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KYBERNETIKA — VOLUME 22 (1986), NUMBER 2

CLASSIFICATIONS WITH RELATIONS:
A MODEL FOR THE DESCRIPTION OF DISTRIBUTIONS
AND THEIR DISTANCES

JAN REHAK, BLANKA REHAKOVA

Distributions on classifications are met wherever we work with categorical variables. A vast
investigation has been done in developing methods for statistical analysis of nominal variables
(e.g. variables with simple classification), partially are solved also problems for ordered classifica-
tions and classifications with assigned numbers. In this paper we propose a general model which
enables us to develop descriptive measures for distributions on various types of classifications
with relations. The simple, ordered and quantitative classifications will be special cases of this
general model. In this way, it is possible to handle with general decision and predictive models
as well as with the analysis of generalized categorical variables. ‘

1. BASIC DEFINITIONS: A GENERALIZED CATEGORICAL
VARIABLE '

The presented model (we call it the D-model) includes classifications with binary
relations on the set of categories. A set of categories {a, ..., ax} is said to be a classifi-
cation if the categories form a mutually exclusive system of events whose union
covers all possibilities of the classification process. The distribution f on a classification
{a,,...,ay} is a column vector from the simplex Qg = {p:p = (p1,..., Px)’>

K
220 (k=1,..,K), 3 p, = 1}. We restrict ourselves to the class of relations
k=1

which can be expressed by numerical values. This class has been found meaningful
with regard to the data analysis.

Definition 1. Let D = |[d;| = |d(a;, a;)|| = |d(i,j)| be a real, square matrix
of order K. Matrix D is said to be the matrix of scores generating the type of the
variable A = {a,, ..., ag}, if the following conditions hold:

a) identity: dy; =0 for i = 1,...,K;

b) symmetry: d;; = d;; for i,j =1,...,K;

¢) nonnegativity: d;; = Ofori,j = 1,..., K and d;; > 0 for at least one pair (i, j):

158



d) interpretability: the more unlike categories a,, a; are, the greater is the score
d(a;, a;) characterizing their dissimilarity.
Elements of D are called the scores of distances or dissimilarity scores of the catego-
ries (a;, aj). Properties a)——d) correspond to meaningful practical requirements
ond;.
ij

A general categorical variable (a classification with numerical relations, D-
generalized categorical variable) is given by a list of its values and by a matrix
of scores generating its type:

A={a,,. . a;D}.

The basic types of variables as they occur in practice have the models stated by
Definition 2.

Definition 2. We say that A = {a,, ..., ag; D} is

a) a nominal variable (a simple classification) if d;; = 1 for all i # j; we denote
it also A = {ay, ..., ag};

b) ‘a discrete ordinal variable (an ordered classification) if d;; = |i — j| for all
I, j; we denote it also A = {ay, ..., ag; Dy};

c) a discrete cardinal variable (a numerical or quantified classification) if its
values are numbers X, ..., Xg assigned to categories by the mapping x; = x(a;),
and d;; = (x; — x;)* for all i, j; we denote it also X = {xy, ..., x¢} or A = {a, ...
..., Gx; Dyt

2. BASIC CHARACTERISTICS OF THE DISTRIBUTION
OF A GENERALIZED CATEGORICAL VARIABLE

The definition of a variability is based on C. Gini’s idea: the variance is taken as
the expected dissimilarity among pairs of independently repeated random events.

Definition 3. We define the generalized variance of a distribution fe Qg of
A = {a,, ..., ax; D} as

K K
(1) Gvar, f = Gvarf =Y. % fifd; = f'Df = EE(d,}).
i=1j=1 ij

Properties of the generalized variance are summed up in Theorem 1.

Theorem 1. (Properties of the generalized variance.)

a) Letd;; > Oforalli + j. Gvar f = 0if, and only if, thereexists f; = 1 (1 £ i £
= K).
b) Let D be a general matrix. Then Gvar f = 0, if, and only if ) f; = 1 for some

icW
set W = {i:d(a;,a;) = 0; ie W, j e W}. (Property a) is a special case in which ali
sets W are singletons.) .

159



¢) Define d as max d;; and let ¢ > 1 be the size of an index set T for which it holds
G.J)
that the respective submatrix Dy of order ¢ has the elements d;; = (1 — 6,;) d, where

d;; is the Kronecker delta and let there exists no submatrix of a higher order with
this property. Let d;, < d when (i,j)¢T x T,i # j. Then the generalized variance
attains its maximal value
max Gvar f = Gvar f,, = =1 d
feQx t
for the distribution f,,, with the components f; = 1/t for ie Tand f; = Ofor i ¢ T.
Proof. The property a) is obvious.
b) Let Gvar f = 0 and let there exist positive f;, /; and d;,. Then Gvar f = 2fif;d;;>
> 0 and the contradiction follows. Therefore under the assumption that Gvar f = 0
it must be true that f has nonzero components only on such a subset of indices W
for which d;; = 0 for all pairs i,je W. Let W be a subsct of {1,2,...,K} with
d;; = 0 for all pairs (i, j) € W and ka = 1. Then
kew

Gvar f =2 Z Z Sfifidi; -
(G 21+ 0)
Under the assumption d;; + 0 there are three possibilities: either i ¢ W and j ¢ W,
ori¢WandjeW, ori¢Wandj¢ W. It follows that f; = 0, f; = 0, f; = f; = 0
respectively. Therefore Gvar f = 0.

K K
c) Gvarf=3Y 3 fifid;= Z Zfifjd[j +2Y S Afdy +

t=1J=1 ieT jeT ieT jete
+.2Tc _Zr:cfifjd.j Z foJd+22 fo( —g) +
-+ ZT:: Z,—cffj(d - g,,) = dz sz — 221- Zrhfflgu _

i+ xi; i3
) fo,g.,,
'67;1157"

where g;; =d —d;; 2 0, T° is the complement of T. Therefore it is necessary
to look for the distribution which maximizes the generalized variance among those

distributions f for which ) f; = fir = 1. Then
ieT

Gvarf=d3 3 fif;=dlfir - 2/7]=d[1 - 2. /7].
ieT jeT ieT icT
i*j
The maximum of this expression is equal to d(t — 1)/t and it is attained if f; = 1/t
for all ieT. If there exists a set T' > T, ¢ > 1, then d(i' 1) > d(t — 1)[t. The-
refore, the maximum is obtained for the set T having the property given above and
containing the maximal possible number of indices. 0
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Remark. The normalized measure of variability can be introduced as

Gvar f

norm Gvarf = ———— |
Gvarf, .

We introduce characterisation of each classificatory value with regard to the
distribution f in the following manner.

Definition 4. Consider a variable A = {al, ..., ag; D}. We define the measure
of concentration about the value @, as the expected score of the distance from the
value a,

K
(2) df = d:,: = E[d(ab °k)] = Zf. d("n ak) .
i i=1
Any value ¢ of the variable A for which
K
d* = mind; =Y f,d(a;, c)
3 i=1
is called a centre of the distribution f.

It is obvious that
a) Gvar f = Ed} ,

b) the distribution can have more centres,

¢) d* = 0, only if f; # O for those i's satisfying d(a;, €) = 0,

d) d* £ Gvarf.

Let us denote €, = C the vector of concentrations (dj, ..., d5). We see that
C = Df and for a nonsingular matrix D it holds that f = D~!C. In this case we can
characterize a set of distributions {f} by means of {Df} and this can be a useful
transformation in the data analysis.

3. METRICS GENERATED BY THE MATRIX D

Consider a real function
) D(f, g) = J/((f - gf D(g — f))
on Qg x Qx. An important class of variables A = {a,, ..., ay; D} is determined

by Theorem 2 which shows when D(f, g) can be regarded as a measure of dissimilarity
of two distributions f, g and moreover possesses the properties of metrics.

Theorem 2. (Existence of metrics.) The function D(f, g) is a metrics (semimetrics)
on Qx x Qif and only if the matrix D* = ||d};| of orde1 K — 1, where

(4) d;kj = di](' + dl(j - dij

is a positive (positive semi-definite) matrix.
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K
Proof.a)LetS = {u = (uy,...,uy) 1y u; = 0}. Letus denote v = (uy, ..., tx_)"
Then =t

K—1K-1 K-1 K-1
uDu =3 Muud; +ugy updg; + ugy udy =
i=1 j=1 j=1 i=1
K-1K-1 K-1K-1
=3 Yuudy—dgy —dy) ==Y Yuudf; = —vD*v.
i=1 j=1 i=1 j=1

It is seen that u’'Du is a negative semi-definite form on § if, and only if, v'D*v is
a positive semi-definite form. (A quadratic form w'Du is said to be a positive definite
onaset SifuUDuz=0forallue$ and uDu=0<u=0,if 0eS. A quadratic
form u’Du is said to be a positive semi-definite on a set § if WDu =z O for allue§S.
Negative definite and negative semi-definite forms on § are defined similazly.) It
follows that u = (uy, ..., ug) €S is the zero vector iff v = (uy, ..., ug_4)" is the zero
vector and therefore u’'Du is a negative definite form on § if, and only if, v'D*v
is a positive definite form. Consequently (f — g)’ D(g — f) is a positive definite
(positive semi-definite) form on Q if, and only if, (f* — g*)’ D*(f* — g*) is a positive
definite (positive semi-definite) form and f* = (f;, ..., fx—;), " = (gi» .., Gx-1)"

b) Let D* be a positive definite or a positive semi-definite matrix (i.e. a Gramian
matrix). With regard to non-negativity of all members the relation

D{f, g) + D{(g, h) = D{f, h)
holds for all f, g, h € Qy if and only if
Q) D¥(f, g) + 2D, g) D(g, h) + D*(g, h) = D¥(f, h).
With regard to the identity
D*(f, g) + D¥g, h) — D¥(f, h) = 2(g — fy D(h — g) = 2(g* — ¥} D¥(g* — h¥)
(5) holds if and only if
(g* - f*)’ D*(g* - h*) + D(f, g) D(g, h) =20.

The statement of the theorem follows from here and from the Schwarz inequality. [

Direct examination of existence of metric can be based on the following properties
of the matrix D.

Theorem 3. If D(f, g) is a semimetrics on Qg x Qg then each of the following
conditions is sufficient for D(f, g) being a metrics on Qx % Qx:
K K
a) D is a nonsingular matrix and Y, ¥ d{;" + 0, where D™* = [d{; V].
i=1j=1 s

b) Both D and the block matrix
G =

DJ(
yo

where J = (1, ..., 1), are nonsingular matrices.
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Proof. a) If D{f, g) is a semimetrics on Qg X Q then Y'DY < 0 for all vectors
K K
Y = (yy, ... yx) such that ¥ y,=0. Let us denote F(Y)=Y'DY — 1Y y,
i=1 i=1
where 4 is the Lagrangian multiplier. Then

M= 2DY — A3, J=(1,..,1).
Y
Let DY = }AJ be a consistent system and D~ be a generalized inverse matrix to D.
Then Y, = $AD7J is a solution of the given system and all solutions are expressed
asY=Y,+ (DD~ 1) Z, where Z is an arbitrary vector. From consistency it
also follows that $ADD~J = 32J. If D is a nonsingular matrix, then Y = $AD~%J
is the solution of DY = JAJ. It is easily seen that

K K
0=y =¥Y=3UD =0y Yd;".
i=1 i=tj=1

K K
If Y Y di;" +0, then 4 = 0 and consequently Y = 0 is the only solution of the
i=1 =1

equation DY = 1AJ and Y'DY = 0 only for Y = 0,
b) If D is a nonsingular matrix, then

DJ
Jo

K

61 = 5 o = Ipllo~yD-4] = |p[|-¥D-1] = - o]

& 1
;}dﬁi .0

J

The following theorem shows how equivalence classes are generated by a semi-
metrics.

Theorem 4. (Classes of equivalent distributions). If D(f, g) is a semimetrics on
Qx x Qy, then for each fe Qy there exists an equivalence class f* which contains
all distributions g from Qy given by

g=f+4DJ+(DD-HZ

where 4 = (2/K)J'D{g — f) = 2D;(g — f) for arbitrary k = 1, ..., K, D™ is a general-
ized inverse matrix to D, Iis the identity matrix and Z is an arbitrary vector, D, is
the kth row of the matrix D. The set Qf of all equivalence classes with D(f*, h*) =
= D(f, h), where fe f*, he h™ is a metric space.

Proof. Let us write f ~ g < D(f, g) = 0. It is obvious that this relation is equi-
valence on Qg by which Qg decomposes into equivalence classes (reflexivity and
symmetry are obvious, since from D(f, g) = 0 it follows that D(g, f) = O and D(f, f) =
= 0; transitivity follows from the triangular inequality: 0 < D(f, h) £ D(f, g) +
+ D(g,h) = 0). Further, we can sece that D(f,g)=0<g—f=1ID7J +
+ (D™D —1) Z.Infactif D({f, g) = 0, then g — f must be a solution of the system
DY = }AJ and consequently g — f= £AD7J + (DD — 1) Z (see the proof of
Theorem 3). If g~ f=4AD"J + (D"D — 1) Z, then D(g —f) = $ADD7J =
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= 12J (it follows from consistency of the system DY = }1J) and thus (f — g) D(g —
—f)=4f— gy ) =0.

Iff*, h™ are two equivalence classes, Jet us choose fef®, he h™ and define
D(f*,h*) = D(f,h). If f ~ u, h ~ v, then D(f, h) = D(u, v), so that D(f*, h™)
is well defined. In fact if D{f, u) = D(h, v) = 0, then D(f — u) = $1,J, D(h — v) =

44,J (see proof of Theorem 3). From here D(h — f) = D(v — u) + }(%, — 4,)J
and consequently D%(f, h) = (f — h)’ D(h — f) = (f — hy D(v — u} + (4, — 1) .
(f-hyJ=(f- h) D(v — u). Further we can see that D*(u,v) = (u — v)'.
D(v — u) = (u— v D(h — ) — {3 — 1) (u— v}'J = (u - v D(n ~ ) =
= (f — h) D(v — u) = D*f, h) = D*(u, v).

From the proof of Theorem 3 it follows that A belonging to the matrix D and the
vector Y(Ty; = 0)is 4 = (2/K)¥'DY = 2D,Y(DY = i) = VDY = 12JJ =
=(K2) 2. O

Corollary 1. Let D generates a semi-metrics on Q; x Q. Then f, g ¢ Qx belong
to the same equivalence class if and only if D(g — f) = 44J, where 1 is a constant
which is dependent on D and g — f,J = (1, ..., 1).

Proof. If D(g — f) = 42J, then D*(f, g) = (f — gy D(g — f) = 3A(f — g)'J = 0.
Let D*(f, g) = 0. The difference g — f must fulfil the stationarity condition for the

K

function F(Y) = Y'DY — AZ Vi (see the proof of Theorem 3) because g—f

belongs to the vectors Y whxch maximize the form Y'DY on theset§ = {Y: Z Vi =0}
and max Y'DY = 0. Hence D(g — f) = 1J. =t [J

Corrolary 2. Let D generates a semi-metrics on Qg x Qg and f, g e Qg belong
to the same equivalence class. Then

Gvar g — Gvarf = AfDD"J) = 1,

where D~ is a generalized inverse matrix to D,J = (1....,1),1 = (2/K) ¥'D(g — f) =
= 2Dy(g — f), D, is the kthrow of D, k = 1, .., K

Proof. Gvar g= Gvar[f+ 1ID7J 4+ (D™D - 1) Z] = (f + 1AD"J +
+(D°D—1)ZyD(f+3DJ+(D°D—1)Z)=FDf + DD + D.
A(DP"D ~ 1) Z + $A(D7J) Df + 1X(DJy DDJ + (DI D(D"D - 1) Z +
+Z/(D° D~ 1y Df + Z(D"D— 1y DDJ + Z(D"D — Iy D(D"D — ) Z =
= Gvar f + f'DD"J + })3(D"Jy DD"J.

The same method can be applied to the condition (f — g)’ D(g — f) = 0. We
obtain that $A*(D~JY DD7J = 0. If we take into consideration the fact that
$ADD~J = 1}J then we have Gvar g = Gvar f + Af'J = Gvar f + A. O

Theorem 5. Let D(f, g) be a metrics on Qg x Q, then the metrics D(f, g) and
the metrics for the nominal case ¢(f, g) = /((f — g) {(f — g)) are almost equal, i..
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there exist finite positive numbers a, b so that it holds:

a £ —-—D(f’ g)
T af.g)

A

b

forall fe Qx, g€ Q. f =+ &
Proof.
D(f, g) _ (f-g)'D(g—f) _ (F* — g*) D*(f* — g*)
ofg) (f-g(f-g  (f*-g")Clf*—g
where £* = (fy, ..., fx-1)> 8* = (91, .. gx—,)’, D* (sce Theorem2) and C =

= Jley]s ca=2(=1,....,K — 1), ¢;; = 1 (i * j)are positive definite matrices and
hence the following relation holds (see [1], pp. 287, 289, 295).

2(f,
o<ns2E8 ;.
o(f. 8)
where 0 < A, £/, £ ... £ Ag_; are the roots of the equation |D* — AC| =0,
i.e. the eigenvalues of the matrix D*C™ 1, We see that a = \/(4,) > 0, b = /(A¢-,) >
> 0.

Corollary 3. If the semimetrics D(f, g) does not have the property of a metrics
on Qx x Qg then
D3(f,
2( g) <.
o*(f. )
For the proof see [1], pp. 287, 289, 295.

0

IIA

Remark. The simplex Q is not the space with the inner product. In spite of that
it is appropriate to introduce an analogical concept that we obtain from the expression

D*(f, g) = Gvarf + Gvar g — 2s(f, g).

It is an analogy of the relation among distances, norms and inner products in vector
spaces. From here we can obtain s(f, g) that will be called covariance of distribution
fand g: '

(©) s(f,g) = 'Df + g'Dg — f'Dg = f'Dg — D(f, g) =
= {f'Df + g'Dg — D*(f, g)).
It holds that
—fDg < s{f,g) <fDg.

The lower bound is attained iff Gvar f = Gvar g = 0 and the upper bound is attained
iff D{f, g) = 0. Since 0 < D*(f, g) < 2f'Dg and the upper bound in this inequality
is attained only when Gvar f = Gvar g = 0, we can define the correlation coefficient
of two distributions by means of normalization of s(f, g) under the condition that
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f'Dg =+ 0, namely

2
(1) cor (f,g) = {08 ;28
fDg fDg

This coefficient is a measure of similarity between two distributions and it has the
following properties.

1. It is defined only for f'Dg =+ O (i.e. there exists fg;d;; # 0) and it takes values
from the interval {—1, 1.

2. corr (f, g) = —1 iff Gvarf = Gvar g = 0 and at the same time D(f, g) + 0,
corr (f, g) = 1iff D(f, g) = 0 and at the same time either Gvar f & 0 or Gvar g + 0.

Two more remarks.

1. The function D(f, g) can be expressed also by means of the vectors of concentra-
tions €, = Df, C, = Dg as
D\ft g) = \/((Cf - a)’ DVI(CH - Cf))
under the condition that D is a nonsingular matrix.

2. Measurement of dissimilarity of distributions with respect to D can be based
also on the Euclidean distance of vectors of concentrations, namely

D¥(f,g) = /(€ — €Y (€, — €,) = /(Df ~ Dg) (Df -~ Dg) =
= /(f—g/D¥f—g).

4. DECOMPOSITION OF THE GENERALIZED VARIANCE

Now we will investigate the relation of a set of distributions {f,, ..., fiz)} to their
convex (probabilistic) mixture. Its relevance in data analysis is obvious. The result
of Theorem 6 is fundamental for data analysis because it enables us to formulate
the problem of the analysis of variance for a generalized categorical variable and to
introduce meaningful measures of association.

Theorem 6. (Decomposition of the generalized variance) Let {f), ..., fz)} be
R distributions of the vatiable A = {a,,..., a,; D} and let w = (w,, ..., wg)' be
R

a vector from Q. Let us consider the vector f = Y w,f,), where f,) = (fi/s ... ficp)-
Then r=t

R R
(8) Gvarf =3 w,Gvarf,, + 1Y Y ww, DX(f,), fs) =
r=1 s=1

=1

=

R R N
:r%‘lw, Gvar f,, + Z:lw, D*(f,, 1)
Proof.

R R R R
Gvar f = £'Df = (¥, wf,)) BD(Y wf,) = Y > wwf,Df) —
r=1 r=1 r=1s=1
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R R R
Y wew i, Dfy — 1Y Y wowf, D, + Z wf,Dfy =

1s=1 r=1s=1

R
:%Z

r=1

- 1
2
r

It =

wow, DX(f,, f)) + Zw Gvar f,,, .

1

M=

Similarly

ri(r) r(r)

R R
Gvar f = f'Df = (Y w,£f,) Df = Y w£f,Df = 2 w,f;, Df — Z w,f'Df +
r=1 r=1 =1

R R
+ Z w,f(,Df + Z w, i, D, — Z w iy Dfy =

I
M=

w{fe) — ) D(f - f,)) + Z wi,Df ) =

.,
W
-

R
= ;w, D(f,,, f) + glw, Gvar f,, . O

Theorem 6 can easily be extended to the case in which the distributions f, are again
convex mixtures of the distributions f, ; etc. Straightforward application is possible
for the analysis of contingency tables in which distributions of rows are conditioned
by values of simple classification B = {by, ..., bg} and w is the marginal distribution
of B. Decomposition of population by B results in R strata, each stratum determined
by individual value b,, r = 1, ..., R. Then the result of Theorem 6 for the contin-
gency table can be described as:

total variability of a distribution f

= variability within strata + variability between strata

= mean variability of conditioned distributions + mean distance between
conditioned distributions.

The analysis of variance for the nominal case based on this decomposition was
developed by Light and Margolin [3]. Theorem 6 enables us to solve analogical
problems for generalized categorical variables.

5. MEASURES OF EXPLANATORY AND PREDICTIVE POWER
OF DECOMPOSITION

Theorem 6 and results of the previous parts enable us to introduce meaningful
measures of association between an independent nominal variable B = {bl, bR}
and a dependent generalized variable A = {a,, ..., a,; D}.

Definition 5. The coefficient of explanatory power of decomposition is defined as
a relative portion of the variability of the dependent variable A explained by the
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nominal variable B that generates the decomposition (8)
R
Z w, Gvar fm }Z Y wow, DA, “,)

9 8 =04 =1— - rete=t
© /e Gvarf Gvar f

Properties of the coefficient 6 follow immediately from Theorem 6.

1. The coefficient is defined whenever Gvar f & 0.

2061,

3. & = 0 iff f,, belongs to the same equivalence class with respect to D(f, g) = 0
for all r for which w, > 0.

4. 6 = 1iff Gvar f,) = 0 for all r for which w, > 0.

The coefficient of predictive power of decomposition is based on proportional-
reduction-in error principle (PRE principle, see [8]). The optimal prediction is
considered with respect to the matrix D, a predictive value being a centre of distribu-
tion which minimizes the expected loss expressed by d;;’s (expected dissimilarity
scores between true and predicted values). The coefficient is given as a ratio of reduc-
tion in expected predictional error in A that provides knowledge about the value
of B.

Definition 6. The coefficient of predictive power of decomposition is defined as

Z w,dghy
(10) 0¥ =1-1= pran
where d* and d:‘,) are the measures of concentration around the centre for the distribu-
tion f and f, respectively.

Theorem 7. (Properties of the coefficient 5*.)

1. The coefficient is defined only if d* + 0.

2.0 0% 1.

3. Iff,, = fforallr =1 R (the case of statistical independence), then 6* = 0.
Conversely it holds only: xfa * = O then any centre of the distribution f is also a centre
of every distribution f, for all such r that w, > 0.

4. 6% = 1iff df}, = Ofor all r = 1, ..., R for which w, > 0.

Proof. The first property is obvious.
2. Denote ¢ and c, centres of the distribution fand f,, (r = 1, ..., R) respectively.
The result follows from the inequality

K K R1 R K
=_Zlfid(°i, C) =_; :Z!eri/rd("i; C) = ; ; di @y, C) =
R

R K
2 Z W, Zfr/rd\ i c(r)) = Z Wrdi) z0.
=1 i=1 1
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3. If f,) = f for all r, then d(*;,) = d* for all » and hence é* = 0. If 6* = 0, then
R
Z W, d(‘,) = d*. Let us suppose that w, > 0 for all » = 1,..., R and that at least

r=1

for one s holds that a centre ¢ of fis not a centre of the distribution fw, ie. d

Zf,,s (a; ) < Zjl/s (@, €). Then d* = Z Zfl/,d a,c) > L w,dg, and
it is thc contradlctlon Thus if 6* = Othen cis a centre of all dlstnbutlon o, (r =
=1,. )

4. 5*~1®de(,)_0©dfr)—0for all » for which w, > 0. O

Remark. The cocfficient of explanatory power of decomposition has also PRE
interpretation, where prediction is done proportionaly to the distribution of a given
variable.

6. RESULTS FOR SIMPLE, ORDERED AND QUANTITATIVE
CLASSIFICATION

In this part we present the previous general results for three most frequent and
important cases of dependent variables. Theorems 8,°9, 10 are straightforwards
consequences of the general properties that were established in the preceding sections.

Theorem 8. (Simple classification, nominal variable.) Let A = {a,, ..., ay; D}
be a nominal variable (d;; = (1 — d;))), f, g 1), ..., fz) € Qk. Then
K

1. Gvarf = nomvarf =1 — 3 f2.

2. max nomvarf = (K — 1)/K:;lthe maximum is attained for the distribution
f= jl .. fx), where f; = 1/K forall i = 1, ..., K.

3.d) =1~fforalli=1,...,K

4, The‘centre of a distribution f is its modal category.

5. d* =1 — f,, where M is an index of the centre of the distribution, i.e. f,, =

mdxf

6. D f,g) = ’(Z (fi — g)%) and it is an Euclidean metrics.

7. The covarlance of distribution f and g is

X K K
s$hg)=1-3ff -y g + Lfg: =
K K K
=1=H TSP+ T o} - 25— 0

i=1 i=1
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and it holds that
K K
Zlfigi -1= S(ﬁ g) sl Zfigi -
i= i=1

K
8. The correlation coefficient of distributions f, g under the condition ) fif: * 1

i=1

is:
I& K K N K
(D D W HE W ) Z(-—g)z
corr (f, g) = izl = = =1 - =L .
1 —‘Zf.gi 1- ng.

9. The coefficient of explanatory power of decomposition is (for Zf, + 1)
Wallis’tau (cf. [2]):

R K R K K
1-Swm 3 S s -

S=1=1-— r=1K;:1 . r= .
1=y 5 L=/
i=1 i=1

10. The coefficient of predictive power of decomposition is (for maxf + 1)
Guttman’s lambda (cf. [2]):

R R
1 -3 w,maxfy, > w, max f;, — max f;
i i i

§F = J =1 — r=1 _ =t
1 — max f; 1 — max f;

i

Theorem 9. (Ordered classification, discrete ordinal variable) Llet A=
= {ay, ..., a,; D} be a discrete ordinal variable (d;; = |i — j|), f, f1), ..., fx) € Q-
Then

1. Gvarf=dorvarf=2) F(1 — F),F, =) f,
iz i=t

2. max dorvar f = (K — 1)[2; the maximum is attained for the distribution f
feQx
in which f; = fx = 0,5.

K
3.d5 =Y fli —ilfor all i =1,..,K
Jj=1

4. The centre of a distribution is its median category, i.e. the category defined
by the relation Fy,, ., < 0,5, F,,, = 0,5.

K
5. d* = L flj - Mel.
i=
K-1
D(f, g) = /[2Y (F; — G)*] and it is a metrics.
=1
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7. The covariance of distributions f and g is
K-1

(6.9 = YRl - F) + 5.6(1 = G) = L (F, — G

—Dg = s(f, g) < FDg,
K-1

K=t k-1
fDg=YF(1-G)+Y Gl —F)=Y(F+G,—2FG) =
i=1 i=1 =1

K-1
=Y [F{l — F)+ G(1 — G) + (F, — G)*].
i=1
K
8. The correlation coefficient of distributions f , g under Z fig: % Lis:
i=1

Z[F,u ~ F) + G{1 - G) — (F, — G)}]
corr (f,g) = =1

K-1

Z[F,\l +G(1‘G)+(F-G)2]

9. The coefficient of explanatory power of decomposition under L F{1L—-F)%*0

is the coefficient f (cf. [4]): i=1
R K

Z rz llr(1 Z/r)
§=f=1-r"=t =t

F{l1 —F)

Mw

i=1

10. The coefficient of predictive power of decomposition under Zf,]l Me| * 0
is the coefficient f* (cf. [4]):

R K
* * r;W,';f,»/.Ji = Meol
LY S I B

'thili — Me|

where ay,, and a,,,  are median categories with respect to the distribution f and f,,
(r = 1,..., R) respectively.

Theorem 10. (Numerical classification, discrete cardinal variable) Let X =
= {x4, ..., x} be a discrete cardinal variable (d;; = (x; — x;)%), f, f1), ..., fry € Q-
Then

K K
L Gvarf=2varX =2} fi{x; — X)*, X = Y fix:.
i=1 fi=st

2
2. max Gvar f = G = Y]
feQx 2

xK); the maximum is attained under the distribution f which has on the places cor-
responding to the values Xpin» Xmax the values 0,5.

s Xy = Max (¥g, ..., Xg), Xpin = min (xq, ...,

!



30 = 3 ffor = %) = S A — XP + (x, X = var X + (s, — D)2

4. The cé;tlre X, ofa distrlil;:ltion is the value of the variable X for which it holds
that |X, — X| = min |x — X|.

5. d* = var X + ;(Xc - X~

6. D(f,g) =J(2)|X, - X, X, = ZK:f,»x,-, X, = § g:x; and it is a semimetrics.
All distributions having the same ariﬂ;l:nletic mean l;:llongs to the same equivalence

class.
7. The covariance of distributions f and g is

K K
6.8) = XSt + T gt = 2K + X} = X/X,) -

K
fixi2 - X}) + (_Zlgixf - ng) - (Xf - y)2 =

M=

~(

i

= var (X |f) + var (X | g) — (X, — X,)*.

It holds that |s(f, g)| < f'Dg, where
K K
fDg =) fixi + X g} — 2%, X, =
i=1 i=1
= var (X |f) + var (X | g) + (X, — X,)*.
8. The correlatjon coefficient of distributions f, g under f'Dg # 0 is

corr (f, g) = —or (X]f) + var (X g) — ()Zf - gg)z
var (X | f) + var (X | g) + (X, — X,)

9. The coefficient of explanatory power of decomposition under var (X |f) #
is the correlation ratio:
R K _ R
_Z Wr Zlf i — X)? ; w, var (X | f,,)
T T (x|

s

K K
Xy = Zfi/.-xn X = Zlfixi .
i=1 i=
10. The coefficient of predictive power of decomposition under var (X|f) = 0is

R

K
M [;f (X = X)) + (X, — X))

F=1-1 =z
glfi(xi - X)P+ (X - X
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R
glwr [Var(x \ f(r)) + (XCU) - X(r))Z]
var (X | f) + (X, — X)?

are centres of distributions f, f,) (r = 1, ..., R) respectively.

]

where X, and X

€(r)
Further important special cases concern matrices D, elements of which come from
geographic or M-dimensional distances.

Theorem 11. Let £* = (fy;), f,). ..., fur)s 8% = (841), 82y - &) be two sets
of distributions that belong to variables Ay, Aqy, ..., Agy, let Dy(f). 8qy) be
a metrics (semimetrics) for i = 1,...,H and W, > 0 (i = 1,2,..., H). Then the
functions

"
Df*, g%) = 21 WD (£ 8i) »

H
Df*, g*) = V/[_;VV‘.D({,)(fU), g

are the metrics (semimctrics) for sets of distributions from Q* = Qg, X Qg, X ...
- X Qgye
Proof. Both functions are symmetric, non-negative and are equal to zero if, and
only if, all D(;(f;), &) are equal to zero. The triangular inequality for D(f*, g*) is
a straightforward consequence of the triangular inequalities for Dy;(f,, g¢). For
D(f*, g*) it follows:

D¥(f*, g*) = ZW' Diy(frs &) = ;Wi DGyfin hey) +
+ Z‘_:Wt‘ Dfy(hey, 8) + 2 ZIZW- Diyfir hew) Din(heos 8y) <
= };W,- Dgyfins hey) + Z_:Wi Dby &) +
+ 2\/[2l W; DEy(fn, hen)] VI Z W, Diythe, 8)] =
= {JLZW: Diy(f heo)] + VIEW: Dgyhesy, 81} =
= (0 ) + Dl g o
Theorem 11 permits the multidimensional analysis of distances. Moreover, if

we set f;, = fand A, = {al, Y P D(,»)}, we can introduce two important types
of variables, the matrix of distances of which generates a metrics or semimetrics.

Definition 7. If there exist K vectors X, ..., Xg, X, = (Xpq, o0 Xgpp), K =1, ...
M

... K so that di; = Y (Xm — Xjm)% X *+ X, for k % j, we call the variable A =
m=1

= {al, DR - s D} where D = Hdkj” the M-dimensional metrical variable. If M = 2

the variable A is called the areal or geographical variable.
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Definition 8. If there exist M different vector Ry, Ry, ..., Ry, Ry = (Fyps -- s Tieahs
m =1,...,M whose components are permutations of the numbers (1,2, ..., K)
S0 that di; = Y|Fgm — T'jm|s We call the variable A = {a,, ..., ax; D} where D =

m
= |dy;| the M-dimensional ordinal variable.

Corollary 4. a) The matrix of distances of an M-dimensional metrical variable
generates a semimetrics on Qg x Q.

b) The matrix of distances of an M-dimensional ordinal variable generates a metrics
on Qg x Q.

Proof.a) Let us set in Theorem 11 f,, = f, gy = & Dy = |d{?|, where d =
= (Xgm — Xjm)% m = 1, ..., M. We sce that D, (f, g) are semimetrics on Qg X Q
and that

P9 =L =87 Dl = 0= - 9/ (50 61 -
= VI3, (F~ 8 Danle — 1] = VI D30 9] = D, 87).

b) The proof is analogical but Df, 8), where D,y = | |rgw — rjn| | are the
metrics for m =1, ..., M.
CONCLUSIONS

The presented general model aims towards a unifying approach to and a look
at various measures of variability, central tendency, predictive and explanatory
coefficients. The paper deals with the discrete data that are the most frequent in the
social sciences. The model generalizes well known statistical characteristics and ena-
ables to fill the existing gap for analogical measures for ordinal data. The important
generalization goes to the M-dimensional metric or ordinal variable.

(Received October 30, 1984.)
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