further if ¥X + 0: | X[} > 0, 20, we shall write %" > 0,
2 0, respectively. Finally let #° > 0. Then | X[}~ %], we shall call the quadratic
norm of X, &, respectively.

2
s

Definition 6. Let (Qq, Fy, Py), (Q,, F,, P,) be the probability spaces and X : Q; —
> RIx R, Y:Q, > R*x R® be the random variables. The map: (X, Y) |~
b B {[Y(Q,) — EY(2,)] ® [X(%) — EX(Q)]*} € R x R* x R® x R’ we shall

Q4 x0y 2 04
call the covariance and denote cov (Y, X) or &yy. Esp. cov (Y, Y) we shall denote
cov(Y,...) or Pyy or &. The random variable Y:Q - R* x R® with the mean
value My e R® x R, with the covariance ¥yy € R* x R® x R” x R®, $yy 20,
and with the characteristic function: R* x R* - R*: Vs exp {jtr (V® M}) —
—27'tr [V @ (#yyV)*]}, > = —1, we shall call gaussian. We shall write ¥ ~
~ N(My, #1y).

Note 3. The map tr induces — together with the componentwise addition and the
outer (from R) componentwise multiplication — the Hilbert space over R for the
tensors. In the stochastic case the Hilbert space scalar product is in addition induced
by the trace mean value.

PROBLEM STATEMENT

Definition 7 (Quasikalmanean tensor model and associated LQG problems).
State model:

(1) X = A X + BU, + D W,,
output model:

Z,=CX, + V,,

where k =0,1,...,N — 1l and linear maps ./, : R* x R® - R* x R®, B, : R° x
x R*->R*x R®, 9, :R°x Rf - R" x R}, 4, : R x R® = R x R".




A priori distribution: 291

X, T~ N([M], % T
W, 0 #,
W, 0 W
v, 0 ¥,

v | o | | A

LWy oo Wy 20,%,..,%, > 0.

Control criterion:

JU) =t [[Xy T*[2 Ixe 1),
XN*I QN»! XN‘I
X, 2, X,
UN—[ ‘@N'l UN'I.
lue JL PRI

Py Dy 1y s Dy Ryt s By > 0; future control: Uy =4 {Uy, Uy, ..o, Uy_yq}.

Past inputs: Z, =4 {Zi, Zyoys .. Zo, M, &}, Z_y =4 {M, &F}; past states:
X =4 {Xk, Ximgsovos XO}A

One-step prediction problem — n = 1, prediction problem — n > 2, filtering
problem — n = 0are: Find affine map Z, [~ Xy minimizing E{| Xy, — Xy pni]?|
| Z}.

Control problem: For 2,V = ... = Dy_Vy—y = 0 find a linear map X, > U,
minimizing J(U,).

Stochastic control problem: Find alinear map X, [~ U, minimizing E{J(U,) | X,}.

Stochastic control/filtering problem: Find an affine map Z, > U, minimizing
E{J(Uy) | Z.
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PROBLEM SOLUTION

Lemma. Let tr (Y® Z*) = 0; Y® Y*, Z ® Z* > 0. Then 3! (there exist unique)
tensors «#°, #° minimizing J(«, B) = |X — /Y — #Z|]*. Further: «#° = (X ® ¥*)
(YY) L2 =(X®2Z*)(ZQZ*) ,)(#°, #°) = tr [X ® X* — & (Y @ X*)—
— #(Z @ X¥)].

Proof. We shall find the stationary point of criterion from nullity of the Gateaux
differential, [6, 10]: 5 J(sf, B; #, ) = hm a t[J(A + ak, B+ o) —

— I, B)] = lim o e {[X = (of +aX) ¥ - (se+af)z]®[x (o + ask).
Y- (ga+axf)z]*} =trlima ' [-a#Y ® (X — LY — oX — V) ®

Q (#Y)* — aXZ ® (X — BZ)* — (X — BZ) ® (XZ)* + ofa)] = —2tr [(X —
~AY)@ (Y] - 2t [(X - BZ) ® (4 2)*] = 2 [(X — LY) ® V*#*] —
—2tr[(X — BZ) ® Z*A*] =0V, #. The given condition is fulfilled just
for (X — #Y)® Y* =0, (X — BZ) ® Z* = 0, i.e. for the normal equations for
the tensors &7/, #. From Y ® Y*, Z ® Z* > 0 follows that 3! solution of these
normal equations: &#° = (X ® Y*)(Y® Y*)™!, #° = (X @ Z*)(Z ® Z*)"*. From
the unit criterion weight follows that this solution is the minimum. Finally the value
of J(=#°, #°) follows from the direct substitution.

Corollary 1. Let Y® Y*> 0. Then 3! tensor &° minimizing J(&) =
= |2 X, + £,X, — Y|>. Futther: o° =& o5+ Lol where sof =
=X, @Y)(YeY") ' i=12

Note 4. Let X, Y, Z be random variables such that My, My, M, ¥y; =0; Fyy,
&7z > 0. Defining the criterion of estimation as E{|X — &Y — #Z|*| Y, 2},
we shall call #°Y + B°Z (° = Pyy vy B° = F52977) the (linear) optimum
estimate of X conditioned by ¥, Z and denote X,y ;. (For My # 0 we shall obtain
the (affine) optimum estimate My + #/°Y + #°Z.) Similarly we shall call #°Y; +
+ B°Z; (or My + H°Y; + #°Z)) the optimum estimate of X, conditioned by
Y, Z; and denote Xy ; = Xy + Ko

Corollary 2. Let Y® Y*, 1 ® I* > 0, where innovation I = Z ~ (Z® Y*).
(Y ® Y7 Y. Then: () 1r (Y ® 1) = 0, ) [X ~ &°Y = #°Z]" = |x — 6°Y -
- 2°1)>.

Proof. I@Y*=Z Q@ Y* - (Z® Y*)(Y® Y*) ' (Y® Y*) = 0, so it holds (i)
and for minimization of |X — €Y — @I||>, Lemma can be used. Further let us
notice that both Y, Z and Y, I span the same linear space (innovation de facto took
its origin as the 2nd step of Gram-Schmidt orthogonalization) so it holds (ii) and
instead of the minimization of , we can concern ourselves with




the simpler minimization of |X — ¢Y — 9I|*: ¢° = (X @ Y*)(Y® Y*)™*, 9° =
=Xy @MU, Xy=4 X-¢Y, |Xy-2°1* = r Xy ® X}y ~
-2°(I ® X))

Theorem 1 (One-step prediction). 3! solution of one-step prediction problem.
Further

® Xk+1|k=&1k2k|k—x + BU + Lol Xo;-x =M

where the gain &, = &, Sy 1%e (6T wpu-1%x + ¥)~ ", the innovation I =
= Z; — 6. Xu—1, the one-step prediction error X,y — Kpv1je =ar Xir1po 20d
its covariance cov [Xyi 1 -] =ar Lrw sy is

(3) Stk = Mkyk[k—tﬁ;: + DN Dy — gk(gkyk|k—l'9l:(7 Loj-1 =
The value of the criterion is tr Ly (s

Proof. X,y from (2) is an affine map of Z,, we shall convince ourselves that
ot ,, &, optimize the one-step prediction criterion. We shall use isomorfisms between
Corollary 2, Note 4 and one-step prediction problem: X = X, 4, Y= Z,_,Z = Z,,
I=l, =2, - Zklk‘l =ar Zm—u 9° = £, Then X,y = Xk+1|k—1 +gk2k1k—1
where Xyiqpuoy = (X, + BUL + DWjmr = & Xip—y + BU,, when we
used Corollary 1 and Note 4. Further £, = cov [Xiyqp-1, Zypog]cov™".
N Zugp-15 -] = cov [, X, + BU, + BW, — A, Rt — BUp € X1 + V]
ceov T [E X + Vo -] = cov [ K + BV, G + Vi) (BF a1
G+ VY = AL GG L 1 Cr + V) where Ly 20, V> 0
so that 3! (Frp-1% + ¥)"" Finally Fooqp=cov[&iipor-] —
= Zicov [Zip— 1, Kirapms] = cov [ Xy + DWW, ... ] — Ly cov [ K ur +
+ Vo i -1 + DW] = S i 15 + DA D — L16:F - 145 . By this we
have proved that if (2, 3) hold for k — 1 then (2, 3) hold for k(k > 0). For k =0
weuse Z_; = {M, ¥}, and (2, 3)follow from Lemma and Note 4. Finally E{||X,.{ —
- Xk+1|k"2 Izk} = E{Xk+|]k ® XL'HM | Zk} =tr yk+l|k-

Theorem 2 (n-step prediction), 3! solution of n-step prediction problem. Further
Riink = Fraonpe 1 Xprtie + LpF kanie1BiUj s

J=k+1,. k+n—-1, %, i=Ap 120 &, Fii = lpaxgs and Xk+1|k
is one-step prediction from Theorem 1. The n-step prediction error X, ., — Xy =ar
=gt Xt no its covariance cov [ Xy np -] =ar Favup is

* 2k g ¥
yk+n[k = t(;‘/‘_Iﬁ-rl,k+1‘¢k+1|kfk+n,k+1 + Z(j)'gb-lﬁrn,j-*]@jogjgk+n.j+l

where &, 1)x is the one-step prediction covariance-error from Theorem 1. The value
of the criterion is tr $y4npe

293
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Proof. We apply Corollary 1 and the definition of &, directly to X, =
= Fronpr 1 Xust + LnFranje(BU; + DW)).

Theorem 3 (Filtering). 3! solution of the filtering problem. Further
4) Rip = KX + L, Koo =M + Ll
where one-step prediction based on the old filtered value
(5) Kot = Lo Xicippor + BioUsny s XKoo =M,

the gain &, = Sy C(EFpu- 16 + V) Lo = S B, FC5 + V)" the
innovation I = Z; — %kaik wly=Zy — %OM the filtering error X, — X, =
=g Xy its covariance, cov [ Xy, ...] =4 Lo is

(6) yklk = yk]k—l - yk@kym-x s 0[0 =9 — L6

where the error of one-step prediction based on the old filtered value X, — }?k[k_l =45
=4¢ Xyjx—1 and its covariance, cov [Kye- g, -] =ar Lre-1, 15

(7 FLii-1 = L1 Lum 151 + Dot Wi @i—y, Loo1 = &
The value of the criterion is tr &y ;.

Proof. X, from (4) is an affine map of Z,, we shall convince ourselves that
oA\ 1, £, optimize the filtering criterion. We shall use isomorfisms between Corollary
2, Note 4 and filtering problem: X = X,, Y~ Z,_ , Z=Z, I I, = Zk]k is
PD° = £ Then Xy, = Xypoy + Loy, where £y oy = (Ao Xyoy + By Ui1 +
@k ‘W,‘ Otk=t = Ly Xi1ju—1 + By_1Up—y. Further &, = cov [Xy_y, Zp-1] -

" Zipeess -] = cov [Xue 1 G Xip—r + Vid v [E ot + Vi ] =
= 5”,(1,‘ lfgk(‘gkym e + ¥)7h, where Fyp-y 20, ¥, >0 so that 3!
(6eFrp-1%c + ¥)7". Finally P = cov [Xypoy ... ] — £ cov [Zypoys

Xpe1] = cov [ Kot + BioUicy + D i Wiey — S Kot — Bus-
Upety o] = L cov [GXipoy + Vio Xui-1] = cov [o Ko tjimr + it -
Wiegs o] = LB it = A1 L turI bt + Do W1 Doy — L.
Prpe-1 = Pujp—1 — L3, Fijx-1- By this we have proved that if (4, ..., 7) hold
for k — 1 then (4, ..., 7) hold for k (k > 0). Fork = Oweuse Z_;,and (4,...,7)
follow from Lemma and Note 4.

Theorem 4 (Control). 3! solution of control problem. Further

U7c= A X




where the gain A, = — (B{Ps1Bi + R) ™ By Pror s
P = (A + BAY Pooi(sly + BA) + B+ HIRAH, Py=.
The value of the criterion is | X3,

Proof. From the criterion definition we shall succesively obtain: J(Uj) =
= min {[Xy[5 + Tl Xil5, + [Uia = min min {13, + [Ua, + (U )} =

= mm {15, + U, + J(Uiei)} forz = Ic, <. N — 1,k < N — 1, respectively

mm {”Xk”gk + U]z + [ Xy]5} for k =N — 1. We shall start solving the recur-

swe equation for U, at time N — 1. We shall minimize the criterion J(Uy_() =

= | Xy|3 + [Xo-t]Buos + [Un-alan., = 0 {(Fy Xy + By Uy_y)* 2.
(yfj\ Xyog + By-1Uy-1) + X§-12y-1Xy_1 + Uy_ &y (Uy_}. We shall find
the stationary point of our criterion from the Gateaux differential: 5 J(Uy_,; H) =
= lima ™ {[Ay- 1 Xy-1 + By 1(Uy-y + aH)]* P[ly_Xy_y + By-(Uy-y +

a0

+ aH)] = (Fy-1Xno1 + By Uy 1) P I Xyt + ByUy_y) + Xjoso
Oy Xyt = X3 1By Xyoy + Uney + aH)* By (Uy-y + o) — Uk_,.
. %N—lUN—x} =2tr {(ﬂN—IH)* g/’(ﬂN—tXN—I + %N—-IUN—l) + H*@N—tUN—l} =
= 2tr {H¥[By-1 P(Ay-1Xn-1 + By-1Unx_y) + Ay_,Uy_(]} = 0 VH.
Further By _ Pty Xy-1 + (BN-1PBy_y + By-1)Uy-1 =0.2 20, %y, >0
guarantee that 3! (B4_,PBy_, + &Ay_,) ', so the unique stationary point:
Uy-y = _('ﬁ;-lgﬂN-l + %—1)" By Py Xy =a Hy-1Xy-1- Then
JUR-) =t {[(Inot + By Hnog) Xyt J* PU Ay + ByosHn-1) Xna] +
+ Xy 12y Xnoy + (B Xnat)* Byt Xyoo)) = 0 Xy [(yoy +
+ By H oy Y P(Ay_y + By H o) + Dyoy + AN By Ay ] Xyq} =
_, where Zy_( =4 (ﬂ:v—t +‘%N—l’%/.N7L)* '—/]/](&‘ZNvl + 5]41\'—1%»1-—1) +
Dy A Ry H -y Py Iy_1, By > 0 guarantee that Py_; > 0 and
the stationary point is the unique minimum. If we introduce #y = & and further
the maps N — 1 > k, N |> k + 1 then from the premise that Theorem 4 holds for
k + 1 we obtain that it holds for k (k = 0) and thus we obtain the assertion of
Theorem 4.

Theorem 5 (Stochastic control). 3! solution of stochastic control problem.
Further Uy, A, #, (k < N — 1), 2y are given by the same relations as in control
problem. The value of the criterion is [X]|5, + Y| # i 5i5.. .0, Where i = k, ...

SN -1
Proof. From the criterion definition: EJ(U}) = min E{|X,[3, + U2, +
k
+ EJ(U;, )} for k < N — 1, respectively mm E{|Xu]3. + [Ul% + |Xs]|3} for

k=N — 1, Further EJ(Uy_ 1)—Etr{(&ﬁ'~ Xyt + By-Uy_y + Dy_q.

295
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Wyt 2P (Ao Xnet + BuiUnoy + DyiWyor) + XnoZyoiXyog +
+ Up-1Z&y-1Uy_}. The Gateaux differential: 6 EJ(Uy_,; H) = 2 Etr {H*
BN P(Ay-1Xy-1 + By Un-t + Dy-1Wyoy) + By Uy_1]} = 2 tr {H*O
B Pty Xyoy + By_Uy_y) + By Uy_q]} = OVH. P, By_y > ..
guarantee that 3! stationary point: Uj_, = —(BN-1PBy-1 + By-1) ' .
B Pty Xy =g Ky Xy_q. Then EJUS_)) = Etr {[(ofy-s + By_; .
) X I PUAnoy + ByoaH w-1) Xy 1] + (Do Wao1)* Py Wy +
+ Xno1Zy-1Xn-1 + (A woaXy-o)* By a(Hn-aXn-1)} = |[Xn-alon, +
+ | Wnoi] By, pon., Where Py g =y (Fnoy + By Ay P (Fyoq +
+ By H 1)+ By_y + AN By 1 H y—1. P, Dy—y, Ry—q >0 guarantee that
Py > 0 and the stationary point is the unique minimum. Introducing #y = #
and the maps N — 1>k, N = k + 1, the assertion of the theorem already follows.

Theorem 6 (Stochastic control/filtering. Separability principle). 3! solution of
stochastic control/filtering problem. Further

Uy = fkfkuc

where for Xy, Li Ity L (k £ N = 1), Fyx hold the relations from filtering
problem and for o, 2, (k < N — 1), 2, hold the relations from control problem.
The value of the criterion is [R5, + Yol Livil2t oz, + [ Sl +
+ || #xinl|% where i = k,...,N — 1 and the innovation covariance cov [I;, ...] =4
=g Fi = CA i1 L i1+ D W DTG

Proof. We shall use isomorfisms between state model (1) and filter (4;5):
X2 X0 D 2 Lot W 2 Lo s Wi 2 iy = ooV [G( X + BUL +
+ W) + Vet — G + BiiiUsii), -] = cov [Go o (K +
+ ngk) + Vesrrs ] = (gkﬂ(ﬂk'g’ukb‘j: + Qka@:) %ir1 + Yy Applying
stochastic control problem to the model (4, 5) we directly obtain that the control
from Theorem 5 with o, 2, (k £ N — 1), @, preceded by filtering from Theorem 3
with Xy, LTy Sap (k £ N — 1), &y solves uniquelly stochastic control/filtering
problem. It remains only to obtain the criterion value. From the criterion definition:
EU(U) | Zd = E{| Zuw + Zninlls + ol Zae + Xail3 + Uiz} From the
expression of the optimal estimate given by Lemma and from its stochastic interpre-
tation given by Note 2 follows that X i and X ;i are mutually uncorrelated.
So the criterion is E{| X5 + [ Zmwle + Yol&ud3, + 1Xuds + [Uda)} =
= E{|Zwwl5 + Zol&Xuila, + [Uda} + 1#uds, + |#wnl5. Applying before
mentioned isomorfisms to the value of the criterion from Theorem 5, we directly
obtain that our criterion value is as asserted.



APPLICATIONS

Case 1 (Covariance control). Covariance evolution of the model

Xer1 = A + Dywy,
k=0,...,N — 1where

Xo | ~N{|m]|, |S ,
Wo 0 W
Wy 0 T W,

S, Wos ..y W 20, is
Sirr = 4SiAF + DW.DY .
Using Note 2:
Sier = Sy + DLW,

where o), = A, ® A, 9, = D, ® D,. Covariance S, control problem: Find a linear
map S, > W, minimizing |Sy|3 + YeollSil3 + [Wila. where 2, 2y_4,..., 2,
Ry-1 ..., B, > 0. Case 1 can be of importance for start-up control, stabilization,
and shut-down control in the presence of the stochastic disturbances having manipu-
lative covariance. Solution: through direct use of Theorem 5.

Case 2 (Coupled state-vector filtering and gain-matrix continuously running
identification). State equation:

Xevt = Ay 4%, + By + Dw,, x, €R",
output equation:

zy=Cx;, + v, C:R" >R
State model of gain-matrix evolution:

By = Ay x5 + S\ B + DWW,
output model of gain-matrix evolution:

Z, =B, + Vi, Z,eR" X RP.

Using Note 2 we first notice that By, = (1g= ® uf) By; Az ,x,05 = (A, ® ap) %,
Then coupled state equation:

[*er1 Ber] = [Al,k Ipn ® “t] [x BJ + [Dk 0 :I[Wk /AN
4, ®@a, 0 2,
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coupled output equation:

[z Z] = |:Ck 0 ][xk B] + [v Wi].

0 @,

For the interpretation of the partitioned tensors see Note 1! With application of
a reduced Case 2 we were concerned in [12]. Solution: through direct application
of Theorem 3.

Case 3 (Control, resp. continuously-running identification of nonstationary
multivariable stochastic regression model). Let the model external description be:

Zier = LpAjate-jet + Bt jur + e

where j = 1, ..., n; further where u., € R" is the measured (known) input and z, € R"
is the measured (known) output, and e, ~ N(0, E,). E, = 0 for the control, E, > 0
for the identification.

At first we shall be concerned with the control. For the control-model internal
description, the control-state X; = [Uy_ps1s .-o Ug=1> Zxmn+ 1 ---» Z)> further U, =
= u,, W, = e,. Finally the control-state equation: ’

X1 =] 0 0 0 0 X, +
0 0 0 0
0 0 0 Tren- e

Buy Ba—tgo--»Bap Awpx Au-1p--A1a

+Tou +[0olw,.

Ler 0
0 0
By « 1gr

For the interpretation of the partitioned tensors see Note 1.
Now we shall be concerned with the identification. For the identification-model
internal description, the identification-state X, = [4; 4, ..., Ay By o -+ By ]> the

.identification-output Z, = z,,,, further ¥, = ¢, . Finally the identification-output

equation:
Z, = {lkr ® [2:» O TS T “;f—n“]} X + Ve
and the identification-state equation which models the parameters evolution is:

(8) Xert = Xy + DLW, .

Applications of Case 3 follow from derivation and explication of the multivariable
stochastic regression model, [11]. Solution of control-case: through direct applica-



tion of Theorem 5. Solution of identification-case: through direct application of
Theorem 3.

An identification part of Case 3 can easily be generalized. Let the internal
description be: x,+1 = Awxy + Byuy + Dyw, where (., and X, € R" are measured
(known) and w, ~ N(O, W,), Dy, W, Df,, > 0. We introduce the state: X, =
= [4,, B,], output Z, = x,,,, measurement disturbance V¥, = D, W, Then
output equation: Z, = {1z, ® [x, u;]} X, + V,. (8) is again the state equation.
Applications can be of importance in area of electric actuators where the state is
usually measurable. Solution: through direct application of Theorem 3.

CONCLUSION

There exist over 10® contributions concerned with LQG problem of estimation
and control. Nevertheless we have been convinced that its version concerned with
the nonstationary internal description has not been closed yet. This is because of not
fully digged algebraic structure of the mentioned version of LQG problem.

Comparisons of the solution of LQG problem in the tensor space with its solution
in the vector space, [7, 8,5, 1; 2], suggest that our solution is a tensor realization
of the solution in the abstract linear space. Nevertheless, in all contributions we are
aware of, the solutions has been hitherto both derived and interpreted as the solutions
in a concrete vector space, i.e. with maps taken to be matrices and not abstract
linear spaces homomorfisms. This tensor realization follows also from the fact that
during derivation it was virtually sufficient for us to consider the 2nd order tensors
as the elements of the linear space and not of the linear associative algebra. Because
of the mentioned correspondence and because of the space limitations, we fully
passed the analysis of the propertics of our LQG problem in the tensor space.

(Received June 14, 1974.)
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